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1. Introduction

Let Σp denote the class of functions of the form:

(1.1) f(z) = z−p +
∞∑
n=1

an−pz
n−p (p ∈ N = {1, 2, ...}),

which are analytic and p-valent in the punctured unit disc U∗ = {z : z ∈ C and
0 < |z| < 1} = U\{0}. Let Pk (γ, p) (k ≥ 2, 0 ≤ γ < p, p ∈ N) denote the class of
functions

(1.2) g (z) = p+
∞∑
k=1

ckz
k
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which are analytic in U and satisfy for every r < 1 (z = reiθ ∈ U) the conditions

(1.3)

(1) g(0) = p,

(2)

∫ 2π

0

|Re{g(z)} − γ|
(p− γ)

dθ ≤ kπ.

The class Pk (γ, p) was introduced and studied by Aouf [1].
We note that:

(1) Pk(γ, 1) = Pk(γ) (k ≥ 2, 0 ≤ γ < 1) (see Padmanabhan and Parvatham [8]);

(2) Pk (0, 1) = Pk (k ≥ 2) ( see Pinchuk [9] and Robertson [10]);

(3) P2 (γ, p) = P (γ, p) (0 ≤ γ < p, p ∈ N) , where P (γ, p) is the class of func-
tions g of the form (1.2) and satisfy the conditions g(0)=p and Re{g(z)} > γ
(0 ≤ γ < p) in U ;

(4) P2 (0, 1) = P , where P is the class of functions with positive real part in U ;

(5) P2 (γ, 1) = P (γ) (0 ≤ γ < 1) , where h (z) = (1− γ) p(z) + γ, h (z) ∈ P (γ)
and p(z) ∈ P.

From (1.2), we have g (z) ∈ Pk (γ, p) if and only if there exists gi ∈ P (γ, p) ,
i = 1, 2 such that (see [1])

(1.4) g (z) =

(
k

4
+

1

2

)
g1 (z)−

(
k

4
− 1

2

)
g2 (z) (z ∈ U) .

For analytic functions f (z) ∈
∑

p, given by (1.1) and ϕ (z) ∈
∑

p given by ϕ (z) =

z−p +
∞∑
n=1

bn−pz
n−p (p ∈ N), the Hadamard product (or convolution) of f (z) and

ϕ (z), is defined by

(1.5) (f ∗ ϕ) (z) = z−p +
∞∑
n=1

an−pbn−pz
n−p = (ϕ ∗ f) (z) .

Aqlan et al. [4] defined the operator Qα
β,p :

∑
p →

∑
p by:

(1.6) Qα
β,pf(z) =


z−p + Γ(α+β)

Γ(β)

∞∑
n=1

Γ(n+β)
Γ(n+β+α)

an−pz
n−p

(
α > 0; β > −1;
p ∈ N; f ∈ Σp

)
f(z) (α=0 β>− 1; p ∈ N; f ∈ Σp).

Mostafa [7] used Aqlan et al. operator and defined the following linear oper-
ator Hα

p,β,µ : Σp → Σp as follows:
First put

(1.7) Gα
β,p(z) = z−p +

Γ(α + β)

Γ(β)

∞∑
n=1

Γ(n+ β)

Γ(n+ β + α)
zn−p (p ∈ N)
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and let Gα∗
β,p,µ be defined by

(1.8) Gα
β,p(z) ∗Gα∗

β,p,µ(z) =
1

zp(1− z)µ
(µ > 0; p ∈ N) .

Then

1.9 Hα
p,β,µf(z) = Gα∗

β,p(z) ∗ f(z) (f ∈ Σp) .

Using (1.7) and (1.9), we have

(1.10) Hα
p,β,µf(z) = z−p +

Γ(β)

Γ(α + β)

∞∑
n=1

Γ(n+ β + α)(µ)n
Γ(n+ β)(1)n

an−pz
n−p ,

where (ν)n denotes the Pochhammer symbol given by

(ν)n =
Γ(ν + n)

Γ(ν)
=

{
1 (n = 0)
ν(ν + 1)...(ν + n− 1) (n ∈ N) .

It is readily verified from (1.10) that (see [7])

(1.11) z(Hα
p,β,µf(z))

′
= (α + β)Hα+1

p,β,µf(z)− (α + β + p)Hα
p,β,µf(z)

and

(1.12) z(Hα
p,β,µf(z))

′
= µHα

p,β,µ+1f(z)− (µ+ p)Hα
p,β,µf(z).

It is noticed that, putting µ = 1 in (1.10), we obtain the operator

(1.13) Hα
p,β,1f(z) = Hα

p,βf(z) = z−p +
Γ(β)

Γ(α + β)

∞∑
n=1

Γ(n+ α + β)

Γ(n+ β)
an−pz

n−p.

Now we define the following subclasses of the class
∑

p for 0 ≤ γ, β < p, p ∈ N
and k ≥ 2 :

(1.14)
∑

Sk (p, γ) =

{
f (z) ∈

∑
p
: −zf

′
(z)

f (z)
∈ Pk (p, γ) , z ∈ U

}
,

(1.15)
∑

Ck (p, γ) =

f (z) ∈
∑

p
: −

(
zf

′
(z)

)′

f
′
(z)

∈ Pk (p, γ) , z ∈ U

 ,

(1.16)

∑
Vk (p, γ, ζ)

=

{
f (z) ∈

∑
p
, g (z) ∈

∑
S2 (p, γ) : −

zf
′
(z)

g (z)
∈ Pk (p, ζ) , z ∈ U

}
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and

(1.17)

∑
V ∗
k (p, γ, ζ)

=

f (z) ∈
∑

p
, g (z) ∈

∑
C2 (p, γ) : −

(
zf

′
(z)

)′

g′ (z)
∈ Pk (p, ζ) , z ∈ U

 .

We can easily see that:

(1.18) f(z) ∈
∑

Ck (p, γ) ⇐⇒ −zf ′(z)

p
∈
∑

Sk (p, γ)

and

(1.19) f(z) ∈
∑

V ∗
k (p, γ, ζ) ⇐⇒ −zf ′(z)

p
∈
∑

Vk (p, γ, ξ) .

We note that, for special choices for the parameters k and γ involved in the above
classes, we can obtain well-known subclasses∑

S2 (p, γ) =
∑

S∗
p(γ),

∑
C2 (p, γ) =

∑
Cp(γ),∑

V2 (p, γ, ζ) =
∑

Vp (γ, ζ) and
∑

V ∗
2 (p, γ, ζ) =

∑
V ∗
p (γ, ζ) .

The classes
∑

S∗
p(γ),

∑
Cp(γ),

∑
Vp (γ, ζ) and

∑
V ∗
p (γ, ζ) denote the meromor-

phic p-valent starlike of order γ, meromorphic p-valent convex of order γ, mero-
morphic p-valent close-to-convex of order γ and type ζ(0 ≤ γ, ζ < p, p ∈ N) and
meromorphic p-valent quasi-convex of order γ and type ζ(0 ≤ γ, ζ < p, p ∈ N).
The classes

∑
S∗
p(γ) and

∑
Cp(γ) were studied by Kumar and Shukla [5] and the

classes
∑

Vp (γ, ζ) and
∑

V ∗
p (γ, ζ) were introduced by Aouf et al. [2] and Aouf

and Xu [3].
Next, by using the linear operator Hα

p,β,µf(z), we introduce the following
classes of analytic functions for 0 ≤ γ, ζ < p and k ≥ 2

(1.20)
∑

Sk,p (α, β, µ; γ) =
{
f (z) ∈

∑
p
: Hα

p,β,µf(z) ∈
∑

Sk (p, γ) , z ∈ U
}
,

(1.21)
∑

Ck,p (α, β, µ; γ) =
{
f (z) ∈

∑
p
: Hα

p,β,µf(z) ∈
∑

Ck (p, γ) , z ∈ U
}
,

(1.22)
∑

Vk,p (α, β, µ; γ, ζ) =
{
f (z) ∈

∑
p
: Hα

p,β,µf(z) ∈
∑

Vk (p, ζ) , z ∈ U
}

and

(1.23)
∑

V ∗
k,p (α, β, µ; γ, ζ)=

{
f (z) ∈

∑
p
: Hα

p,β,µf(z) ∈
∑

V ∗
k (p, ζ) , z ∈ U

}
.
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We also note that

(1.24) f (z) ∈
∑

Ck,p (α, β, µ; γ) ⇔ −zf
′
(z)

p
∈
∑

Sk,p (α, β, µ; γ)

and

(1.25) f (z) ∈
∑

Vk,p (α, β, µ; γ, ζ) ⇔ −zf
′
(z)

p
∈
∑

V ∗
k,p (α, β, µ; γ, ζ) .

2. Main results

Unless otherwise mentioned, we shall assume in the reminder of this paper that,
α ≥ 0, µ > 0, β > −1, 0 ≤ γ, ζ < p, k ≥ 2 and z ∈ U .

In order to prove our results, we need the following lemma.

Lemma 1. [6] Let u = u1+ iu2 and v = v1+ iv2 and Φ (u, v) be a complex-valued
function satisfying the conditions:

(1) Φ (u, v) is continuous in a domain D ∈ C2.

(2) (0, 1) ∈ D and ReΦ (1, 0) > 0.

(3) ℜe {Φ (iu2, v1)} > 0 where (iu2, v1) ∈ D and v1 ≤ −1
2
(1 + u2

2).

If h(z) = 1 + c1z + c2z
2 + ... is analytic in U such that

(
h (z) , zh

′
(z)

)
∈ D and

Re
{
Φ
(
h (z) , zh

′
(z)

)}
> 0 for z ∈ U , then Re{h (z)} > 0 in U .

Theorem 1. Let 0 ≤ η ≤ γ < p and η < α + β + p, then

(2.1)
∑

Sk,p (α + 1, β, µ; γ) ⊂
∑

Sk,p (α, β, µ; η) ,

where

(2.2) η =
2[2γ(α+β+p)+p]

1+2α+2β+2p+2γ−
√

[2(α+β+γ+p)+1]2−8[2γ(α+β+p)+p]
.

Proof. Let f(z) ∈
∑

Sk,p (α + 1, β, µ; γ) and

(2.3) −
z
(
Hα

p,β,µf(z)
)′

Hα
p,β,µf(z)

= H(z) = (p− η)h(z) + η,

where

(2.4) h (z) =

(
k

4
+

1

2

)
h1 (z)−

(
k

4
− 1

2

)
h2 (z) ,
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where hi(z) (i = 1, 2) are analytic in U and hi(0) = 1 (i = 1, 2) . Using (1.11) in
(2.3) and differentiating the resulting equation with respect to z, we have

(2.5)
−
z
(
Hα+1

p,β,µf(z)
)′

Hα+1
p,β,µf(z)

− γ = η − γ + (p− η)h (z)

− (p− η) zh
′
(z)

(p− η)h (z) + η − (α + β + p)
.

Now, we will show that H (z) ∈ Pk (γ, p) or hi(z) ∈ P . From (2.4) and (2.5) we
have

−
z
(
Hα+1

p,β,µf(z)
)′

Hα+1
p,β,µf(z)

− γ =

(
k

4
+

1

2

){
η − γ + (p− η)h1 (z)− (p−η)zh

′
1(z)

(p−η)h1(z)+η−(α+β+p)

}
−
(
k

4
− 1

2

){
η − γ + (p− η)h2 (z)− (p−η)zh

′
2(z)

(p−η)h2(z)+η−(α+β+p)

}
,

this implies that

Re

{
η − γ + (p− η)hi (z)−

(p− η) zh
′
i (z)

(p− η)hi (z) + η − (α + β + p)

}
> 0 (i = 1, 2) .

We form the functional Φ (u, v) by taking u = hi(z), v = zh
′
i (z),

(2.6) Φ (u, v) = η − γ + (p− η)u− (p− η) v

(p− η)u+ η − (α+ β + p)
.

Clearly, the first two conditions of Lemma 1 are satisfied in the domain
D ⊆ C\η−α+β+p

η−p
× C. Now, we verify condition (iii) as follows:

Re {Φ (iu2, v1)} = (η − γ) + Re

{
− (p− η) v1
(p− η) iu2 + η − (α + β + p)

}

≤ (η − γ)− (p− η) (α + β + p− η) (1 + u2
2)

2
[
(p− η)2 u2

2 + (η − α− β − p)2
]

=
A+Bu2

2

2C
,

where

A = 2(η − γ) (η − α− β − p)2 − (p− η) (α+ β + p− η) ,

B = 2(η − γ) (p− η)2 − (p− η) (α + β + p− η) ,

C = (p− η)2 u2
2 + (η − α− β − p)2 .

We note that Re {Φ (iu2, v1)} < 0 if and only if A ≤ 0 and B < 0. From η as given
by (2.2), we obtain A ≤ 0 and from 0 ≤ η ≤ γ < p we have B < 0. Therefore
applying Lemma 1, hi (z) ∈ P (i = 1, 2) and consequently f ∈

∑
Sk,p (α, β, µ; η).
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This completes the proof of Theorem 1.

Theorem 2. Let 0 ≤ η ≤ γ < p, η < α + β + p and k ≥ 2, then

(2.7)
∑

Ck,p (α + 1, β, µ; γ) ⊂
∑

Ck,p (α, β, µ; η) .

Proof. Applying (1.24) and Theorem 1, we observe that

f(z) ∈
∑

Ck,p (α + 1, β, µ; γ)

⇐⇒ −zf ′(z)

p
∈
∑

Sk,p (α, β, µ; γ)

=⇒ −zf ′(z)

p
∈
∑

Sk,p (α, β, µ; η)

⇐⇒ f(z) ∈
∑

Ck,p (α, β, µ; η) ,

which evidently proves Theorem 2.

Theorem 3. Let 0 ≤ γ, ζ < p, γ < α + β + p and k ≥ 2, then

(2.8)
∑

Vk,p (α + 1, β, µ; γ, ζ) ⊂
∑

Vk,p (α, β, µ; γ, ζ) .

Proof. Let f (z) ∈
∑

Vk,p (α+ 1, β, µ; γ, ζ) . Then, in view of the definition of the
class

∑
Vk,p (α + 1, β, µ; γ, ζ) , there exists a function g (z) ∈

∑
S2,p (α + 1, β, µ; γ)

such that

−
z
(
Hα+1

p,β,µf(z)
)′

Hα+1
p,β,µg(z)

∈ Pk (ζ, p) (z ∈ U).

Now let

(2.9) −
z
(
Hα

p,β,µf(z)
)′

Hα
p,β,µg(z)

= G(z) = (p− ζ)h (z) + ζ,

where h(z) is given by (2.4). Using (1.11) in (2.9), we have

(2.10)
(α + β)Hα+1

p,β,µf(z)− (α + β + p)Hα
p,β,µf(z)

= −[(p− ζ)h (z) + ζ]Hα
p,β,µg(z).

Differentiating (2.10) with respect to z and multiplying by z, we obtain

(2.11)
(α + β) z(Hα+1

p,β,µf(z))
′ − (α + β + p)z(Hα

p,β,µf(z))
′

= − (p− ζ) zh
′
(z)Hα

p,β,µg(z)− [(p− ζ)h (z) + ζ]z(Hα
p,β,µg(z))

′.

Since g(z) ∈
∑

S2,p (α + 1, β, µ; γ) , by Theorem 1, g (z) ∈
∑

S2,p (α, β, µ; γ), then
we have

−
z
(
Hα

p,β,µg(z)
)′

Hα
p,β,µg(z)

= (p− γ) q(z) + γ,
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where q(z) = 1 + c1z + c2z
2 + ... is analytic in U with q(0) = 1. Then by using

(1.11), we have

(2.12) − (α + β)
Hα+1

p,β,µg(z)

Hα
p,β,µg(z)

= (p− γ) q(z) + γ − (α+ β + p).

From (2.11) and (2.12), we obtain

(2.13) −
z
(
Hα+1

p,β,µf (z)
)′

Hα+1
p,β,µg(z)

− ζ = (p− ζ)h (z)− (p− ζ) zh′(z)

(p− γ) q(z) + γ − (α + β + p)
.

Now, we will show that G (z) ∈ Pk (ζ, p) or hi (z) ∈ P, i = 1, 2. From (2.4)
and (2.13) we have

−
z
(
Hα+1

p,β,µf (z)
)′

Hα+1
p,β,µg(z)

− ζ

=

(
k

4
+

1

2

){
(p− ζ)h1 (z)−

(p− ζ) zh′
1(z)

(p− γ) q(z) + γ − (α + β + p)

}
−
(
k

4
− 1

2

){
(p− ζ)h2 (z)−

(p− ζ) zh′
2(z)

(p− γ) q(z) + γ − (α + β + p)

}
,

this implies that

Re

{
(p− ζ)hi (z)−

(p− ζ) zh′
i(z)

(p− γ) q(z) + γ − (α + β + p)

}
> 0 (z ∈ U ; i = 1, 2) .

We form the functional Φ (u, v) by choosing u = hi(z), v = zh
′
i (z),

Φ (u, v) = (p− ζ)u− (p− ζ) v

(p− γ) q(z) + γ − (α+ β + p)
.

Clearly, the first two conditions of Lemma 1 are satisfied in the domain

D ⊆ C\Q∗ ×C, where Q∗ =

{
z ∈ C and Re (q(z)) = q1 >

γ − (α + β + p)

γ − p

}
and

q(z) = q1 + iq2.

Now, we verify the condition (iii) as follows:

Re {Φ (iu2, v1)} = Re

{
− (p− ζ) v1
(p− γ) (q1 + iq2) + γ − (α + β + p)

}

≤ − [(α+ β + p− γ)− (p− γ) q1] (p− ζ) (1 + u2
2)

2
{
[(p− γ) q1 + γ − α− β − p]2 + [(p− γ) q2]

2} .

< 0.

By applying Lemma 1, hi (z) ∈ P (i = 1, 2) and, consequently,

f (z) ∈
∑

Vk,p(α + 1, β, µ; γ, ζ).
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This completes the proof of Theorem 3.

Theorem 4. Let 0 ≤ γ, λ < p, γ < α + β + p and k ≥ 2, then

(2.14)
∑

V ∗
k,p (α + 1, β, µ; γ, ζ) ⊂

∑
V ∗
k,p (α, β, µ; γ, ζ) .

Proof. Applying (1.25) and Theorem 3, we observe that

f(z) ∈
∑

V ∗
k,p (α + 1, β, µ; γ, ζ)

⇐⇒ −zf ′(z)

p
∈
∑

Vk,p (α + 1, β, µ; γ, ζ)

=⇒ −zf ′(z)

p
∈
∑

Vk,p (α, β, µ; γ, ζ)

⇐⇒ f(z) ∈
∑

V ∗
k,p (α, β, µ; γ, ζ) ,

which, evidently, proves Theorem 4.

In [5], Kumar and Shukla defined the familiar integral operator Fν,p(f)(z)
as follows:

(2.15)

Fν,p(f)(z) =
ν

zν+p

z∫
0

tν+p−1f(t)dt (ν > 0)

= z−p +
∞∑
n=1

ν

ν + n
an−pz

n−p.

It follows that:

(2.16) z(Hα
p,β,µFν,p(f)(z))

′
= νHα

p,β,µf(z)− (ν + p)Hα
p,β,µFν,p(f)(z) (ν > 0) .

Theorem 5. If 0 ≤ γ < p, k ≥ 2 and f ∈
∑

Sk,p (α, β, µ; γ), then

Fν,p(f)(z) ∈
∑

Sk,p (α, β, µ; γ) (ν > 0).

Proof. Let f ∈
∑

Sk,p (α, β, µ; γ) and set

(2.17) −
z
(
Hα

p,β,µFν,p(f)(z)
)′

Hα
p,β,µFν,p(f)(z)

= M(z) = (p− γ)h (z) + γ,

where h(z) is given by (2.4). Using (2.16) and (2.17), we have

(2.18) ν
Hα

p,β,µf (z)

Hα
p,β,µFν,p(f)(z)

= − (p− γ)h (z)− γ + ν + p.
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Taking the logarithmic differentiation on both sides of (2.18) with respect to z
and multiplying by z, we have

(2.19) −
z
(
Hα

p,β,µf (z)
)′

Hα
p,β,µf (z)

− γ = (p− γ)h (z) +
(p− γ) zh

′
(z)

(p− γ)h (z) + γ − (ν + p)
.

Now, we will show that M (z) ∈ Pk (γ, p) or hi(z) ∈ P . From (2.4) and (2.19) we
have

− z(Hα
p,β,µf(z))

′

Hα
p,β,µf(z)

− γ =

(
k

4
+

1

2

){
(p− γ)h1 (z)− (p−γ)zh

′
1(z)

(p−γ)h1(z)+γ−(ν+p)

}
−
(
k

4
− 1

2

){
(p− γ)h2 (z)− (p−γ)zh

′
2(z)

(p−γ)h2(z)+γ−(ν+p)

}
,

this implies that

(2.20) Re

{
(p− γ)hi (z)−

(p− γ) zh
′
i (z)

(p− γ)hi (z) + γ − (ν + p)

}
> 0 (z ∈ U ; i = 1, 2) .

We form the functional Φ (u, v) by choosing u = hi(z), v = zh
′
i (z),

Φ (u, v) = (p− γ)u− (p− γ) v

(p− γ)u+ γ − (ν + p)
.

Then, clearly, Φ (u, v) satisfies all the conditions of Lemma 1. Hence hi (z) ∈ P
(i = 1, 2) and consequently h (z) ∈ Pk for z ∈ U , which implies that Fν,p(f)(z) ∈∑

Sk,p (α, β, µ; γ). This completes the proof of Theorem 5.

Next, we derive an inclusion property for the subclass
∑

Ck,p (α, β, µ; γ) in-
volving Fν,p(f)(z), which is given by the following theorem.

Theorem 6. If 0 ≤ γ < p, k ≥ 2, ν > 0 and f ∈
∑

Ck,p (α, β, µ; γ), then

Fν,p(f)(z) ∈
∑

Ck,p (α, β, µ; γ) .

Proof. By applying Theorem 5, it follows that

f ∈
∑

Ck,p (α, β, µ; γ)

⇐⇒ −zf
′

p
∈
∑

Sk,p (α, β, µ; γ)

=⇒ Fν,p(f)(z)

(
−zf

′

p

)
∈
∑

Sk,p (α, β, µ; γ)

⇐⇒ −z (Fν,p(f)(z))
′

p
∈
∑

Sk,p (α, β, µ; γ)

⇐⇒ Fν,p(f)(z) ∈
∑

Ck,p (α, β, µ; γ) .
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This completes the proof of Theorem 6.

Using (2.16) instead of (1.11) and the techniques of the proof of Theorems 3
and 4, respectively, we can prove the following theorems, respectively.

Theorem 7. If 0 ≤ γ, ζ < p, k ≥ 2, ν ≥ 0 and f ∈
∑

Vk,p (α, β, µ; γ, ζ), then

Fν,p(f)(z) ∈
∑

Vk,p (α, β, µ; γ, ζ) .

Theorem 8. If 0 ≤ γ, ζ < p, k ≥ 2, ν ≥ 0 and f ∈
∑

V ∗
k,p (α, β, µ; γ, ζ), then

Fν,p(f)(z) ∈
∑

V ∗
k,p (α, β, µ; γ, ζ) .

Remark 1.

(i) Using (1.12) instead of (1.11), in our results, we can obtain new results
corresponding to the operator Hα

p,β,µ.

(ii) Putting µ = 1, in the above results, we obtain the corresponding results for
different classes associated with the operator Hα

p,β defined in (1.13).
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