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1. Introduction

Let X, denote the class of functions of the form:
(1.1) JE&) =27+ Y a2 (peN={1,2,..),
n=1

which are analytic and p-valent in the punctured unit disc U* = {z : z € C and
0 <|z| <1} = U\{0}. Let Py (v,p) (k >2,0 <~ < p,p € N) denote the class of
functions

(1.2) g () :p—l—chzk
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which are analytic in U and satisfy for every r < 1 (z = re?? € U) the conditions
1) 9(0) =p,

(1.3) " |Re{g(2)} — 1|
? /0 p—y O

The class Py (7, p) was introduced and studied by Aouf [1].
We note that:

(1) Pe(v,1) = Pe() (k> 2,0 <~v < 1) (see Padmanabhan and Parvatham [8]);
(2) P (0,1) = P, (k> 2) ( see Pinchuk [9] and Robertson [10]);

(3) Po(v,p) = P(v,p) (0<~v<p, peN), where P (v,p) is the class of func-
tions ¢ of the form (1.2) and satisfy the conditions g(0)=p and Re{g(z)} >~
(0<~vy<p)inU;

(4) P, (0,1) = P, where P is the class of functions with positive real part in U;

(5) P (v, 1) =P(7) (0<y<1), where h(z) = (1 =7)p(z) +7, h(z) € P(7)
and p(z) € P.

From (1.2), we have ¢g(z) € Py (v,p) if and only if there exists g; € P (v,p),
i = 1,2 such that (see [1])

Ly ee=(G+3)ae-(-3)aw ceo.

For analytic functions f () € 3_, given by (1.1) and ¢ (2) € >, given by ¢ (2) =
2P+ Z b,—p2" P (p € N), the Hadamard product (or convolution) of f (z) and
o (2), is deﬁned by

(1.5) (f*0)(2) =27+ Y tnpbup2" P = (6% f) (2).

Aglan et al. [4] defined the operator QF,: >, — >, by:

_ >0, B>—1;
— F(FaJr/J’) Z Cotd) o nep < a>0; ; >
(8) I'(n+B+a) "M—P :
(1.6) Q5,f(2) = pels Jex

f(z) (a=0p>—-1;peN; fex,).

Mostafa [7] used Aglan et al. operator and defined the following linear oper-

ator Hpﬁ“ ¥, — X, as follows:

First put

N Ly a+6 > L(n+5) n—p
(1.7) G5, (2) = 2 ;r CEYETIk (p € N)
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and let G, be defined by
. 1

(18) Ggp( )*Ggplt( ):m (u>0,p€N)
Then
1.9 Hps f(2) = G5(2) * f(2) (f€X,).
Using (1.7) and (1.9), we have

N T(n+ B+ a) (i), o
(110) Hpﬁy,f( ) = Z F TL +/8 ) Ap—pZ p7

n=1

where (v),, denotes the Pochhammer symbol given by

e () (n=0)
I'(v) viv+1)..(v+n—-1) (neN).

It is readily verified from (1.10) that (see [7])

(V) =

(1.11) 2(H g, f(2)) = (a4 BYHSE f(2) — (a0 + B+ p)HY s, f(2)
and
(1.12) 2(Hy g, f(2)) = nHys 0 f(2) = (n+p)Hy g, f(2).

It is noticed that, putting = 1 in (1.10), we obtain the operator

a o « I /) F(ﬁ) - F(n—i_&_'_ﬂ) n—p
(1.13)  HOu f(2) = Hogf(2) =277 + a5 ; ORI

Now we define the following subclasses of the class Zp for 0 <~v,8<p,peN
and k> 2:

1y Esen-{raey, -ZLenpazeul,

!/

2f (2)
(115) > C(pn)=Sfx) e : %GPA@W,ZGU :

P f (z

ka(p77>C)
:{f(z) Z 25219, : ;(())ka(P;OaZGU}

(1.16)
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and

STV (0.7.0)

(1.17) 2f (2)
= f(Z)GZp,g(Z)EZCE(p,’Y)I—%GPk(p7<),Z€U

We can easily see that:

(1.18) f(z) €Y Ci(p) = —%}Z) €D Sk(p.)
and

119 [0 e Vim0 = LD S e

We note that, for special choices for the parameters k£ and v involved in the above
classes, we can obtain well-known subclasses

Y S ) = DS Calpr) = Colv),
YD Vi) = Y V(1,0 and > V5 (p,7,0) =D Vi (1:.0)-

The classes Y Sy (7), 22 Cp(7), 2- V4 (7,¢) and Y V¥ (v,¢) denote the meromor-
phic p-valent starlike of order +, meromorphic p-valent convex of order ~, mero-
morphic p-valent close-to-convex of order v and type (0 <+, ¢ < p,p € N) and
meromorphic p-valent quasi-convex of order  and type ((0 <+, ¢ < p, p € N).
The classes ) S»(v) and ) Cp(7) were studied by Kumar and Shukla [5] and the
classes >V}, (7,¢) and »_ V" (v,¢) were introduced by Aouf et al. [2] and Aouf
and Xu [3].

Next, by using the linear operator Hp's  f (z), we introduce the following
classes of analytic functions for 0 < v, <p and k > 2

(1.20) ) Sip (o, B pi7) = { Z Hygs, Z)EZSk(p,v),ZGU},
(121) > Crp(e, Bop7) = { Z Hpg f Z)GZCk(pﬁ),ZGU},
(1.22) Y Vip (@, B, 1:7,¢) = { Z Hys, f z)GZVk(p,C),ZEU}

and

(1.23) D Vi, (o 8,17, ¢ —{ Z Hps z)GZVk*(p,C),ZGU}-
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We also note that

(1.24) F(2) €Y Chpla,By) & —Zfoz) €D Sip (o, B p;7)

and

) e S v (0,8,57,0).

(1L25)  f(2) € X Vip (@B ) & ==

2. Main results

Unless otherwise mentioned, we shall assume in the reminder of this paper that,
a>0, u>0 >-1,0<v (<p, k>2and z € U.
In order to prove our results, we need the following lemma.

Lemma 1. [6] Let u = uy +iuy and v = vy +1ivy and @ (u,v) be a complez-valued
function satisfying the conditions:

(1) ® (u,v) is continuous in a domain D € C%.
(2) (0,1) € D and Re® (1,0) > 0.

(3) Re{P (iug,v1)} > 0 where (iug,v1) € D and vy < —5 (1 + u3).

If h(z) =1+ 12+ c22® + ... is analytic in U such that (h(z),zh'(z)) € D and
Re{® (h(z),zh'(2))} > 0 for z € U, then Re{h(2)} >0 in U.

Theorem 1. Let 0 <n <~y <pandn < a+ f+p, then

(2.1) > Skplat1,8,m7) C D Sep(a, B, psm),
where

= 14+2a+2842p+27—+/ 2(a+B+7+p)+112=8[2y(a+F4p)+p]

Proof. Let f(z) € > Sy, (a+ 1,5, u;7) and

(23) B ) R S P

ngg,uf(z)

where

(2.4) hz) = <§ + %) ha () — (% - %) by (2)



342 M.K. AOUF, A.O. MOSTAFA, A. SHAMANDY, E.A. ADWAN

where h;(z) (i = 1,2) are analytic in U and h;(0) =1 (¢ = 1,2). Using (1.11) in
(2.3) and differentiating the resulting equation with respect to z, we have

ALY
25 A Y= ’y+(p/ n)h(z)
(p—m)2h (2)

p-mh(z) +n—(a+B+p)

Now, we will show that H (z) € Py (v, p) or hi(z) € P. From (2.4) and (2.5) we
have

2 (Hpbuf(2)) ko1 (p—n)zh (=)
HOLfG) (Z * §> {1=1+ -6 - it e )

4

k1 (p—m)zhi(2)
B (Z a §> {7] —r P ha(z) - (p,n)hg(z)+nf(a+5+p)} ’

this implies that

Re{n—'w(p—n)hi(z)— (p—n)hszz_)—z);}iiiz)Jrﬂer)} >0 (i=1,2).

We form the functional ® (u,v) by taking u = hy(z), v = zh; (2),

(p—n)v
p—nu+n—(a+pB+p)

(2.6) ‘P(u,v)zn—vﬂp—n)u—(

Clearly, the first two conditions of Lemma 1 are satisfied in the domain
D C C\%ﬂf“ x C. Now, we verify condition (iii) as follows:

| B (p—n)u
Re {® (iug,v1)} = (77—’)/)+Re{_<p_n)m2+77—(a+ﬁ+p)}

(p—n)(a+B+p—mn)(1+u3)
2(p—n)’ud+(m—a—B-p)

IN

(n—2)—

A + Bu?
200 7

where

A = 2-m—a=B-p’=p-n(a+B+p—1),
B = 2= @-n"~@-n(a+B+p-m),
C = (p-n'uz+m—a-F5-p°.
We note that Re {® (iuz,v1)} < 0if and only if A < 0 and B < 0. From 7 as given

by (2.2), we obtain A < 0 and from 0 < 7 < v < p we have B < 0. Therefore
applying Lemma 1, h; (2) € P (i = 1,2) and consequently f € > Sk, (o, 5, 15 1m).
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This completes the proof of Theorem 1.

Theorem 2. Let 0 <n<~v<pn<a+p+pand k> 2, then

(2.7) D Crpla+1,8,157) C Y Crp (o, Bim) .
Proof. Applying (1.24) and Theorem 1, we observe that

c ch,p(a+1aﬁ7u;7>
Zf EZSM By 1:7)
Zf € Skpla, B, pin)

chp BML??

which evidently proves Theorem 2.

Theorem 3. Let 0 <~,( <p,vy<a+S+pand k > 2, then
(2.8) > Vipla+1,8,m7,¢) C > Vip (e, .157,0).

Proof. Let f(2) € > Vip(a+ 1,5, 1;7,¢) . Then, in view of the definition of the
class > Vi, (a+ 1,8, 15, ¢) , there exists a function g (2) € > Sa, (a+ 1, 8, ;)

such that ( (- ))
- (22
— H;;h() € P.(¢,p) (z€U).
Now let
. ( pﬁuf< )) 2) = (p — ~
(29> Haﬁug< ) _G( )_(p C)h( )+C7

where h(z) is given by (2.4). Using (1.11) in (2.9), we have
(a+ B) Hpf L f(2) = (a+ B +p)Hy, f(2)

—[(p = Q) h(2) + (JHpp,9(2).
Differentiating (2.10) with respect to z and multiplying by z, we obtain

(a+B) 2(Hy 5 f(2)) = (a+ B +p)2(Hys  f(2))
= —(p— Q) 2l (2) Hyg,9(2) = (0= O h(2) + (J2(Hy s ,9(2)) .
Since g(z) € > Sop (v + 1,5, 1377) , by Theorem 1, g (2) € > Sa, (o, B, f157), then

we have /
_Z (Hz?ﬁ ug(z))
Haﬁ ug< )

(2.10)

(2.11)

=({—-7aqz)+,
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where ¢(2) = 1+ ¢12 + o2 + ... is analytic in U with ¢(0) = 1. Then by using
(1.11), we have

(2.12) —&%H%%%M%%=4p—wq@%P%%a+5+p)

D,5,1

From (2.11) and (2.12), we obtain

2 (Hy5,f () (0 = Q) 2l(2)

‘ _ p.Bo = (p—OVh(z) — :

(213) Hybog(2) (==0hl) (p—"4q(z) +v—(a+B+p)
Now, we will show that G (2) € Py (¢,p) or h;(z) € P, i = 1,2. From (2.4)

and (2.13) we have

(mre)
B30

(k1 B A (p =) zha(2)
_(4+2)%p ¢ (2) @—VM@%Pw%a+5+m}
( (

_(Z—%) {(p—C)h2(Z)— (p_v)q(z)+7—(a+5+p)}’

this implies that

(p — Q) zhi(2)
(p—7q(z)+~v—(a+B+p)

Re{(p—()hi(z)— }>0 (zeU;i=1,2).

We form the functional ® (u,v) by choosing u = h;(2), v = zh; (2),
(p—Qu
(=7 a(z)+v—(a+B+p)
Clearly, the first two conditions of Lemma 1 are satisfied in the domain

DCO\Q x C.where @ = { € € and Re(u(2) = g > TS0 L ang

® (u,v) = (p—CQu—

4(z) = ¢ + 1ga.
Now, we verify the condition (iii) as follows:

‘ _opedl (p—Quv
Re {® (iug,v1)} = R{ (p_fy)(ql—i-iqg)—i-*y—(@—i‘ﬁ‘i‘m}

e+ Btp=—v)—(—all— 1 +u)
2{{p—Va+y—a—B-p+[p-7 e’}

< 0.

By applying Lemma 1, h; (z) € P (i = 1,2) and, consequently,

f(2) €Y Vipla+1,8,17,0).
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This completes the proof of Theorem 3.

Theorem 4. Let 0 <y, A <p,y<a+S+pand k> 2, then

(214) Zvl:p <&+1757M;77C) - kafp(aaﬁvu;’Y?C)‘

Proof. Applying (1.25) and Theorem 3, we observe that

Z) S ng,p(a—i_lwﬁaﬂv’%C)
zf’

Zf €Y Vip(a,B,1557,0)
€D Vi, (a8 157,€),

which, evidently, proves Theorem 4.

In [5], Kumar and Shukla defined the familiar integral operator F, ,(f)(z)
as follows:

z
14

Fo(f)(z) = / PLRdE (v > 0)

Zvtp

(2.15) 0

> v
= 2P 4 E Ap—p2" P,
Vv+n
n=1

It follows that:

(216)  2(Hys, Fp(f)(2)) = vHy 5, f(2) = (v +p)Hy g By () (2) (v >0).

Theorem 5. If 0 <~y <p, k>2and f € Spp(a,B,1;7), then

) €D Sipla, B py) (v>0).

Proof. Let f € > Sk, (o, B, p15y) and set

(217) B L C) M TR S P S

Hp g Fp(f)(2)

where h(z) is given by (2.4). Using (2.16) and (2.17), we have

v Hgﬁuf(z)
Hp Loy (f)(2)

(2.18)

=—(p-—7h(z)—v+v+p
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Taking the logarithmic differentiation on both sides of (2.18) with respect to z
and multiplying by z, we have

Cs(Hga () (p—n) 2 (2)
(2.19) He, f (2) 7= wh@%%@—wh@%F%%V+m‘

Now, we will show that M (z) € P, (v,p) or h;(z) € P. From (2.4) and (2.19) we
have

!

HGCIO) _ ko1 (p—)zh(2)
—me,gm 7 = 173 {@_whﬂd_@ﬂmwﬁ4wm}

ko1 (p—)2hs(2)
_<Z_§){@_7””@V‘wwm@ﬁ4wm}

this implies that

(p—7) 2h; (2)
(p—=7) hi(2) +7—(

We form the functional ® (u,v) by choosing u = h;(2), v = zh; (2),

(2.20) Re{(p—fy)hi(z)— V—i—p)}>0 (zeU;i=1,2).

(p—7)v
p—y)u+y—(v+p)

©Wm%=@—wu—<

Then, clearly, ® (u,v) satisfies all the conditions of Lemma 1. Hence h; (z) € P
(i =1,2) and consequently h (z) € Py for z € U, which implies that F, ,(f)(z) €
> Skp (e, B, 1;7y). This completes the proof of Theorem 5.

Next, we derive an inclusion property for the subclass > C, (o, 5, it;y) in-
volving F, ,(f)(z), which is given by the following theorem.

Theorem 6. If 0 <~y <p, k>2, v>0and f € Cy,(a, B, 1;7), then

Fup(f)(2) € Crpla, B, 157) -

Proof. By applying Theorem 5, it follows that
f € chp (aaﬂaﬂ;’}/)

Z !
— _7‘]0 € Zsk,p (04757M77)

= F,,(f)(2) (—%) € Zsk,p (o, B, ;)

e O 5o

= Fp(f)(2) €Y Crp (@, B, 17) .-
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This completes the proof of Theorem 6.

Using (2.16) instead of (1.11) and the techniques of the proof of Theorems 3

and 4, respectively, we can prove the following theorems, respectively.

Theorem 7. If 0<~,(<p, k>2,v>0and f €Y Vi, (a,B,u;7,C), then

Fup(£)(2) € D Vi (@, 8,157, C)

Theorem 8. If 0<~,(<p, k>2,v>0and f e Vi (a B 17C), then

FV,P(f)(Z> € Z V/:p (Oé, 5a s C) :

Remark 1.

(i)

(i)

Using (1.12) instead of (1.11), in our results, we can obtain new results

corresponding to the operator Hys .

Putting u = 1, in the above results, we obtain the corresponding results for
different classes associated with the operator H; defined in (1.13).
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