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1. Introduction

Let (L,<) be a poset. For x,y € L let U(x,y) respectively L(z,y) denote the
set of all upper respectively lower bounds of {z,y}. The poset (L, <) is called
up-directed respectively down-directed if U(x,y) # () respectively L(z,y) # 0 for
all z,y € L. A lattice may be regarded as an up- and down-directed poset where
for each x,y € L the set U(x,y) has a smallest and the set L(z,y) a greatest
element.

Several generalizations of lattices can be found in literature, see e. g. [5] and
[6]. Let (L,<) be a poset being both up-directed and down-directed. For each
x,y € L we can pick up an arbitrary element x Uy of U(x,y) and x My of L(x,y)
with the only constraint that xlly = y and My = x whenever x < y. The resulting
algebra is the so-called A-lattice introduced by V. Snésel in [6]. A-lattices can be
axiomatized as follows:

Definition 1.1 (cf. [6]) A A-lattice is an algebra (L, L, 1) of type (2, 2) satisfying
the following axioms:

(L1) zUx=2x (L") zMNz==x

(L2) zUy=yUx (L2) zMNy=yNzx

(L3) zU((zUy)Uz)=(zUy)Uz (L) zN((zNy)Nz)=(zNy)MNz
(L4) zU(xNy) == (L4) zN(zUy) ==z

A-lattices are applied e. g. in the theory of so-called non-associative MV-
algebras (cf. e. g. [3]) where it is shown that every non-associative MV-algebra is
a A-lattice with respect to the induced order.

Another interesting structure on an up-directed poset (or, alternatively, on
a down-directed poset) was introduced by J. Jezek and R. Quackenbush (cf. [5]),
namely a so-called directoid (more precisely, a join-directoid) which is defined as
follows:

Definition 1.2 (cf. [5]) A directoid (more precisely, a join-directoid) is a groupoid
(L, L) satisfying the following axioms:

(D4) zU((zUy)Uz)=(zUy)Uz

Dually, one can define so-called meet-directoids. Directoids can be character-
ized by the existence of a certain partial order relation.

Lemma 1.1 A groupoid (L,U) is a (join-)directoid if and only if there exists a
partial ordering < on L satisfying

(JD1) z,y<zUy

(JD2) Ifx<ythenzUy=yUz=y.
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Proof. First assume (L,Ll) to be a join-directoid. Define x < y by x Uy = y.
(D1) implies reflexivity of <. If x < y < zthenzlUy =yand yUz =
and hence r = yUx = (yUz) Uy = z Uy = y according to (D2). If, finally,
r<y<zthenzUy =yand yUz =z and hence x Uz =z U (yU z2) =
zU((zUy)Uz) = (xUy)Uz = yUz = 2z according to (D4) showing x < z. Since
zU(zUy)=zU((zUz)Uy) = (rUz) Uy =2 Uy according to (D1) and (D4)
we have x < x Uy. Moreover, y U (x Uy) = x Uy according to (D3) and hence
y < xUy. Finally, x <y implies x Uy = y according to the definition of < and
yUzr = (xUy)Uzx =xUy =y according to (D2) and the definition of <. The
rest of the proof is clear. .

Remark 1.1 Obviously, the partial order relation < on a (join-)directoid men-
tioned in Lemma 1.1 is uniquely determined by (L,U) via z < y if z Uy = v.
(L, <) is called the poset corresponding to (L,L).

It is immediately clear that in a directoid, x LI y is an arbitrarily chosen
element of U(z,y) having the property that x Uy = y Uz = y whenever x < y.
But, contrary to the case of A-lattices, Uy need not coincide with yLz in general.
In other words, for any x,y € L there are picked up some elements x Uy and y LIz
of U(x,y) such that z Uy =y Uz =y in case z < y.

2. Weak semilattices

It turns out that also the concept of a directoid is not general enough for some
investigations of algebras of non-classical logic (cf. [2]). Let us recall the necessary
concepts. In logics, BCK-algebras play an important role. They reflect certain
properties of the implication operation and are defined as follows:

Definition 2.1 (cf. [4]) A BCK-algebra is an algebra A = (A, —, 1) of type (2,0)
satisfying the following axioms:

(x—=y) = (y—=2) = (r—2)=1

r— ((z—=y) —y =1

r—x=1

r—y=1and y — x =1 together imply =z = y.

In [2] the following was proved:

Proposition 2.1 (cf. [2]) If (A, —, 1) is a BCK-algebra and xy := (x — y) = y

then
(W1) zUz=uz.
(W2) xzUy =y and yUx = x together imply x = y.
(W3) zU(zUy)=yU(zUy)=(zUy)Uy=aUy.
(W4) (zUz)U((zUy)U2)=(zUy)Uz.
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This motivates the following

Definition 2.2 A weak join-semilattice is a groupoid (L, L) satisfying (W1)-
(W4).

Now we characterize weak join-semilattices by the existence of a certain par-
tial order relation.

Theorem 2.1 A groupoid (L,U) is a weak join-semilattice if and only if (P1)
holds:

(P1) (zUy)Uy=zUy

and if there exists a partial ordering < on L satisfying (P2)—(P4):
(P2) z,y<zUy

(P3) = <y impliesx Uy =y.

(P4) z <y impliesz Uz <yl z.

Proof. Let a,b,c € L.

First, assume (L, L) to be a weak join-semilattice.

(P1): follows from (W3).

Now, define x < y by z Uy = y. Then < is reflexive and because of (W2) it
is antisymmetric. If a < b < ¢ then a Ub =0 and b U c = ¢ and hence

aldec = (aUec)Uc=(aUc)U(bUc)=(alc)U((aUb)Uc)
= (aUb)Uc=bUc=c
according to (W3) and (W4), i. e. a < ¢ showing transitivity of <. Hence (L, <)

is a poset.

(P2): follows from (W3).
(P3): follows from the definition of <.
(P4): If @ < b then alUb = b and hence

(aUeo)U(bUce)=(alUc)U ((alb)Uc)=(aUb)Uc=0bUc

according to (W4),i.e.allc<bUec.

Conversely, assume (L,U) to satisfy (P1) and assume there exists a partial
ordering < on L satisfying (P2)-(P4).

(W1): follows from reflexivity of < and (P3).

(W2): If aUb = b and bU a = a then, according to (P2), a < alb =10 and
b < bl a = a and hence by antisymmetry of <, a = b.

(W3): Because of (P2), a < alb which according to (P3) implies all(allb) =
alUb showing the first part of (W3). Analogously, the second part of (W3) follows.
The last part of (W3) follows from (P1).

(W4): a < alb according to (P2) whence by (P4) allc < (aUb) Ll c showing
(aUc)U ((aUb)Ue) = (alb)U c according to (P3). .
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Remark 2.1 Obviously, the partial order relation < on a weak join-semilattice
mentioned in Theorem 2.1 is uniquely determined by (L,U) viaz < y if zUy = y.
(L, <) is called the poset corresponding to (L,U).

Next, we define a bounded weak join-semilattice with sectionally antitone
involutions.

Definition 2.3 A bounded weak join-semilattice with sectionally antitone invo-
lutions is an algebra of the form (L,U,0,1,(%a € L)) where (L,U) is a weak
join-semilattice with corresponding partial ordering <, 0 is the smallest and 1 the
greatest element of (L, <) and for every a € L, x +— z is an antitone involution
of ([a,1], <), 1. e. < y implies y* < 2* and (z*)* = z for all z,y € [a, 1].

3. Skew basic algebras

Now we introduce total algebras which will turn out to correspond to bounded
weak join-semilattices with sectionally antitone involutions in a natural bijective
way.

Definition 3.1 A skew basic algebra is an algebra (A, ®,—,0) of type (2,1,0)
satisfying (A1) — (A8):

(Al) -z =2

(A2) vz =1

(A3) 2 0=002=2x

(Ad) ~(m(zdy) By By =2dY

(AS) =(—z@®y) Dy =2 and =(—y & ) ® x =y together imply x = y.
(AG) =(z& (m(z@y)dy))d(-zdy) @y =~(rDy) By

(A7) ~(-z@y) @y =2 and —(z @ x) © v = -z together imply
“(H(roy e (zey)d(0y) =Dy

(A8) ~(=(~(z0(~(y©2)©2)) O (~(y©2)©2)) O (~(2©2) D2)) B (~(z®2)D2) =
(@ (-(y©2)©2) ©(~(yD2) D 2)

Here and in the following, 1 is an abbreviation for —0.

Now, one can formulate and prove the mentioned natural bijective correspon-
dence.
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Theorem 3.1 If L = (L,U,0,1,(%a € L)) is a bounded weak join-semilattice
with sectionally antitone involutions and one defines

v @y = (yUad)

-z = z°

then S(L) := (L,®,—,0) is a skew basic algebra. If, conversely, A = (A, ®,—,0)
is a skew basic algebra and one defines

rUy ==(-ydx)de
1:=-=0

i =—-xdy

then L(A) := (A,1,0,1,(%a € A)) is a bounded weak join-semilattice with sec-
tionally antitone involutions. Moreover, L(S(L)) = L for every bounded weak
join-semilattice L with sectionally antitone involutions and S(L(A)) = A for
every skew basic algebra A.

Proof. Let a,b,c € L.
First, assume £ = (L, U, 0,1, (% a € L)) to be a bounded weak join-semilattice
with sectionally antitone involutions and define

vy = (yUa")

-z = 2°

Let (L, <) denote the poset corresponding to (L, Ll). Then
(1) a®b>b.

Moreover, =(=b@® a) B a = (aU (aUb)*)* = (aUb)* = aUb and if a > b then
—a®b=(bUa)®=a’ We check axioms (A1)-(AS8):

Al) ——a=a"=a

(

(A2) ra®a=a"=1

(A3) a®0=(0Ua") ' =a"=aand 0P a= (a0 =(alU1)*=1"=aq
(Ad) =(-(a@b)®db)Db=bU(a®b) =a®b according to (1)

(A5) =(ma®b) @b = a and =(=b @ a) & a = b together imply b U a = a and

allb = b whence a = b according to (W2)

(A6) —=(a®(—=(a®b)®b))®(—=(a®b)®b) = —(a®d (bUa’))® (bUa") = (bUa’)Ua’ =
bUa® = —(a®b) ® b according to (W3)

(A7) =(ma®b) b = a and —(c @ a) ® a = —c together imply b L a = a and
allc® = c® whence b < a < ® which implies (°)® < a’. Hence —(—(—a @
D) D(cdb)®(cdb)=()PUa’=a’=-adb.
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(A8) —(—(=(a® (—(bdc)®c)®(~(b@c)®Bc)) B (~(a®c)Pc)) B (~(a®c) o)
~(=(~(a @ (e U b)) @ (c b)) @ (cUa’)) @ (cUa’) = =(=((cub’)

a®) @ (cUa)) @ (cua®) = (cUa) U ((cUb)Ua®) = (cub’) Ua’
(a® (~(bDc) D) ®(—(bDc) D c) according to (W4)

|l

Hence, S(£) is a skew basic algebra.
Conversely, assume A4 = (A, @, —,0) to be a skew basic algebra and define

Uy ==(-ydzx)dz
1:=-0

=By

Then a® = —=a®0 = —a according to (A3) and (bLia®)® = —(=(a®b)®b) Db = ad®b
according to (A4). We check axioms (W1)-(W4):

(W1) aba==(-a®a)Ba=-1®a=06&a=a according to (A2), (Al) and
(A3)

(W2) allb = b and blUa = a together imply —(—b®a)®a = b and ~(—adb)Bb = a
whence according to (A5) b=a, i. e. a =b.

(W3) al(alb) ==(=(=(-bBa)®a)®a)Ba=-(-bDa)da=alb according
0 (A4). Now put z = 0 in (A8). Then one obtains —(=(=(x & —y) & —y) &
—z)® -z = 2(x@-y)®—y. Hence bU (allb) = = (—(—(-bDa)Da)Db)dDb =
—(=b@a)®a=alb Finally, (aUb)Ub= =(=b& (=(-bDa)®a)) ®
(~(-b®a)®a)=—(-bPa)®a=albaccording to (A6).

(W4) (aUc)u((alb)Ue) = ~(=(=(mc@ (=(~b®a)Da)) ®(~(-bDa) ©a)) (~(-c®
a)®a)) (= (~c@a)®a) = =(=cd(~(7bDa)®a))®(~(~bda)®a) = (alb)Uc
according to (A8)

Hence (L, L) is a weak join-semilattice. Let (L, <) denote its corresponding poset.
Then
a > bimplies blUa® = =(=(=a®b) ®b) &b = —a®b = a® according to (A4) which
implies b < a’.
¢ < a < bimplies cUa = a and alUb = b whence —(—a @ ¢) ® ¢ = a and
—(=b @ a) @ a = b = ——-b according to (A1) and hence b U a® = —(—=(—a @ ¢) &
(mb® ) ® (mb® c) = —a @ c = a according to (A7) whence b° < a°.
OUa=-(-a®0)®0=--a®0=—--a=a according to (A3) and (Al) whence
0<a.
aldl==(-1®a)®a==(0Pa)®a=-ad®a=1 according to (Al), (A3) and
(A2) whence a < 1.

Finally, b < a implies a”® = =(=a © b) ® b =blla = a.

Hence, L(A) is a bounded weak semilattice with sectionally antitone involu-
tions.

Conversely, let £ = (L,,0,1, (% a € L)) be a bounded weak semilattice with
sectionally antitone involutions and put L(S(£)) = (L,U, 0,1, (,;a € L)). Then

aUb==(-bda)®a=(ad(allb)*) = (allb)* =allb.



132 I. CHAJDA, H. LANGER

Hence the posets corresponding to (L, L) respectively (L, U) coincide.

Let (L, <) denote this poset.

Moreover, 1 = =0 = 0" = 1.

If @ <bthen allb= b whence b, = -bP a= (allb)® =0

Hence L(S(£)) = L.

Now let, finally, A = (A4, ®, —,0) be a skew basic algebra and put S(L(A)) =
(A,+,,0). Then
a+b=bUAa)’ = ~(=(=(-a®0)®Bb) Db Bb=(~(-—aDb) &b &b =
—(=(a®b) ®b) ®b=adbaccording to (A3), (Al) and (A4).

Finally, @’ = a° = =a ® 0 = —a according to (A3).

Hence S(L(A)) = A. .

Dually to the notion of a weak join-semilattice we define the notion of a weak
meet-semilattice:

Definition 3.2 A weak meet-semilattice is a groupoid (L,M) satisfying (W1')-

(W4'):
(W) zNz=x
(W2) zMy =z and yMNx =y together imply x = y.
(W3) (zMNy)Nz=(xNy)Ny=xN(xNy)=xMy
(W4) (zN(zNy))N(zNy)=zMN(zMNy)

Corollary 3.1 Dually to the case of weak join-semilattices it can be proved that
a groupoid (L,M) is a weak meet-semilattice if and only if (P1") holds:

(P1) zN(xzNy)=zNy
and if there exists a partial ordering < on L satisfying (P2") — (P4):

(P2) xNy<w,y.
(P3) x <y implies x My = x.
(P4") o <y implies zMx < zMy.

< is uniquely determined by (L,M) via x <y if x My = x. (L,<) is called the
poset corresponding to (L, ).

4. Weak lattices
Now, we define the notion of a weak lattice.

Definition 4.1 A weak lattice is an algebra (L,L, M) of type (2,2) satisfying
(W1)-(W5) and (W1)-(W5’) where

(W5) zn(zUy) ==,
(W) (zNy)Uy=y.
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Weak lattices can also be characterized by the existence of a certain partial
order relation.

Lemma 4.1 An algebra (L,1U, M) of type (2,2) is a weak lattice if and only if (P1)
and (P1") hold and if there ezists a partial ordering < on L satisfying (P2)-(P4)
and (P2')-(P4).

Proof. Let a,b € L.

First assume (L, L, M) to be a weak lattice and define z < y by x Uy = y and
x CybyaxMNy =x. Then a < bimplies alUb = b and hence aMb=aM(aUb) =a
according to (W5), i.e., a C b, and, conversely, a C b implies a M b = a and hence
alb= (aMb)Ub = b according to (W5), i.e., a < b. This shows that both
partial orderings coincide. According to Theorem 2.1 and Corollary 3.1, (P1) and
(P1’) hold and there exists a partial ordering < on L satisfying (P2)-(P4) and
(P2)-(P4"). The rest of the proof follows from Theorem 2.1 and Corollary 3.1. =

Remark 4.1 Obviously, the partial order relation < mentioned in Lemma 4.1 is
uniquely determined by (L, U, M) via z < y if and only if x Uy = y if and only if
xMy =z (L, <) is called the poset corresponding to (L,L,M).

Example 4.1 Consider the four-element chain 0 < a < b < 1 and define the
operations U and Mon L :={0,a,b, 1} as follows:

Ui0o a b 1 M0 a b 1
010 a b 1 0/0 0 0 O
ala a b 1 al0 a a «a
blb 1 b 1 bl10 0 b b
111 1 11 110 a b 1

It is easy to check that (L, LU, M) is a weak lattice which is not a directoid (neither
w. T. t. Unor w. r. t. M) since e. g. a < band allb = b, but bla = 1 # b. Of course,
the order of the original chain coincides with the order induced by (L, L, ).

Example 4.2 If (L, <,0,1) is a bounded poset and one defines

y fx<y
Uy =

1 otherwise

r ifx<y
Ty =

0 otherwise

then (L,U, M) is a weak lattice. This can be seen as follows:

Let a,b,c € L. We check (P1)-(P4):

(P1): If @ < b then (aUb)Ub =0bUb=0>b=alUband if a £ b then
(aUb)Ub=1Ub=1=alb.
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(P2): Ifa <bthena <b=alUband b=aUbandifa £ bthena <1 =alb
and b<1=qalb.

(P3): If a <bthenallb=0».

(P4): If a < b < cthena <cand henceallc=c=bUcandifa <b<c
thenalc<1l=bUc

The dual conditions follow analogously.
According to Lemma 4.1, (L,L,M) is a weak lattice.

Now, we introduce a unary operation on weak lattices.

Definition 4.2 A weak lattice with an antitone involution is an algebra (L, LI, M,")
of type (2,2, 1) such that (L, L, M) is a weak lattice and ’ is an antitone involution.
If, in addition, (L,U,MN,) satisfies the de Morgan laws (z U y) = ¢’ M2’ and
(x My) = ¢ Ua then it is called a weak lattice with an antitone involution
satisfying the de Morgan laws.

Example 4.3 Consider the weak lattice (L,U, M) of Example 4.1 and define a
unary operation " on L by 0/ := 1, @’ := b, ¥ := a and 1’ := 0. One can easily

verify that (L, ) is a weak lattice with an antitone involution.

Remark 4.2 That ’ is antitone follows from the de Morgan laws: If x < y then
x Uy =y which implies ¥/ M2’ = (x Uy)" = v whence 3/ < 2.

That there exist weak lattices with an antitone involution not satisfying the
de Morgan laws is shown by the following example:

Example 4.4 Let L and U be defined as in Example 4.1, (L, M) a meet-semilattice,

ie.,
M0 a b 1
0|0 0 0 O
al0 a a a
b0 a b b
110 a b 1

and ' be defined as in Example 4.3. Then (L,U, M) is a weak lattice with an
antitone involution not satisfying the de Morgan laws since (bl a)’ = 1" = 0 #
a=bMNa=adnv.

Now, it can be proved that every weak join-semilattice together with an anti-
tone involution induces in a natural way a weak lattice with an antitone involution
satisfying the de Morgan laws:

Theorem 4.1 Let (L,U) be a weak join-semilattice and ' an antitone involution
of the corresponding poset (L, <). Define x My := (y' Ux'). Then (L,U,MN,) is a
weak lattice with an antitone involution satisfying the de Morgan laws.
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Proof. There hold (W1)-(W4). (W1)-(W4’) can be easily proved, e.g.:

(W1'): x Mz = (o' Ua') = 2" = x according to (W1).

Now

(W5): zM(zUy) = (zUy) Ua') =a” = since x < z Uy and hence
(zUy) <

(W5): (zMy)Uy = Uz) Uy =vy" =ysince y <y Uz and hence
(y/ |_| x/)/ S y//'

(I |_| y>/ — (:I/J/ |_| y//)/ — y/ |—| x/

(xNy) =@ ua) =y U .

Remark 4.3 It was proved in [2] that in a BCK-algebra (A, —, 1) one can define
a partial ordering < by x < y if x — y = 1 and it holds z < y if and only if
x Uy =y where x Uy = (x — y) — y. Moreover, 1 is the greatest element of
(A, <). If (A, <) has a smallest element 0 then the term operation " defined by
x' := 1z — 0 is antitone.

Now, we introduce BCK-algebras with 0 satisfying the double negation law.

Definition 4.3 (cf. [1]) A BCK-algebra (A, —,1) with 0 is said to satisfy the
double negation law if (x — 0) — 0 = x.

In fact, in logics represented by BCK-algebras the unary operation —x =
x — 0 is considered as the connective negation . Thus the double negation law
expresses the fact that ——x = 2 (contrary to the intuitionistic case where only
——-z = -z and where it can happen that ——z # z). BCK-algebras satisfying
the double negation law were treated in [1]. Here we can state

Theorem 4.2 [f (A, —,1) is a BCK-algebra with 0 satisfying the double negation
law and

Uy =(x—y)—vy

zMNy:=(((y—0) — (r—0)) = (x—=0) =0

r =z —0

then (A,U,N,) is a weak lattice with an antitone involution satisfying the de
Morgan laws.

Proof. This follows from Proposition 2.1. u

Theorem 4.3 Up to isomorphism there exist exactly one one-element weak lat-
tice, one two-element weak lattice, four three-element weak lattices and 74 four-
element weak lattices.
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Proof. The case concerning weak lattices of cardinality less than three is trivial.
Let us first assume L = {0,a,1} with 0 < a < 1.

(P2), (P3), (P2’) and (P3’): These conditions hold if and only if operation
tables for LI, respectively M, look as follows:

where b € {a,1} and ¢ € {0,a}.
(P1): This condition holds if x € {0,1} or y =1 or x < y.

If (z,y) = (a,0) then (zUy)Uy=(aU0)LUO=0U0=b=al0=aUy.

Hence (P1) holds.
(P1’): This condition holds if x =0 or y € {0,1} or z < y.

If (z,y) =(1,a) thenzM(zNy)=1MN(1MNa)=1MNc=c=1MNa=xMy.

Hence (P1’) holds.
(P4) and (P4’): These conditions can be easily checked.

Since all four possibilities for b, ¢ yield pairwise non-isomorphic weak lattices,
up to isomorphism there exist exactly four three-element weak lattices.

Now we turn to the four-element case. Let L = {0,qa,b,1}.

First we consider the case 0 < a,b < 1 with a and b being incomparable.

(P2), (P3), (P2') and (P3'): These conditions hold if and only if operation
tables for LI, respectively I, look as follows:

Ui0 a b 1 N0 a b 1
0/0 a b 1 0(0 0 0 O
alc a 1 1 al0 a 0 a
bld 1 b 1 b0 0 b b
111 1 11 110 e f 1

where ¢ € {a,1}, d € {b,1}, e € {0,a} and f € {0,b}.
(P1): This condition holds if x € {0,1} or y =1 or x < y.

If (z,y) = (a,0) then (z Uy) Uy =(aU0)UO0=cUO0=c=alU0=xUy.
If (z,y) = (a,b) then (zUy)Uy=(alb)Ub=1Ub=1=aUb=alUy.
If (z,y) = (b,0) then (zUy)Uy=(bUO)UO=dU0=d=bU0=aUy.
If (z,y) = (bya) then (x Uy)Uy = (bUa)Ua=1Ua=1=bUa=zUy.

Hence (P1) holds.
(P1’): This condition holds if z =0 or y € {0,1} or z < y.
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If (z,y) = (a,b) then z M (zMy)=aM(aMNb)=aN0=0=aNb=xMy.
If (x,y) = (bya) then x M (zMy) =0 (bMNa)=bMN0=0=bMNa=xMy.
If (z,y) =(1,a) thenzMN(zNy)=1MN(1MNa)=1MNe=e=1MNa=xMNy.
If (z,y) = (1,b) then zM(zMy) =1 (AN =1Nf=f=1Nb=zNy.

Hence (P1’) holds.

Since every homomorphism of a weak lattice is order-preserving, the only
non-trivial isomorphism between our algebras could be the interchanging of a and
b. We have the following cases: (¢, d, e, f) € {a,1} x {b,1} x {0,a} x {0,b}. Now
the weak lattices corresponding to the following quadruples are isomorphic:

(a,b,0,b), (a,b,a,0)
(a,1,0,0),(1,5,0,0)

(a,1,0,0),(1,b,a,0)

(a,1,a,0),(1,b,0,b)

(a,1,a,b),(1,b,a,b)

(1,1,0,0),(1,1,a,0)

So we have 10 pairwise non-isomorphic four-element weak lattices whose corre-
sponding order is not a chain.

Finally, consider the case 0 < a < b < 1.

(P2), (P3), (P2’) and (P3’): These conditions hold if and only if operation
tables for LI, respectively I, look as follows:

Uio a b 1 M0 a b 1
010 a b 1 0{0 0 0 O
alc a b 1 al0 a a a
bld e b 1 b0 f b b
111 1 11 110 g h 1

where ¢ € {a,b,1}, d,e € {b,1}, f,g € {0,a} and h € {0, a, b}.
(P1): This condition holds if x € {0,1} ory =1 or z < y.

If (z,y) = (a,0) then (zUy) Uy =(aU0)UO=cUO0and zUy=al0=c.

If (z,y) = (b,0) then (zUy)Uy=(bUO)LUO=dU0=d=bU0=aUy.

If (x,y) = (bya) then (x Uy)Uy = (bUa)Ua=ela=e=bUa=xUy.
Hence (P1) holds if and only if (¢,d) # (b, 1).

(P1’): This condition holds if z =0 or y € {0,1} or z < y.

If (,y) = (bya) then x M (zMy) =bN(bMNa)=0Nf=f=0bNa=zNy.
If (z,y)=(1,a) then M (zMNy)=1MN(1MNa)=1MNg=g=1MNa=xMNy.
If (z,y) = (1,b) then aM(xzMNy)=1MN(1MNb)=1MNhand xMNy=1Mb = h.
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Hence (P1’) holds if and only if (g,h) # (0, a).
(P4): This condition holds if and only if (¢, d) # (1,b).
(P4’): This condition holds if and only if (g, h) # (a,0).

Summing up, we have that the algebra with the above operation tables is a
weak lattice if and only if

((c.d).e, f,(g,h)) € {(a,b),(a,1),(b,b), (1,1)} x {b,1}
x{0,a} x {(0,0), (a,a),(0,b),(a,b)}.
Hence we have 4-2-2-4 = 64 possibilities. The corresponding algebras are pairwise

non-isomorphic. Together this yields 10 4+ 64 = 74 pairwise non-isomorphic four-
element weak lattices. n

Finally, we introduce some axioms.

Definition 4.4 For an algebra (L, U, M) we define (W6), (W6’), (W7) and (WT’)
as follows:

(W6) (zUy)Uz=xUy
(W) yn(zny)=azNy
(W7) yn(zUy) =y
(W7) (zNy)Uz=x

Next, we show some implications between some axioms:
Lemma 4.2 There hold (i)-(v):

(i

(ii

) (W3) and (W5) together imply (W7).
) (
(iii) (W1) and (W5) together imply (W1’).
) (
) (

W3’) and (W5’) together imply (WT’).

W2) and (W5’) together imply (W2’).

(iv

(v) (W6) implies (W2).

Proof. (i): yM(zUy)=yN(yU (zUy)) =y.

(ii): (zxMNy)Uz = ((xMNy)MNz)Ux ==z This follows analogously.

(iii): zNx=2zN(zUz) =z

(iv): My = x and y Mz = y together imply z Uy = (x My) Uy = y and
yUz = (yMaz)Uz =2 whence z = y.

(v): zUy = y and yUz = x together imply x = yUzr = (zUy)Uzr = zUy = y. =

Lemma 4.3 There hold (i) and (ii):

(i) Any join-directoid satisfying (W4) is a join-semilattice.
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(ii) Any weak join-semilattice satisfying (W6) is a join-semilattice.

Proof. (i) If (L,U) is a join-directoid, (L, <) denotes the corresponding poset,
a,b,c € L and a,b < ¢ then

(aUb)Uc = (allb)U(cUb)
(aUb)U ((aUc)LIb)
= (aUc)Ub=cUb=c,

Leealb<e.

(ii) If (L, ) is a weak join-semilattice, (L, <) denotes the corresponding poset,
a,b€ Land a <bthenblla = (alb)Ua = allb= b and according to Lemma 1.1
and Theorem 2.1, (L,LJ) is a join-directoid and according to Lemma 4.3 (i) a
join-semilattice. .

Corollary 4.1 There hold (i) and (ii):

(i) If (L,U) is a weak join-semilattice satisfying (W5) and (W6), (L, <) denotes
the corresponding poset, ' is an antitone involution of (L, <) and one defines
My = (2’ Uy forall z,y € L then (L,U,N) is a lattice.

(ii) Any weak lattice satisfying (W6) and (W6’) is a lattice.

Proof. (i): According to Lemma 4.3 (ii), (L,L) is a join-semilattice and hence
(L,M) a meet-semilattice. Because of (W5) one absorption law holds. The other
one follows by duality.

(ii): Let (L,U, ) be a weak lattice. According to Lemma 4.3 (ii) and its dual

(L,U) and (L,M) are semilattices. Because of (W5) and (W5’) the absorption
laws hold. -

Remark 4.4 Since (W3) and =z Uy = y U x together imply (W6), according
to Lemma 4.3 (ii) it follows that any commutative weak join-semilattice is a
join-semilattice and according to Corollary 4.1 (ii) that every commutative weak
lattice is a lattice. If in Definition 2.2 (W2) is replaced by the stronger axiom
(xUy) Uz =xUy or if the axiom (x Uy) Uz = x U (x U y) is included, then the
weak join-semilattice becomes a join-semilattice.
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