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1. Introduction

The concept of hyperstructure was first introduced by Marty at the eighth Congress
of Scandinavian Mathematicians in 1934 when he defined hypergroups and started
to analyse their properties ([14]). Because there are extensive applications in
many branches of mathematics and applied sciences, the theory of algebraic hy-
perstructures (or hypersystems) has nowadays become a well-established branch
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in algebraic theory. Later on, people have developed the semi-hypergroups, which
are the simplest algebraic hyperstructures having closure and associativity prop-
erties. A comprehensive review of the theory of hyperstructures can be found in
[6], [7] and [20].

The theory of fuzzy sets, proposed by Zadeh [22] in 1965, has provided a useful
mathematical tool for describing the behavior of systems that are too complex or
illdefined to admit precise mathematical analysis by classical methods and tools.
Murali [17] proposed a definition of a fuzzy point belonging to fuzzy subset under
a natural equivalence on fuzzy subset. The idea of quasi-coincidence of a fuzzy
point with a fuzzy set, which is mentioned in [18], played a vital role to generate
some different types of fuzzy subsets. It is worth pointing out that Bhakat and
Das [3,4] initiated the concept of (o, §)-fuzzy subgroup by using the “belong to”
relation (€) and “quasi-coincident with” relation (q) between a fuzzy point and
a fuzzy subgroup, and introduced the concept of an (€, € Vq)-fuzzy subgroup.
In fact, these notions were originally introduced by Pu and Liu in [18]. The
(€, € Vq)-fuzzy subgroup is an important generalization of the fuzzy subgroups
defined by Rosenfeld [19] and their structure was described by Bhakat and Das
in [4].

In recent years, there has been considerable interest in the relationships be-
tween the fuzzy sets and the algebraic hyperstructures. Fuzzy hyperstructures
are a direct generalization of the concept of fuzzy algebras (fuzzy groups, fuzzy
rings, fuzzy modules etc). This approach can be extended to fuzzy hypergroups.
For example, given a crisp hypergroup (H, o) and a fuzzy subset p in H, then we
say that p is a fuzzy subhypergroup of H if every level set of u say p, is a (crisp)
subhypergroup of H. This was initiated by Zahedi et al. [24] and continued by
Ameri and Hedayati [2], Davvaz and Corsini [8], Davvaz et al. [9], Zhan et al.
[25], [26] and so on.

In this paper, we consider more general form of the notion of quasi-coincidence
of a fuzzy point with a fuzzy set. Thus, this is a natural generalization of the fuzzy
sub-hypermodules. As a generalization of (€, € Vq)-fuzzy sub-hypermodules, we
introduce the notions of (€, g )-fuzzy sub-hypermodules and (€, € Vg )-fuzzy sub-
hypermodules and investigate some of the interesting properties of (€,€ Vgx)-
fuzzy sub-hypermodules. Finally, we consider (€ Vg )-level sub-hypermodule of a
fuzzy set, and prove some related results.

2. Preliminaries

A hyperstructure is a non-empty set H together with a mapping “o” : H x H —
P*(H), where P*(H) is the set of all the non-empty subsets of H. If + € H and
A, B € P*(H), then by Ao B, Aox and x o B, we mean Ao B = U aob,
a€AbEB
Aox=Ao{z} and z o B = {x} o B, respectively (For more details see [6], [7]).
Now, we call hyperstructure (H,+) a canonical hypergroup ([16]) if the fol-
lowing axioms are satisfied:
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1) For every x,y,z€ H,x + (y+2) = (x+y) + 2;

3

(1)

(2) Forevery z,y € H,x +y =y + x;

(3) There exists an element 0 € H, such that 0 + = = z, for all x € H;
(4)

4) For every x € H, there exists a unique element 2’ € H, such that 0 € = + 2’
(we call the element z’ the opposite of x and it is denoted by —x).

Definition 2.1. [26] A hyperring is an algebraic hyperstructure (R, +,-) which
satisfies the following axioms:

(i) (R,+) is a canonical hypergroup;
(ii) (R,-) is a semigroup having zero as a bilaterally absorbing element;
(iii) The multiplication is distributive with respect to the hyperoperation “+ ".

Let (R, +,-) be a hyperring and A a non-empty subset of R. Then A4 is called
a sub-hyperring of R if (A, +, ) itself is a hyperring.

Definition 2.2. [1] A non-empty set M is called a left hypermodule over a hyper-
ring R (R-hypermodule) if (M, +) is a canonical hypergroup and there exists the
map “-”7 : Rx M — P*(M) by (r,m) + r - m such that, for all ,r, € R and
my, mo € M, we have

(1) rl(m1+m2) :rlml—l—rlmz;
(ii) (11 +ro)my = rimy + romy;
(111) (7’17"2)7711 =T (T’le).

Example 2.3. Let M be an R-module over a unitary ring R and G a subgroup
of the multiplicative semigroup of R satisfying the condition aGbG = abG, for
every a,b € R. Note that this condition is equivalent to the normality of G only if
R\{0} is a group which appears in the case of division rings. Now, we introduce
in M an equivalence relation “ ~ 7 defined as follows:

r~y<=—x=ty, ted.

Let M be the set of the equivalence classes of M with respect to ~. Then, a
hyperoperation “ @ ” can be endowed in M by

Toy={we M| wC7T+7},

i.e., T ® 7 consists of all the classes w € M which are contained in the set-wise
sum of T and 7. Thus, (M, ®) becomes a canonical hypergroup. Now, we suppose
that R is the quotient hyperring of R by G. Consider an external composition
from R x M to M defined by

a-T=azx forall aec R,ze M.
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Then the above composition satisfies the axioms of the hypermodule and so M
becomes a hypermodule over hyperring R. It was proved by Massouros ([15])
that this hypermodule is strongly related with the analytic projective geometries
as well as with the Euclidean spherical geometries (for details see [15]).

In what follows, all hypermodules are left hypermodules. Recall that a non-
empty subset A of a hypermodule M is a sub-hypermodule if (A, +,-) is a hyper-
module.

Definition 2.4. [26] A fuzzy subset p of a hypermodule M over a hyperring R is
a fuzzy sub-hypermodule of M if

(1) inf p(z) > min{u(z), p(y) }, for all 2,y € M;
z€x+y

(2) p(—x) > p(z), for all z € M;
(3) p(ax) > p(z), for all a € R and z € M.

If i is a fuzzy sub-hypermodule of M, clearly we have

p(—x) = p(x), inf p(z) > min{u(z), u(y)}, for all z,y € M.

zET—Y

Let M be an R-hypermodule. Then, for a fuzzy subset p of M, the level subset
1t is defined by
= {zeM|p() =ty telo1).

Theorem 2.5. [26] Let p be a fuzzy subset of an R-hypermodule M. Then the
following are equivalent:

(1) wis a fuzzy sub-hypermodule of M;

(2) Fach non-empty level subset of p is a sub-hypermodule of M.
A fuzzy set p of a hypermodule M of the form
t(#£0), if z=y

{ 0, if vy

is said to be a fuzzy point with support x and value t and is denoted by (z);. A
fuzzy point (x), is said to " belong to” (resp. be quasi-coincident with) a fuzzy set
w, written as (x); € p (resp. (x); qu) if p(z) >t (resp. p(z) +t>1). If (x); € p
or (x); qu, then we write (z); € vVgu. If (z); € p and (x); qu, then we write
(x); € Aqu. The symbol € Vg means that € Vg does not hold.

wy) =

3. Generalization of (€, € V¢)-fuzzy sub-hypermodules

Let k denote an arbitrary element of (0, 1] unless otherwise specified. To say that
()¢ qrp, we mean p(x) +t 4+ k > 1. To say that (z); € Vagpu, we mean (x); € p
or (x); - The symbol € Vg, means that € Vg, does not hold.
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Definition 3.1. A fuzzy set p of Mis called an (€, € Vi) — fuzzy sub-hypermodule
of Mif, for all t;,t, € [0,1), a € Rand z,y € M

(1) (@) € ps Wty € 1= (2)min(tr,t2) € Varp, for all 2z € z +y;
(2) (@) € p = (=), € Vari;
3) (@), € p = (az)y, € Vaup.

Similarly, (€,€ Vq)-fuzzy sub-hypermodule, (€, q)-fuzzy sub-hypermodule
and (€, €)-fuzzy sub-hypermodule are defined (see [26]).

Theorem 3.2. A fuzzy set u of hypermodule M over hyperring R is an (€, € Vqy)-
fuzzy sub-hypermodule of M if only if, for all x,y € M and a € R the following

conditions hold:

(1) u(z) > min {u(x),,u(y), %}, forall z € x+vy;

@ (o) 2 min {1

2

) nla) > min {5

Proof. Let u be an (€, € Vqi)-fuzzy sub-hypermodule of M. Assume that (1) is
not valid. Then there exist a,b € M and z € a + b such that

1—k

() < min { u(a) ).~ 55}

1—
If min {p(a), n(d)} < Tk, then

p(z) < min{p(a), u(b)}-

Hence p(z) < t < min{u(a), u(b)} for some t € (0,1). It follows that (a); € u and

_ 1-k 1—-k&
(b): € p, but (2); Eu. Moreover, pu(z) +t < 2t < 5 + — = 1 —k, and so
(2)¢ Qep. Consequently, (z); € Vi, this is a contradiction.

If min{pu(a), u(b)} > %, then

1—-k 1-% 1—-%
> > andu(z)<T‘
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ie., (z)% qrpr. Hence (z)% € Vqrp, again, a contradiction. Therefore (1) is
valid.
Assume that (2) is not valid. Then there exists a € M, such that

o) <min {ua), 5 1

1—k
If u(a) < —5 then p(—a) < p(a). Hence pu(—a) <t < p(a) for some t € (0, 1).

It follows that (a); € p, but (—a); €u. Moreover, p(—a) +t < 2t <1 —k and so
1—k
(—a): @eu. Consequently (—a); € Vi, this is a contradiction. If u(a) > 5

then p(—a) < 3£, Thus (a)% € u, but (—a)% €. Also,

1-k 1-k 11—k
— —1—
u(—a) + 5 < 5 + 5 k,

ie., (—a)% eyt Hence (—a)% € Vg, again, a contradiction. Therefore, (2)
is valid. Similarly, (3) is valid.

Conversely, suppose that (1), (2) and (3) are valid. Let z,y € M and t;,t; €
(0, 1] be such that (x);, € p and (y)¢, € p. Then, for all z € x + y,

u(z) > min{u(ﬂf),u(y), ﬂ} > mm{tl,tz, L }

2
Assume that t; < L- or ty < l%k Then p(z) > min(ty,t3), which implies
that (2)mint,t,) € p. Now, suppose that t; > Lk and ty > # Then
u(z) > Lk and thus
w(z) + min(ty, ty) > % + %k =1-k,

i.e., (2)min(tsto) Qept- Hence (2)min(e 1) € VL.
Let x € M and t € (0, 1] be such that (z); € p. Then

Ji(—2) > min {t, %}

1—k
Assume that ¢ < — Then p(—z) > ¢, which implies that (—z); € pu. Now,
11—k

1—k
suppose that ¢ > — Then pu(—x) > , and so

1-k 1—-k
B I L Ry
ie., (—x); guu. Hence (—x); € Vqgp. Similarly, (z); € p implies (ax); € Vagp for
all a € R. Therefore p is an (€, € Vgi)-fuzzy sub-hypermodule of M. u
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Corollary 3.3. A fuzzy set p of M is an (€, € Vq)-fuzzy sub-hypermodule of M
iof only if for all z,y € M and a € R the following conditions hold:

(1) wu(z) = min{ pu(x), u(y),0.5 }, for all z € v +y;
(2) “(_aj) > mzn{ u(x),0.5 }f
(3) wu(az) > min{ pu(x),0.5 }.

Proof. It follows taking £ = 0 in Theorem 3.2. .

Theorem 3.4. Let u be a fuzzy set of M. Then p is an (€,€ Vqy)-fuzzy sub-
hypermodule of M if only if the level subset uyy = { = € M | p(z) >t } is a

1—k
sub-hypermodule of M for all t € (O, T} :

Proof. Assume that p is an (€, € Vgg)-fuzzy sub-hypermodule of M. Let t €
1—k
(O, —] and z,y € uy. Then (z); € p and (y); € p. Let z € p; for some

2
_ 1-k 1—-k
z € v+y. It follows that (2);€u. Moreover, p(z)+t < 2t < 5t = 1—-k,

and so (z); gep. Consequently, (z); € Vqgu, this is a contradiction. Hence, z €
for all z € x + y. Therefore x +y C py.
Let « € py. Then u(x) > t. It follows from Theorem 3.2 that

p(—z) > min {u(ﬂf), %} > min {t, %} =,

so that —z € p;. Consequently (p,+) is a sub-hypergroup of (M, +). Similarly,
for all x € y; and a € R, we have ax € p;, by Theorem 3.2. Therefore y; is a
sub-hypermodule of M.

1—k
Conversely, suppose that y; is a sub-hypermodule of M for all ¢ € (0, T] )

Let (1) of Theorem 3.2 be not valid, then there exist a,b € M and z € a + b

such that -
u(z) < min {ma), u(). %} .

Hence we can take ¢ € (0,1) such that

1—k

) < ¢ < min { (e n(0). S5 |

1—k
Then t € (0, T} and a,b € p;. Since p; is a sub-hypermodule of M, it follows

that z € p, so that u(z) > ¢. This is a contradiction. Therefore (1) of Theorem
3.2 is valid. Similarly, (2) and (3) of Theorem 3.2 are valid. Consequently, p is
an (€, € Vg )-fuzzy sub-hypermodule of M by Theorem 3.2. .
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Corollary 3.5. Let u be a fuzzy set of M. Then p is an (€,€ Vq)-fuzzy sub-
hypermodule of M if only if the level subset uy = {x € M | p(x) > t} is a
sub-hypermodule of M for all t € (0,0.5].

Proof. In Theorem 3.4, taking k = 0. u

Example 3.6. Consider the set M = {0, a, b, c} with the following table:

olo|e o+
ol oo
joul Ho il Nan) el )
QIO |
ol|so|o

Hence (M, +) is a commutative group. Since every commutative group is a Z-
module therefore M is a Z-module (Z is the set of all integers). By Example 2.3,
consider M = {0, @, b,c} with the following table:

al0]alb]e
0|0|al|bl|e
alal0|c|b
blble|0|a
clelblalo

Thus (M, ®) is a canonical hypergroup. Therefore, (E, @, ) is a hypermodule
over hyperring Z. Let u be a fuzzy set of hypermodule M = {0,a,b, ¢} defined by

w1(0) = 0.5, p(a@) =0.8, and u(b) = pu(c) = 0.3.

(1) If £ = 0.4, then p :_M for all t € (0,0.3]. Hence p is an (€, € Vqo.4)-fuzzy
sub-hypermodule of M by Theorem 3.4.

(2) If k = 0.2, then B
M, if ¢e(0,0.3]
e = _
{0,a}, if te(0.3,04].
Since M and {0, a} are sub-hypermodule of M, pis an (€, € Vqo)-fuzzy
sub-hypermodule of M by Theorem 3.4.

Example 3.7. Let M be _the hypermodule given in Example 3.6. Let p be a
fuzzy set of hypermodule M defined by u(0) = 0.45, u(@) = p(c) = 0.4, and
p(b) = 0.48. If k = 0.04, then

M, if +€(0,0.4]
=14 {0,b}, if t € (0.4,0.45]
{b}, if t € (0.45,0.48].
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Note that y, is not a sub-hypermodule of E for t € (0.45,0.48]. Hence p is not
an (€, € Vqo.o4)-fuzzy sub-hypermodule of M.

Theorem 3.8. FEvery (€, €)-fuzzy sub-hypermodule of M is an (€, € Vq)-fuzzy
sub-hypermodule of M.

Proof. Let u be an (€, €)-fuzzy sub-hypermodule of M. Let (1) of Theorem 3.2
is not valid, then there exist a,b € M and 2z € a + b such that

) < min { (e n0). -5 |

Hence we can take ¢ € (0,1) such that

1—k

() < ¢ < min { e, n0). -5 |

Thus (a); € p and (b); € u, then p(z) > t. This is a contradiction. Therefore
(1) of Theorem 3.2 is valid. Similarly, (2) and (3) of Theorem 3.2 are valid.
Consequently p is an (€, € Vg )-fuzzy sub-hypermodule of M by Theorem 3.2. =

The next corollary immediately follow from theorem 3.8, by taking k£ = 0.

Corollary 3.9. Every (€, €)-fuzzy sub-hypermodule of M is an (€, € Vq)-fuzzy
sub-hypermodule of M.

The converse of Theorem 3.8 is not true as seen in the following example.

Example 3.10. Consider the (€, € Vqo4)-fuzzy sub-hypermodule of E given
in Example 3.6. Then p is not an (€, €)-fuzzy sub-hypermodule of M since,

(@_0.62 € pand (@)oe6 € s but (0)min(0.62,066) = (@B @)min(0.62,0.66) € K, because
1(0) = 0.5 < 0.62.

4. Properties of (€, € Vg;)-fuzzy sub-hypermodules

Definition 4.1. A fuzzy set p of M is called an (€, qx)-fuzzy sub-hypermodule of
M if for all t,t, € (0,1], a € Rand z,y € M

(1) (33)151 S 2 (y)tg S 2 — (Z)min(tl,tg) qr b, for all z cx+ Y;
(2) () € p = (—2)¢ qrp;
(3) (2): € p = (az): qp.

Theorem 4.2. Every (€, qx)-fuzzy sub-hypermodule of M is an (€, € Vqyi)-fuzzy
sub-hypermodule of M.
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Proof. Let p be an (€, gy)-fuzzy sub-hypermodule of M. If (1) of Theorem 3.2 is
not valid, then there exists a,b € M and z € a + b such that

1—k

) < min { ). ut). 5 }.

Hence we can take t € (0, 1) such that

1—k

(o) < ¢ < min futa), ), 5 }.

1-k 11—k
Thus (a); € p and (b); € p, then (2); qrp, but p(z) +t < 2t < — t 5 =

2
1 — k, this is a contradiction. Therefore (1) of Theorem 3.2 is valid. Similarly,
(2) and (3) of Theorem 3.2 are valid. Consequently p is an (€, € Vgy)-fuzzy
sub-hypermodule of M by Theorem 3.2. n

Taking £ = 0 in Theorem 4.2, we have the following corollary.

Corollary 4.3. Every (€, q)-fuzzy sub-hypermodule of M is an (€, € Vq)-fuzzy
sub-hypermodule of M.

The next example shows that the converse of Theorem 4.2 does not hold.

Example 4.4. Consider the (€, € \/qo.g)—fu_zzy sub-hypermodule of M given in
Example 3.6. Note that (@)os € p and (b)o2s € p, but (@ @ b)min0.4,0.25) =
(€)o.25 Jozpt, because u(¢) + 0.25 + 0.2 < 1. Therefore, p is not an (€, go2)-fuzzy

sub-hypermodule of M.

Theorem 4.5. Let M be a hypermodule. If 0 < k < r < 1, then every (€, € Vqy)-
fuzzy sub-hypermodule of M is an (€, € Vq,)-fuzzy sub-hypermodule of M.

Proof. Straightforward. n

The following example shows that if 0 < k < r < 1, then an (€, € Vg, )-fuzzy
sub-hypermodule of M may not be an (€, € V¢ )-fuzzy sub-hypermodule of M.

Example 4.6. Let M and u be as in Example 3.7. If r = 0.16 and k = 0.04,
then o
M, if t e (0,0.4]
He = {

{0,b}, if t€(0.4,0.42].

Since M and { 0,0 } are sub-hypermodules of M, then p is an (€,€ Vqo.i6)-
fuzzy sub-hypermodule of M by Theorem 3.4. But p is not an (€, € Vqo.oa)-fuzzy
sub-hypermodule of M (see Example 3.7).

Let S be a subset of hypermodule M. Consider a fuzzy set us in M where for
all x € M defined by
1, if zeS

ps() = .
0, otherwise.
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Theorem 4.7. A non-empty subset S of hypermodule M is a sub-hypermodule
of M if and only if the fuzzy set ps in M is an (€, € Vqy)-fuzzy sub-hypermodule
of M.

Proof. Let Sbe a sub-hypermodule of M. Then (us); is clearly a sub-hypermodule

1—k
of Mfor all t € (O, T] . Hence pu; is an (€, € Vg )-fuzzy sub-hypermodule of

M by Theorem 3.4.

Conversely, assume that ps is an (€, € Vqi)-fuzzy sub-hypermodule of M.
Let x,y € S. Then for all z € z 4y

1—-k 1—-k 1—-k
(2) 2 min o)), -5 b =i (1.158) = 15K

Since k € [0,1), ps(z) =1 forall z € x +y and so z € S. Hence z +y C S.
Let z € S. Then

pl=a) 2 min { o). 5 | = min (1,255) = 225,

2 2 2

Since k € [0,1), us(—z) = 1 and so —z € S. Similarly, az € S for all a € R.
Therefore S is a sub-hypermodule of M. .

1—k
Theorem 4.8. Let S be a sub-hypermodule of M. Then for everyt € <O, T} ,

there exists an (€, € Vqyi)-fuzzy sub-hypermodule p of M such that p; = S.

Proof. Let u be a fuzzy set of hypermodule M defined by

t, if ze€8
px) =

0, otherwise

1—k
for all z € M, where t € (0, T] . Obviously, u; = S.

If (1) of Theorem 3.2 is not valid, then there exist a,b € M and z € a + b
such that

) < min { ). ut). 5 }.

Hence we can take ¢ € (0,1) such that

) < ¢ < min futa), ). 5 ).

1—k
Since #Im(p) = 2, it follows that u(z) = 0 and min {u(a),,u(b), T} = t.
w(b), and so a,b € S. Since S is sub-hypermodule of M,

t, which is a contradiction. Therefore (1) of Theorem 3.2

Hence p(a) =t =
z € S. Thus u(z)
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is valid. Similarly, (2) and (3) of Theorem 3.2 are valid. Consequently p is an
(€, € Vqi)-fuzzy sub-hypermodule of M by Theorem 3.2. n

Taking k = 0 in Theorem 4.8, we have the following corollary.

Corollary 4.9. Let S be a sub-hypermodule of M. Then for every t € (0,0.5],

there exists an (€, € Vq)-fuzzy sub-hypermodule p of M such that p, = S.

Theorem 4.10. Let pu be an (€, € Vqi)-fuzzy sub-hypermodule of M such that
1—k

u(x) < — for allx € M. Then p is an (€, €)-fuzzy sub-hypermodule of M.

Proof. Let (z):, € i, (y)s, € p and 2z € x + y. By assumption, we have

1—k

u@zﬁm{M@w@rG—}ZMMM@M@HZmM%E)

Thus (2)min(tsts) € H-
Let (z); € u. By assumption, we have

(=) 2 min {ue), 25 b = o) 2 ¢

Thus (—x); € p. Similarly, for all (z); € pand r € R we have (rz); € u. Therefore
wis an (€, €)-fuzzy sub-hypermodule of M. .

Taking £ = 0 in Theorem 4.10, we have the following corollary.

Corollary 4.11. Let p be an (€, € Vq)-fuzzy sub-hypermodule of M such that
u(x) < 0.5 for all x € M. Then u is an (€, €)-fuzzy sub-hypermodule of M.

Theorem 4.12. Let { p; |i € A} be a family of (€, € Vqi)-fuzzy sub-hypermodules
of M. Then u = ﬂ Wi is an (€, € Vqi)-fuzzy sub-hypermodule of M.

icA
Proof. Let x,y € M and t;,t, € (0,1] be such that (z);, € p and (y):, € p.

Assume that (2)min(t, o) € V@it for some z € x +y. Then p(z) < min(ty,t2) and
p(z) + min(ty, t5) < 1 — k, which imply that

pz) < —— ()

Let

{Z €A | ( )nnn (ti,ta) € Hi } and

={i € A| (Dmin(tr,t) Wt N {J € Al (2)mintr 1) €M }-
Then, A = U, UW, and WMV, = 0. If ¥y = 0, then (2)min(e, 1,) € i foralli € A,
that is, p;(z) > min(tq,t9) for all ¢ € A, which yields p(z) > min(ty, ;). This is a
contradiction. Hence, ¥y # (), and so for every i € Uy we have p;(2) < min(¢q, ts)
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11—k
and p;(z) + min(ty,t2) > 1 — k. It follows that min( t1,¢5 ) > — Now,

for

x)y, € pimplies p(x) >ty and thus p;(x) > p(x) >t > min(ty, ty) >
1

all i € A. Similarly, p;(y) > for all i € A.

1-k 1-k
Next, suppose that t = p;(2) < —5 Takingt < r < —5 e get (), €
and (y), € p;, but (2), € Vggu,;. This contradicts that p; is an (€, € Vqy)-fuzzy

1—k
sub-hypermodule of M. Hence, p;(z) > for all i € A, and so p(z) > 5

which contradicts (*). Therefore, (2)min(t, 1) € V@rpt for all z € x +y. Similarly,

(—x); € Vgrp and (az), € Vapp for all z € M and a € R. Consequently, u = m L
icA

is an (€, € Vqy,)-fuzzy sub-hypermodule of M. .

Taking k = 0 in Theorem 4.12, we have the following corollary.

Corollary 4.13. Let {u; | i € A} be a family of (€, € Vq)-fuzzy sub-hypermodules
of M. Then p = ﬂ Wi is an (€, € Vq)-fuzzy sub-hypermodule of M.
icA

The following example shows that there exists k& € [0, 1) such that the union
of two (€, € Vqy)-fuzzy sub-hypermodules of M may not be an (€, € Vg )-fuzzy
sub-hypermodule of M.

Example 4.14. Let M = {0,a,b,¢} be a hypermodule given in Example 3.6 and
pan (€, € Vqoa)-fuzzy sub-hypermodule of M described in Example 3.6. Let v
be a fuzzy set in M defined by v(0) = 0.4, v(a) = v(¢) = 0.3, and v(b) = 0.5.
Then

M, if ¢te(0,0.3]
l/ - —
{0,0}, if t€(0.3,0.4]

Since M and {0,b} are sub-hypermodules of M, so v is an (€,€ Vqog)-fuzzy
sub-hypermodule of M by Theorem 3.4. The union pUv of p and v is given by
pUr(0)=0.5 pUv(a) =08, pUr(b) =0.5, and pUrv(c) = 0.3. Hence

M, if t€(0,0.3]
(pUv)e = {

{0,a,b}, if t€(0.3,0.4]

Since {0,a,b} is not a sub-hypermodule of M, it follows that 4 U v is not an
(€, € Vqo.2)-fuzzy sub-hypermodule of M by Theorem 3.4.
For any fuzzy set p in M and ¢ € (0,1] , we denote

(), ={z e M| (z) qup} and [p]; = {2z € M | (2); € Varu}.

Obviously, [ule = pe U (1),
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Theorem 4.15. Let p be a fuzzy set in hypermodule of M. Then u is an
(€, € Vai)-fuzzy sub-hypermodule of M if and only if [u]; is a sub-hypermodule
of M for all t € (0,1].

We call [u]; an (€ Vgy)-level sub-hypermodule of .

Proof. Assume that hen p is an (€, € Vgi)-fuzzy sub-hypermodule of M and let
x,y € [u]s for t € (0,1]. Then (x); € Vgrp and (y); € Varp, that is, u(z) > ¢ or
p(z) +t>1—k, and pu(y) >t or pu(y) +t > 1 — k. Using Theorem 3.2, for all
x,y € M, and a € R the following axioms are satisfied:

(Uu@)me{Mwwmmlgﬁ};Vzew+m

11—k
Case 1. u(z) >t and u(y) >t If t > —5 then for all z € x +y

1—k

f(2) = min {M(I),M(y), T} =—.

11—k 1-k
Hence u(z) +t > — t—5 = 1 — k, and so (2); qxp. Moreover,

p(—2) > min {u(ﬂf), L k} —

2 2

1-k 1—-k
Thus pu(—z) +t > —t—5 = 1 —k, and so (—z)¢ qpu. Similarly, (az)s qrp

1—k
for all a € R. Ifth,thenforaHZEw—i-y

o) 2 min fue) ), 254 | 21

and thus (z); € p. Similarly, (—z); € p and (ax); € p for all @ € R. Therefore
(2): € Var, (—2); € Varp, and (ax); € Vapu for all a € R. Hence x +y C [u);,
—x € [u]t, and ax € [u); for all a € R.

1—k
Case 2. p(z) >t and p(y) +t>1—k. Ift>T, then for all z € x +y

#(z) 2 min {M(l‘)au(y), %} > min {M(y), %}

>min<1—k—t,¥):1—k—t
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and so (2); qru. Moreover,

. 1-k . 1—-k 11—k
p(—z) > min ,u(x),T > min | ¢, =

2 2

1—k
and thus (—x); gpu. Similarly, (az); gpp for all a € R. If t < —5 then for all
zEeET+Y

1—k 1—-k

4(z) > min {,u(:v),,u(y), T} > min {t, 1—k—t, T} — 1.

Hence (z); € p. Furthermore, (—z); € p and (az); € p for all « € R. Thus
(2): € Varp, (—2)¢ € Vi, and (ax); € Vapp for all @ € R. Then x +y C [u)s,
—x € [u]t, and ax € [u); for all a € R.

Case 3. p(z) +t>1—Fk and pu(y) > t. Similar to the case 2.

11—k
Case 4. p(x)+t >1—kand u(y)+t>1—k. Ift > T,then forall z € x+y

1—k 1—k

4(2) > min {,u(x),,u(y),T} > min (1 Sy T) —1- k-t

1—k
Thus (2); gxu. Moreover, (—x); qpp and (ax); grp for all @ € R. If t < 5

then for all z € x +y

M@)me{MﬂJMMl:E}me<1—k—t1_k)=1_k>t

2 2

and so (z); € p. Similarly, (—z); € p and (ax); € p for all @ € R. Hence
(2): € Varp, (—2)¢ € Vi, and (ax); € Vapp for all @ € R. Then x +y C [u)s,
—z € [u]y and az € [u]; for all @ € R. Consequently, [u]; is a sub-hypermodule
of M.

Conversely, let p be a fuzzy set in hypermodule of M and t € (0, 1] be such
that [u]; is a sub-hypermodule of M. Let there exists a,b € M and z € a + b
such that

) <t < min {0 ), -5}

for some t € (0,1). Then a,b € p; C [p]s, which implies that z € [u]: (since
a+b C [p)s). Hence p(z) > t or u(z) +t+ k > 1, a contradiction. Thus

p(z) > min {,u(a),u(b), 5 for all a,b € M and z € a + b. Therefore (1) of

Theorem 3.2 is valid. Similarly, (2) and (3) of Theorem 3.2 are valid. Consequently
i is an (€, € Vqi)-fuzzy sub-hypermodule of M by Theorem 3.2. n

A fuzzy set p of hypermodule M is said to be proper if Im(u) has at least
two elements. Two fuzzy sets are said to be equivalent if they have same family
of level subsets. Otherwise, they are said to be non-equivalent.
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Theorem 4.16. Let pu be an (€, € Vqi)-fuzzy sub-hypermodule of M such that
1—k
#{,u(x) | () < T} > 2.  Then there exist two proper non-equivalent

(€, € Vai)-fuzzy sub-hypermodule of M such that p can be expressed as the union
of them.

1—k
Proof. Let {,u(x) | pu(z) < T} = {t1, 19, ..., .}, where t; >ty > ... > ¢, and
r > 2. Then the chain of (€ Vg)-level sub-hypermodules of p is

[Woe C© ple, € [, © o S [y, =M

Define two fuzzy sets v and v of M by

A plz), if z €[l
1, I xr & t1
.y MG[Z] " o) B ey
=T B T h i ae i\ e
ty, if € [uly, \ (1,
L tr, if @€ [ule, \ 1,

respectively, where t3 < k < t5. Then v and v are (€, € Vqi)-fuzzy sub-hyper-
modules of M, and v,y < u. The chain of (€ Vg)-level sub-hypermodules of v
and v are, respectively, given by

(e € [ule, © o © lpl, and [pice © [pl, © 0 C [pde,

Therefore v and v are non-equivalent and clearly p = v U~. This completes the
proof. u
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