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Abstract. In this paper, we find bilateral basic hypergeometric series adapting Cauchy’s
method used by Bailey, Slater, Fredric Jouhet and Michael Schlosser.
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1. Introduction

Schlosser [10] gave a new proof of Ramanujans ;7 summation formula [6].

a;q; (g,b/a,az,q/az)
(L) 1%[ b ] (b,q/a,z,b/az)

valid for |¢| < 1, |b/a| < |z| < 1. This proof was given by a famous method
already utilized by Cauchy [5] in the second proof of Jacobi’s [8] triple product
identity. The same method known as Cauchys method had also been used by
Bailey [3] and Slater [11]. Cauchy’s method is used to obtain any bilateral sum
from an approximately chosen terminating identity:.

Jouhet and Schlosser [9] used Cauchy’s method in Jackson’s [7] ¢-Ptaff-
Saalschutz summation

_ (¢/a,c/biq)n
(c,c/ab;q)n
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a,b,q7";q;q
(12) 3¢2 [ ¢, qul_n/c
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to prove Ramanujan’s 1¢; summation. Also, by considering Bailey’s [2] transfor-
mation formula, Jouhet and Schlosser proved Bailey’s 410 summation formula.

It is necessary to give some standard notations for g-series and basic hyper-
geometric series. Let ¢ be a complex number, i.e., base with 0 < |¢| < 1. The
g-shifted factorial is defined for any complex parameter a by

(@)oo = (45 Q)00 = H(l - aqj)

and
IR L

where £ is any integer.
Also,

(ala A2, ...y am)k = (al)k’a Sy (am)k7

where £ is an integer or infinity.
The basic hypergeometic series is given by

a1, ..., Qs G} 2 (a1, -, G5 Q) L
1.3 B _ s
(13) Pt l by, oo b5 ] ]Z%)(%bla-n?bs—l;(l)k

and of bilateral basic hypergeometric series,

a1, -y Gs; G 2 (a1, .., a5 )k K

1.4 s¥s -
(1.4) v [bl,...,bs 1 W (b, b e

Also this paper depends on some elementary identities for ¢-shifted factorials
listed by Gasper and Rahman [6]. In this paper, we use Cauchy’s method to
bilateralize well-known terminating identities of Carlitz [4], Verma and Jain [12]
and Agarwal [1].

2. Main results

First, let us consider Carlitz [4] transformation formula, to bilateralize it by
Cauchy’s method;

g ed, T g | (edi@)a(e d, =/ /Dn
(2.1) 403 c — -
%q1—n%q1—n’cd\/§ (cd; /D)n(c,d; q)n

First replace n by 2n and then shift the index of summation by n such that the
new sum runs from —n to n,
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1-2n
2n (q—Qn,07 da ?{iq2 2 ,C]>kq2 _ (Cd7 Q)Qn(c7 d,—\/a, \/6)271
k=0 (q, % qt—2n, é q'=2", cd\/q; q)k (cd; \/Q)2n(c, d; q)2n

—2n L_on, n
. zn: (q 2 e d7£q2 2 aQ)qu( ) _ (Cd, q)gn(c, d,—\/a, \/6)271
R (q, %qlfzn, é q'=2", cd\/q; q)k (cd; /@)2n(c, d; @)2n
(a7 e,d a2 ™q) ¢ oo (a7 cq" dg", 5 a2 a), 4
(a2 q" 2 L2 ed /G q) kS (40 L gt gt edgi T q)

_ (Cd; q)Qn(c7 d, —\/@ \/G)Qn )
(cd; \/@)2n(c, d; q)2n

Take c = cq™™ and d = dg™", we get

-

k

1
(cdg ™" q)an(cq ™™, dg ™", /G /@)2n (¢, 4", 5 41", edgz =" q)n g

(cdq=2"; \/Q)an(cq™™, dg™™; q)2n (q‘2”, cqm, dg—, YL q)n

(—v@ =04, ¢ Dnla/cd; @)n (/)¢ T/ & D
(a/c,q/d, \/q/cd; On(g; D)2n

Now, let n — 0o, and assuming |¢*?/cd| < 1, while appealing to Tannery’s
theorem [1], for interchanging limit and summation, we get

i (c,d; q) <q3/2>k:(—ﬂ,—q,q,q,q/cd;q)oo(\/é/@\/é/d;q)oo
02 (£.949), (a/¢,q/d, /3/cd; @)oo (5 @)oo

[ ¢,d; q;q**/ed 1 _ (VT —4.0,9/cd, i/ e T/ 4 @)oo
(a/c,q/d; \/a/cd; @)oo

Next, consider Verma and Jain’s summation [12]
-n 1 2-n
s " ed, 542"
493
cqT" g " ed /g

_ (cd/ /T /D20 (¢, & \/Dn (G D ‘
(cd/\/@: /D) cd /T @), d; Q)n (/T /D

(2.3)
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First replace n by 2n and then shift the index of summation by n, such that the
new sum runs from —n to n,

(cd/\/q; cd; q)an(c, d; \/T)2n(q; @)2n
(Cd/\/@ \/(_]>2n<0d\/a; Q)%L(Ca d; Q)2n<\/a; \/C_]>2n

k

Ca (e d L e )
=0 (q, Lgi=2n Lgl=2n cd, /q; q)k

n ( e d, C—ldq%—%;q) s
— kz—:n(q,cql 2n Cll =20 cd, /g; q)

(67" cd a2 ) a2 (a7 e da" i at "5a), o

(q, gl—2n (11 =2 ¢d, /g; q) k:_n(an 1q1 n (11 1=ned, fgq"; q)

Take ¢ = cq™" and d = dq™", we get

(cdg="=%, edg=";q) (cq™, dq™"; \/@)2n(4; )2
(edg="=%; /), (cdq™*23q), (cq", dg™"; @)on(\/T: v/D)on
n E.
(qun,cq*”,dq*”,q:gﬂ/cd; On - q" & (q ;¢ d, éqﬁ §C]) q
(q, Lgton Lglon cdg=2n+s; q)n hen (an, 4.9 cdg™" q)k
n (g7 e d, G a¥ ), g
k=—n (CIH", %7 %7 quin+%; Q)k
(cdq‘Z”‘%, cdq™"3, edg™", edg ™™ q)
N (cdg=2~3, cdg=r; q)n (cdq™2+3, cdg~+3; q)n
(ca ™ dg™, cq™*%,dg™"*3;q) (459)2n(a5 )
(cq=,dg™™, ¢, d; )n (/T @ @)n(q*/? ) cd; @)
(L' ha " edg ™ 35q) g7
(g2 cq ™, dg"; q)n

Z( edimatta) 4 (gfed ije ild g o),
w (g4 8 cdg ™ 2q)  (Va/ed /T, a/e,a/d;0)n(g; 9)on

k

—

—

Let n — oo, and assuming |,/g/cd| < 1, while appealing to Tannery’s theorem
[1], for interchanging limit and summation, we get
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5 (edig <ﬁ> _ _(afed 3/e, 3/ )
k=—o00 (%’%7(])19 cd (\/G/Cdv \/@ Q/Cv Q/da Q)oo

¢, diq,\/q/ed | _ (a/cd, /G/e;\/A/d @)oo
= 22 [ q/c,q/d ] (Va/cd,\/q,q/c.q/d; )

Again consider another summation of Verma and Jain [12];

1403 [ " ed g2 fedsgig ]
ql—n/c7 ql—n/d’ Cd\/(_]
_ (eds @nle, &/ Dn(g5 Dn o
(¢ & (VT D(ed /T D~

First replace n by 2n and then shift the index of summation by n, such that the
new sum runs from —n to n,

(cd; Q)an(¢, &5 /D on (@ Don - 47" QZ” (472" e, d, g2 Jeds ) - ¢*
(Ca da Q)2n(\/§, \/a)Qn(Cd/\/av \/a>2n k=0 (Q7 q172n/c’ q172n/d, Cd\/aa Q)k:

z": (472" e, d, g2 72" Jed;q) - g™+
—
k=—mn (Q7 q1—2n/C’ q1—2n/d’ Cd\/ﬁ_]; Q)nJrk
1—n
(472 ¢, d, 272" cd; q)n " o (g7 g dg", g5 ed; q)k "
(g, 472 et d, ed JT )y 2, (g0, g7 e, g d, edga s )

(2.4)

(2.5)

Take c = cq ™ and d = dg™", we get

n -n 1 Llin, LAk
S (q ;6 dy =5 q2 1,q)k q
k=—n (ql—i-n, %7 %7 qu§_n; Q)k

(cdg*";q)an(cq™,dq™"; /@)2n (@ @)2n o

1

(cq™,dq™; @)on (/T /D) 2n (cdq‘2”‘2 ; \/G) o

(44" /e,q' ™" /d, cdgi 2" q) - q7"

X
(¢ cq™, dq™", \/q/cd; q)n
(cdq™",cdg™";q)n (cq™, dg™", cq ™3, dg™" 25 q)

(cg,dg, ¢, d; 4)n(+/3, 4; @) (cdg™""%, cdg 2" q)

(¢ @)on (¢ @) (47", ¢" " /d, cdq> ™25 q) - q "

(¢, cq dq", \/q/cd; q)n

—-n 1 n.
¥ (a7 e a2 5a) " (gfed, fife./a)d g 0)n
v (¢ L S adgs ) (VA Vajed /e afdsq)n
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Let n — oo, and assuming |,/q/cd| < 1, while appealing to Tannery’s theorem
[1], for interchanging limit and summation, we get

5 (edig) _ (a/cd G/, /T4 ¢ D)o
(%) (VA Va/edafe a/dia)

(2.6)
s [ ¢,d;q;\/q/cd ] _ (a/cd, \/a/e. 3/, 43 0)
q/c,q/d (V@ va/cd;q/c,q/d; @)oo
Consider Agarwal’s summation [1];
a,b;q.q | _ (ag,bq;q)n
2.7 S S U VAL
2D 01 [ abq ] (¢, abq; q)n

First replace n by 2n and then shift the index of summation by n, such that the
new sum runs from —n to n,

% (CL, b’ Q)k X k —_ (GQ7 b(L Q)Qn
= (g, abg; q)x (¢, abq; q)2n

(l b q n+k n+k (CLQJ)Q;(I)Zn
k—z:n Q7 aan )n+k (Q7 Clbq, q>2n

(g, b5 0)n o z”: (ag", bq"™; ) .qk:(aq,bq;Q)zn
(¢, abg; q)n ~ 22, (¢, abg™ 7 q)u (9, abg; 4)2n

n

S (aq",bq"; @)k 1 _ (04,bq; @)an(q, abg; @)n
W= (@, abgtt q)y, (¢, abq; q)2n(a, b; q)n

Take a = aqg™", we get

n

5 (a.bg" @)y e _ (ag" ™", bq; @)2n(q: abq' " @) _,
(¢"*", abq; q) (¢, abg'="; @)an(ag™", b5 q)n

k=—n

(bg; q)2n(q, ag; 1/a5 q)n
(¢;9)2n(b, abq, q/a; q)n

Let n — oo, while appealing to Tannery’s theorem [1], for interchanging limit and
summation, we get

i (@ Qe x_ (bg,04,4/a;0)

28) koo (0D Q)i (b, abq, q/a, q)s
y l a; q; q ] _ (bg,aq,1/a5q)o

| abg (b, abq, q/a; q)x
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3. Conclusion

We have established bilateral basic hypergeometric series adapting Cauchy’s me-
thod used by Bailey, Slater, Fredric Jouhet and Michael Schlosser. It could also
be very interesting to find bilateral series for any other terminating basic hyper-
geometric functions by Cauchy’s method.
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