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Abstract. In this paper we construct a class of hyperrings associated with binary
relations on a semihypergroup. We establish a connection between the constructed hy-
perring (H, +,,,0p,) and the hyperring of multiendomorphisms of hypergroup (H,+,,).
Also, we analyze subclasses of the constructed class, which are associated with partial
orderings on a set of multimappings.

1. Introduction

The hyperstructure theory was introduced by F. Marty at the 8 Congress of
Scandinavian Mathematicians held in 1934. A semihypergroup (H, o) is a nonempty
set H equipped with a hyperoperation o, that isamap o : H x H — P*(H), where
P*(H) denotes the family of all nonempty subsets of H, and for all (z,y, z) € H?:
zo(yoz) = (zoy)oz. A semihypergroup is called a hypergroup in the same sense
of Marty [1] if for every a € H : ao H = H oa = H. In the above definitions, if
A,B € P*(H), then Ao B is given by:

Ao B = U aob

acAbeB

xo Ais used for {x} o A and Aoz for Ao {z}.

A comprehensive review of the theory of hyperstructures appears in Corsini
[2], Corsini and Leoreanu [3] and Vougiouklis [4].

Similar to hypergroups, that are algebraic structures more general than groups,
the hyperrings extend the classical notion of rings, substituting both or only one
of the binary operations of addition and multiplication by hyperoperations. The

principal notion of hyperring theory can be found in Krasner [5], Davvaz [6], [7],
[8], Dasic [9], Rota [10], Spartalis [11] and Vougiouklis [12].
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The association between hyperstructures and binary relations had been stu-
died mainly in [13], [14], [15], [16], [17], [18]. Chvalina [13], [14] and Hort [19] use
ordered structures for the construction of semigroups and hypergroups. Rosenberg
[17] associated with any binary relation p of the full domain, a hypergrupoid H,
and found conditions on p, such that H, is a hypergroup. Corsini and Leoreanu
[20] study hypergroups and binary relations.

In Section 3 of this paper we obtain a class of strongly distributive hyper-
rings associated with binary relations on semihypergroup. We investigate their
morphisms and we also establish connection between the constructed hyperring
(H,+,,,0p,) and the hyperring of multiendomorphisms of a hypergroup (H,+,,).
Schweizer and Sklar [21], has given a set of postulates designed to describe the
algebraic behaviour of ordinary functions under any one of the three operations:
addition, multiplication or composition. These postulates define a system which
is a partially ordered semigroup with identity, where semigroup operation and
the partial order relation are related with certain conditions. We show that these
systems generate a subclass of a class that we constructed in Section 3.

2. Preliminaries

In this Section, first we recall some notions, notations and results.
Definition 2.1. A multivalued system (H,+, ) is a hyperring if:
1) (H,+) is a hypergroup
2) (H,-) is a semihypergroup
3) () is a distributive with respect to (+), i.e. for all (z,y,2) € H® we have:
a) - (y+z2)Cx-y+a-z
and
b) (y+2) 2 Cy-atsom

If in conditions 3a) and 3b) the equality is valid, then the hyperring is called
strongly distributive.

Definition 2.2. Let (A4, +,-) and (B, +',) be two hyperrings. Amap f: A — B
is called an inclusion homomorphism if the following conditions are satisfied:

fle+y) C flx)+ fly)
and
flz-y) C flz) fy)

for all z,y € A. A map f is called a strong homomorphism if in the previous
conditions the equality is valid.
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Definition 2.3 (and Theorem). Let (H,+) be a commutative hypergroup, and
F(H) the set of multiendomorphisms of H, i.e.

F(H) = {h H - P*(H)‘(Vx,y e ) |J hlu) Chz) + h(y)}.

ucr+y

Let’s define for all (f,g9) € F(H) x F(H) :

feg={heF(H)|(Vz € H)h(z) C f(z) & g(x)}

fog={heF(H)|vae @) C flgl) = | fw)}.
)

ueg(z

Then the structure (F(H),®,®) is a hyperring. This hyperring is called a hyper-
ring of multiendomorphisms of hypergroup (H, +). The each binary relation p on
a set H, a partial hypergroupoid H, = (H;o0) is associated [17], as follows:

V(z,2) € H*,xox ={y € H|(z,y) € p},roz=20xUz02.

By a partial hypergrupoid we mean a non-empty set H endowed with a function
from H x H to the set of subsets of H.
Let

D(p) ={x € H]y € H : (x,y) € p}
R(p) ={x € H|F3z € H: (2,2) € p}.

An element z € H is called an outer element of p if there exists y € H such that
(y,2) & p.

Theorem 2.1. [[17]] H, is a hypergroup if and only if:

1) H = D(p);
2) H = R(p);
3) p Cp%

4) if z is an outer element of p, then Vx € H, (z,2) € p* = (z,2) € p.

3. Hyperrings associated with binary relations on semihypergroup

In this Section we construct a class of hyperrings associated with binary relations
on semihypergroup. We establish connection between the constructed hyperring
(H,+,,,0,,) and the hyperring of multiendomorphisms of hypergroup (H,+,,).
Also, we analyze morphisms of obtained class and subclasses which are associated
with partial orderings on a set of multimappings.
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Theorem 3.1. Let (H,o) be a semihypergroup equipped with binary relations py
and py such that p1 C po. Let pi(i = 1,2) be a reflexive and transitive relation
such that, for all x,y,z € H,

(x,y) epp=—= (Mbeyoz)(Faczoz)(ab)ecp and
(Vb€ zoy)(Ja € zox)(a,b) € p;.

(1)
We define hyperoperations +,, and o,, on H, as follows:

x—i_Ply:{Z ‘ (:C?Z) Epl or (y,Z) Epl}
and
x+pzy: {Z ‘ EIaExoy,(a,z) EpQ}
for all (z,y) € H x H.
The structure (H,+,,,0,,) is a strongly distributive hperring.

Proof. By Theorem 2.1, (H,+,,) is a hypergroup. Let us prove that (H,o,,) is

a semihypergroup. Since p; is reflexive, then for any a € x oy it holds a € x o, y

ile. x o,y #0.
Let x,y,z € H. Set:

L:(xOpr)OpQZ: U UOCp, 2

UETOpy Y

and
D =wo, (yom z) = U L Opy V-
VEYOpy 2

Suppose w € L. Then there exists u € z o,, y such that w € uwo,, 2. Thus,
there exists a € x oy such that (a,u) € ps and there exists ¢ € u o z such that
(c,w) € py. By condition (1) from (a,u) € py and ¢ € uo z it follows that there
exists ¢ € a o z such that (¢, c) € pe. Since py is transitive, then (¢, w) € py. On
the other hand, ¢ € a0z C (roy)oz =x0(yoz) and so ¢ € x ov for some
veyozCyo, 2. S0, weE xo, vwhileveyo,zie weD.

Thus, L C D. Similarly, we obtain D C L.

Now, we prove the right distributivity of o,, with respect to +,,.

Let x,y,z € H. Set:

L= (x4, y)o, z=Uuo, z, while uwex+,vy
and

D = (zop, 2) 4, (yop, 2) =Ua+, b, while a€xo,z and becyo,, 2.

P2
If w € L then there exists v € uo z such that (v, w) € py for some u € z +,, y.
We have two possibilities:

(1) If (z,u) € py then by condition (1), there exists a € z o z such that (a,v) €
p1 C p2. As po is transitive we obtain (a,w) € py. Since a € x o z then
w € v o, z. Forany b € yo,, z is holds w € w+,, b, and so w € D.

(2) If (y,u) € p; we can similarly prove that w € D. Thus, L C D.
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Suppose now w € D. Then, there exist a,b € H such that w € a +,, b while
a € xo,, zand b € yo,, z. That means, (a,w) € p; or (b,w) € p; while (d’,a) € po
and (I',b) € py for some o’ € xozand V/ € yo 2.

If (a,w) € p1 C po, since (a’,a) € ps we obtain (a’,w) € py while @’ € x oz
ie. w€wopy z. Asx € x4+, y it follows w € L.

If (b,w) € p;y similarly we obtain w € L. Thus, D C L.

The left distributivity of o,, with respect to +,, can be proved in a similar
way. Thus, (H,+,,,0,,) ia a strongly distributive hyperring. n

Corollary 3.1. Let (H,-) be a semigroup equipped with binary relations p; and

p2 such that py C po. Let p; (i = 1,2) be a reflexive and transitive relation such

that for all x,y,z € H, (x,y) € p; implies (x - z,y-2) € p; and (z-x,2z - y) € p;.
If we define hyperoperations +,, and o,, on H as follows:

x+ply:{z|(:(:,z) epl or (y,Z) Gpl}

and
T Op, Y = {Z‘(l"y,Z) € p2}

for all (z,y) € H x H, then the structure (H,+,,,0,,) is a strongly distributive
hyperring.

Throughout the following text the quadruple (H, o, py, p2) will denote a semi-
hypergroup (H, o) equipped with binary relations p; and ps such that p; and po
satisfy the conditions of Theorem 3.1.

Definition 3.1. Let the triples (Hy, p1, p2) and (Hs, 01, 02) denote the nonempty
set Hy equipped with binary relations pi, po and nonempty set H, with binary
relations o1, 0s.

(a) The map « : H; — Hj is said to be isotone if
zpiy = a(z)da(y)
for all z,y € Hy and i € {1,2}.
(b) The map a : Hy — H, is said to be strongly isotone if
a(z)oy < (32’ € Hy)zpix' Na(z') =y
for all (x,y) € Hy x Hy and i € {1,2}.
The next theorem is generalization of Theorem 4.5 [22].

Theorem 3.2. Let (Hy,+,,,0,,) be a hyperring associated with (Hy,o, p1,p2)
and (Hy, +4,,95,) be a hyperring associated with (Hy,0,01,09). If f: (Hy,0) —
(H,, 0) is an isotone (strongly isotone) homomorphism of semihypergroups (Hy, o)
and (Hsy,0), then f is an inclusion (strong) homomorphism of a hyperring
(Hi,4p,,0p,) into hyperring (Ha, +4,,00,).
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Proof. Let f: (Hy,0) = (Hs,0) be an isotone homomorphism and z,y € Hy. If
w € f(z +,, y) then there exists z € Hy such that w = f(z) while (z,2) € p; or
(y,z) € p1. Since f is isotone, then (f(x), f(z) = w) € oy or (f(y), f(2) =w) € 0y
and so w € f(z) 44, f(y).

Now, let we f(xo,,y). Then there exist a, z € H; such that a € zoy, (a, z)€ps
and w = f(z). As f is an isotone homomorphism then f(a) € f(x) o f(y) while
(f(a), f(z) =w) € 09 and so w € f(x) oy, f(y). Thus f : (Hy,+p,0p,) —
(Ha, +4,,094,) is an inclusion homomorphism.

If f:(Hy,0) — (Hs,o0) is a strongly isotone homomorphism, then obviously
[ is isotone and as we proved for all x,y € H; it holds: f(x+,,y) C f()+s, f(y)
and f(z o,, y) C f(2) oy, f(y). We will prove the converse inclusion.

Suppose w € f(x)+,, f(y). Then (f(x),w) € oy or (f(y),w) € oy. It implies
that there exists z € Hy such that (x,2) € p; or (y,2) € p; while f(z) = w, as f
is strongly isotone. Thus, w = f(z) € f(x +,, y). So, f(x)+o, f(y) C f(z +,, V).

Now, let w € f(z) oy, f(y). Then there exists u € f(x)o f(y) = f(xoy) such
that (u,w) € oy. So, there exists z € x oy such that u = f(z) while (u,w) € .
As f is strongly isotone, there exists a € H; such that (z,a) € ps and w = f(a).
Thus, a € x0,,y and w = f(a) € f(xo,,y). Therefore f(x)o,, f(y) C f(z o, y).

This completes the proof. u

Let (H, o) be a semihypergroup and p be a binary relation on H. If {A, B} C
P*(H) we write ApB to denote that: (Va € A)(3b € B) such that (b,a) € p and
(Vb € B)(Ja € A) such that (a,b) € p.

Theorem 3.3. Let (H,+,,,0,,) be a hyperring associated with (H, o, p1, p2) and
(F(H),®,®) be a hyperring of multiendomorphisms of hypergroup (H,+,,).
If we define a mapping V : (H,+,,,0,,) = (F(H),®,®) by
U(a) = fo,Va € H,
where f, : H— P*(H) is defined by:
fa(x) =ao,, z,Vo € H,

then:

(1) W is an inclusion homomorphism.

(2) If there ezists at least one element x € H such that

aoxpbor = a=">
for all a,b € H, then ¥ is injective.

Proof. As (H,+,,) is a commutative hypergroup there exists the hyperring of its
multiendomorphisms (F(H), ®, ®).
Let a € H. We verify that f, € F(H). Let z,y € H.
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Then:
U fulw) = | aopu= a0, (@+,y) = (a0,2)+p, (@0py) = fal@)+p, fuly).
u€rtp, Yy UET+py Y

(1) Let a,b € H. Set:
L=Y(a +1 b) = {f0|(a70) €pr or (b€ pl}

and
D=V(a) ®V(b) = fa® fo = {h|(V)h(z) C fu(x) +p fo(2)}.
Let ¢ € H such that (a,c) € py and x € H. Then:

fc(x) = COpy T = {y|E|Z ccor, (Zay) S p2}‘

If y € fo(x), then (z,y) € py for some z € cox and as (a,c) € p; there exists
w € aox such that (w, z) € p1 C py. By transitivity of ps we obtain (w,y) € po
ie.y€ao, xC f,(x)+, fulz).
If ¢ € H such that (b,c) € py, similarly we obtain f. € D. Thus, L C D.
Now, assume:

L=Y(ao,b)={flc€ao,, b} ={f|3dcaob,(dc) € ps}

and
D = {n[(Vz)h(z) C fu(fo(z))}.

Let ¢ € H such that (d,c) € py for some d € aoband z € H. If y € fo(x)
then (z,y) € py for some z € cox, as (d,c) € py and z € co z, there exists
w € d oz such that (w,z) € py and by transitivity of ps we obtain (w,y) € po.
Thus, y € do,, x C (aob) o, & C (aoy, b)o, v =ao, (bo,, x) = fu(fo(z)).
Therefore, f.(z) C fo(fo(x)) ie. fo € D.

So, L C D.

(2) Let a # b. Then there exists + € H such that one of the following is valid:
(i) (3c€aox)(Vdebox)(d,c) ¢ pa

or
(ii) (3d € box)(Vec e aox)(c,d) ¢ po.

If (i) is valid, then there exists ¢ € a o x such that ¢ ¢ bo,, x = f(z). Since
ceaox Caoy x= f,(x),it follows fo(z) € fi(z).
If (ii) is valid, then similarly f,(z) € f.(x). Hence, f, # fp i.e. U(a) # V(D).

Remark 3.1. If (H,+,,,0,,) is a hyperring associated with (H,-, p1, p2) where
(H,-) is a semigroup with at least one reductive element and p, is the partial
order then V¥ is an inclusion monomorphism of a hyperring (H,+,,,0,,) into

(F(H),®,0).
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Now, we deal with some classes of hyperrings associated with partial orderings
on a semihypergroup (semigroup). Schweizer and Sklar [21] postulated a system
(S,-, <) where (5,-) is semigroup with identity where partial order < satisfies
certain conditions, such that these systems are natural generalization of certain
algebras of functions. In that case, the set of mappings from the reals to the reals
is partially ordered by restriction, i.e. ordinary set inclusion, where the function
being regarded as sets of ordered pairs of numbers. We show that such systems
generate a suitable subclasses of a class constructed in Theorem 3.1.

Theorem 3.4. Let (H,o) be a semigroup with identity e and let < be the partial
order on H, connected with semigroup operation with next conditions:

(1) If a < b then there exists an element ey < e such that a =bo ey
(2) Ifes <ethenaoey <a andeyoa < a.
Then, there ezists a hyperring (H,+<,o<) associated with (H,-, <, <).

Proof. From Theorem 1 [21] it follows that the quadruple (H, o, <, <) satisfies
the conditions of Corollary 3.1. .
Example 1.

(a) Denote by P*(R) the set of all nonempty subsets of reals R. Let M(R) be
the set of all multimappings from relas to reals, i.e.

M(R) = {f:A— P*[R) | ACR, A% 0}.

We can consider function f as the set {(z, f(z)) | = € Domf}. Denote by
© the empty multimapping, i.e. the multimapping that contains no ordered
pairs. If f,g € M(R) and Domf N Domg # (), define:

f+g= {(w,f(m) + g(x))|x € Domf N Domg}.
If f,g € M(R)U ¢ and Domf N Domg = (), we define:

frg=ew
Obviously, (M(R) U ¢, +) is a semigroup with identity element o : R — R
defined by o(z) = 0 for all z € R.
If we define:

f<g<= Domf C Domg and (Vx € Domf)f(x)=g(x),

then M (R U ¢, +, <) satisfies conditions of Theorem 3.4. The restriction of
o which has the same domain as f serves as element e; < o such that f <g
implies f = g+e;. Condition (2) of Theorem 3.4 is, obviously, satisfied. So,
there exists a hyperring associated with (M (R) U ¢, +, <, <).

It can be noted that condition (1) in Theorem 3.4 is symmetric in this case.
Generally, it is not valid (see [21]).
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(b) Now, we will define a hyperoperation @ on a set M(R) U ¢, as follows:

fog = {u|Domu = DomfnDomg, and Yz € Domu,u(z) C f(z)+g(z)}

for all f,g € M(R) such that Domf N Domg # 0, and f @ g = ¢ for all
f,9 € M(R)U ¢ such that Domf N Domg = (.

Then, (M(R) U ¢, ®) is a semihypergroup. If we define a binary relation <
as in a Example 1(a), then, obviously, < is a partial order. Let us verify
that (M(R) U ¢, @, <, <) satisfies condition (1) of Theorem 3.1. Let f < g
and b€ g® h.

If Domg N Domh = () then Dom f N Domh = () and b = . If we put a = ¢
then a € f @ h.

If Domg N Domh # () and b € g ® h then Domb = Domg N Domh and for
all z € Domb it holds b(z) C g(x) + h(x). Now, we have two possibilities:

(1) If Domf N Domh = ) then we put a = ¢ and obviously a € f & h and
a < b.

(2) If Domf N Domh = A # (), then we put A = Doma and a(z) = b(x)
for all z € A.

As Domf C Domg, then A C Domb and we obtain a < b.

As a(x) = b(z) C g(z) + h(z) = f(x) + h(z) for all x € A, it follows
a € f@h. As @ is commutative hyperoperation it follows that condition (1)
of Theorem 3.1 is satisfied. Thus, there exists a hyperring associated with
(MR)Ug, &, <, <).
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