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Abstract. In this article, abundant traveling wave solutions of the sixth-order Boussi-
nesq equation have been obtained in a uniform way by using the alternative (G'/G)-
expansion method wherein the generalized Riccati equation is used. It is shown that
the alternative (G'/G)-expansion method together with the generalized Riccati equation
provides advance mathematical tool for solving nonlinear partial differential equations.
Numerical results coupled with the graphical representation explicitly reveal the com-
plete reliability and high efficiency of the proposed algorithm.
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1. Introduction

It is well known that nonlinear evolution equations (NLEESs) are widely used as
models to describe many important complex physical phenomena in various fields
of science, such as, plasma physics, nonlinear optics, solid state physics, chemical
kinematics, chemistry, biology and many others [1]-[51]. For better understanding
of nonlinear phenomena as well as further applications in practical life, it is more
significant to establish exact traveling wave solutions. In the recent past, a wide
range of methods have been developed to generate analytical solutions by a diverse
group of scientists. For instance, the Backlund transformation method [1], the
inverse scattering method [2], the truncated Painleve expansion method [3], the
Hirota’s bilinear transformation method [4], the Jacobi elliptic function expansion
method [5], the generalized Riccati equation method [6], the tanh-coth method
[7], [8], the F-expansion method [9,10], the variational iteration method [11], [12],
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the direct algebraic method [13], the homotopy perturbation method [14]-[16], the
Exp-function method [17]-[21] and others [22]-[28].

Another important method was introduced by Wang et al. [29] introduced a
direct and concise method, called the (G’/G)-expansion method to look for tra-
veling wave solutions of nonlinear partial differential equations, where G = G(§)
satisfies the second order linear ordinary differential equation G”(§) + AG'(§) +
pG(€) = 0; A and p are arbitrary constants. The (G'/G)-expansion method is one
of the most powerful methods to solve nonlinear problems and several scientists
investigated different kind of NLEESs to construct traveling wave solutions via this
method and can be found in the articles [30]-[34] for better understanding.

In order to establish the effectiveness and reliability of the (G'/G)-expansion
method and to expand the possibility of its application, further research has been
carried out by several researchers. For instance, Zhang et al. [35] presented an
improved (G'/G)-expansion method to seek more general traveling wave solutions.
Zayed [36] presented a new approach of the (G'/G)-expansion method where G(§)
satisfies the Jacobi elliptic equation, [G' (£)]? = e G (&) + e1 G*(€) + eq, €3, €1, €0
are arbitrary constants, and obtained new exact solutions. Zayed [37] again pre-
sented an alternative approach of this method in which G() satisfies the Riccati
equation G'(¢) = AG + BG?*(£) where A and B are arbitrary constants. Conse-
quently, several researchers studied various nonlinear PDEs to generate traveling
wave solutions via the improved (G’/G)-expansion method and can be found
[38]-[41].

It is significant to observe that there exist some fundamental relationships
among numerous complex nonlinear partial differential equations and some basic
and soluble nonlinear ordinary differential equations (ODEs), such as the sine-
Gordon equation, the sinh-Gordon equation, the Riccati equation, the Weierstrass
elliptic equation etc. Therefore, it is natural to use the solutions of these nonlinear
ODE:s to construct exact solutions of various intricate nonlinear partial differen-
tial equations. Based on the relationships of complex nonlinear partial differential
equations and ODEs, a number of methods, such as, the sinh-Gordon equation
expansion method [42], the generalized F-expansion method [43], [44], the projec-
tive Riccati equation method [45], [46], the algebraic method [47] etc. have been
developed.

In the present article, we combine the generalized Riccati equation with
the (G'/G)—expansion method, called alternative (G'/G)-expansion method in-
troduced recently by Akbar et al. [48] to find the exact traveling wave solutions
of the sixth-order Boussinesq equation.

2. The Alternative (G'/G)-Expansion Method

Suppose we have the following nonlinear partial differential equation,
(1) P(“? Uty Ugy Utty Ug gy Uzt ** ) = 0.

where u = u(z, t) is an unknown function, P is a polynomial in v = u(z, t) and
its partial derivatives in which the highest order derivatives and the nonlinear
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terms are involved. The main steps of the alternative (G'/G)-expansion method
are:

Step 1. The traveling wave variable,

(2) u(x,t):u(ﬁ),fzx—Vt,

where V' is the speed of the traveling wave, which converts the Eq. (1) into an
ODE in the form,

(3) Q(u’ Ul7u,/, u///’ ...) :07
where prime denotes the derivative with respect to€.

Step 2. If Eq. (3) is integrable, integrate it term by term one or more times,
yields constant(s) of integration.

Step 3. Suppose that the solution of the Eq. (3) can be expressed by means of
a polynomial in (G'/G) as follows:

n

(4) w(@) = a; ()" an #0

=0

whereG = G(&) satisfies the generalized Riccati equation,

(5) G'=r+pG+qG?
where a; (1 =1, 2, 3,--+,n), p, ¢ and r are random constants to be determined
later.

The generalized Riccati Eq. (5) has the following twenty seven solutions [49].

Family 1.
When p? —4qr <0 and pq #
Gi=5 |-p+V4qr —p

0
Ggﬁ[p—kmcot((
G;;z%}_p#— dqr —p (tan( 4qr—p2§> isec(Wf))],
G4=—i[p—|—\/4q7"7—<cot< 4qr—p2§) icsc(Wf))],
G5=ﬁ:—2p+m(tan( Vigr=77%€) ot (1A —17%) )] .

(or qr#0), the solutions of Eq. (5) are,
% qr - é)] )
=)

GG _ 1 p+ \/( B2) (4gr—p?) A\/4q1“7p cos (\/4q7“7p25>

24 A sin (\/4qr—p2§> +B )
Gr = 1 —p+ \/ (A2—B2) (4gr—p?)+A \/4qr—p? cos <\/4q7«,p25>

24 A sin (\/4q7”—p2§) +B )

where A and B are two non-zero real constants and satisfies the condition
A2 — B?2>0.
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Q. — —2r cos(%\/ﬁé)
8~V dgr—p?sin (%\/4qrfp2£)+pcos (%\/4(;7«71;25) ’
O 27 sin (;\/Wg)
R (%\/4qrfp2£>+\/(4qrfp2) cos (%\/4q7‘7p2£> ’
O — —27 cos ( \/Wf)
0 / (4gr—p?) sin ( \/4q7"7p2£)+p cos (\/4qrfp2£) +£4/(4qr—p?) ’
o — 27 sin ( m@
L n (\/4qrfp2£>+\/(4q7“fp2) cos ( \/4q7‘7p2£) +1/(dgr—p?) ’
o 4rsin<i\/wg) cos(i\/mQ
12 o din ( i\/4q7'7p2£> cos ( i\/4qrfp2§)+2 V/(dar—p?) cos? ( i\/4qrfp2§) —/(4gr—p?)
Family 2.

When p* —4qr >0and pg#0(or gr#0), the solutions of Eq. (5) are,
Gz = —3, |p+\/p? — 4grtanh <%\/p2 — 4qr 6)] :
G = —ziq p + +/p? — 4qr coth (%\/pz — 4q7“§>} ,
Gis = —2%1 p++/p* —4qr (tanh (\/p2 - 4qr§> +isech (x/p2 - 4qr§> ) ] ,
Gig = —2%1 -p—i- \/p? — 4qr (coth (x/p2 — 4qr§> +csch (\/p2 — 4qr£> ) ] ,
Gi7 = —4%1 —2p—|— Vp? —4qr (tanh (}1 Vp?— 4qr§) + coth (}1 Vv — 4q7’§>>} :
) n \/(A2+B2) (p2—4qr)—A \/p2—4qr cosh (\/p2—4qr§)
A sinh <\/p2—4qr£) +B ’
\/(BQ—AQ) (p2—4qr)+A \/p2—4qr cosh (\/p2—4qr§>
A sinh ( \/p2—4qr .f) +B

where A and B are two non-zero real constants and satisfies the condition
B2 — A% >0.

Y

G19:2iq -p—

27 cosh (% p2—4qr§)

G = /2 —dqr sinb (33/p? 7€ ) —peosh (5 /pP—dare)
G — 2rsinh(%\/p2——lm7"§>

2L /v2—aqrrcosh (53/p2—4aré ) —p sinh (31/p?—4ar¢)
O 27 cosh ( \/p?——4qr§>

227\ /v2—aqr sinh (V2 —1ar€ ) —p cosh (/p?~dare ) i/ —gr ’
G — 27 sinh ( \/p2——4qrg)

28 = sinh (VP2 —4ar¢ ) +1/p?—dar cosh (\/p*—dare ) £1/p>~dar ’
= 4rsinh(§\/p2——4qr5) cosh@ p2—4q7“§)

247 ) sinh (£v/p2—1ar¢) cosh (1/p2—4aré )+2\/p?—4gr cost? (1/p2—dare ) —/p>—dar
Family 3.
When r = 0 and pq # 0 ,the solutions of Eq. (5) are,
G5 = Jrenp G e
Gog = — 2 [cosh (p&) +sinh (p&)]

q [d+cosh (p&§)+sinh (p&)]’

where d is an arbitrary constant.
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Family 4.
When ¢ # 0 and r = p = 0, the solution of Eq. (5) is,
Gor = ~gra

where d; is an arbitrary constant.

Step 4. In Eq. (4), n is a positive integer which is usually obtained by balancing
the highest order nonlinear term(s) with the linear term(s) of the highest order
come out in Eq. (3).

Step 5. Substituting Eq. (4) into Eq. (3) and utilizing Eq. (5), we obtain
polynomials in G* and G (i =0, 1, 2, 3,---). Vanishing each coefficient of the
resulted polynomials to zero, yields a set of algebraic equations for a,, p, q, r, V
and constant(s) of integration, if applicable. Suppose with the aid of symbolic
computation software such as Maple, the unknown constants a,, p, ¢, r and V
can be found by solving these set of algebraic equations and substituting these
values into Eq. (4), we obtain new exact traveling wave solutions of the nonlinear
partial differential equation (1).

3. Some new traveling wave solutions of the sixth-order Boussinesq
equation

In this section, the alternating (G’/G)-expansion method together with the gener-
alized Riccati equation is employed to construct some new traveling wave solutions
for the sixth-order Boussinesq equation [50], [51]:

(1) wpp— Upe — [15uuy, +30uzuz, +15 (uQm)2 445 uug, + 90 uu? +ug,] = 0,
Now, using the traveling wave variable (2) in Eq. (1), we have
(2) VA —u" = [15uu® +30u'u"” +15 (u")’ +45 v u"+90u (u')*+u®] =0,

where u® and u(® denotes the fourth and sixth derivative of v with respect to¢.
Integrating Eq. (2) once, we obtain:

(3) C— (1+45u2—V2) v — 150y — 15uu” —u® = 0.

where C' is constant of integration. According to Step 3, the solution of Eq. (3)
can be expressed by a polynomial in (G'/G) as follows:

(4) u(§) :a0+a1(%)+a2(%)2+...+an(%)”, a, # 0

where a;, (i = 0, 1, 2, 3,---n) are constant to be determined and G = G(§) sa-
tisfies the generalized Riccati Eq. (5). Considering the homogeneous balance
between the highest order derivative and the nonlinear terms in Eq. (3), we
obtain n = 2.

Therefore, the solution of Eq. (4) takes the form:

(5) u(§) = ap + a1 (%) + as (%)2, az # 0



398 MUHAMMAD SHAKEEL, SYED TAUSEEF MOHYUD-DIN

Using Eq. (5), Eq. (5) can be rewritten as:
(6) ul)=ap+ar(p +rG'+q@)+ax(p +rG ' +qG)%

Substituting Eq. (6) into Eq. (3), we obtain the following polynomials inG* and
G, (i=0,1,2,3,--). Setting each coefficient of these resulted polynomial to
zero, we obtain a set of simultaneous algebraic equations for ag, ai, as, p, q, r
and V' as follows:
54002 q" + 720 asq" + 90 a3 q" = 0,
600 ay as q° + 25 a1a3 ¢° + 540 a3 p q® + 2490 a3 p ¢° + 2640 as p ¢°
+120 aq qﬁ = 0,
2220a1a2pq° + 4590a3 p*q® + 1350 a3 p?q® + 120 a2¢° + 360 agasq®
+1740 a3rq®+180aga3q®+1125a,a3pq® + 180aza2¢® + 450a3rq°
+3720a9p?q° + 1680asrq® + 360a;pg® =0,
3105 ayaop?q* + 34502 pg* + 240a17¢® + 6120 a3rpqg® + 720 agaipg?
+2160 a3rpg® + 990agaspq* + 900a,a3rqg® + 270apa,axq* + 1800a3pq*
+1500ayas7q® + 2250aia2p®q* + 4440ay7rpg® + 390a,p*q* + 4260a3p3¢?
+720a2a2pq* + 45a3¢* + 90agaiq* + 2490asp3¢* = 0,
782 agp*q® + 180a1p*q® + 1232a97%¢° + 90apaiq® + 90 azaiq®
+135 alpg® + 810a3r?¢® + 1350a3piq® + 240a3rq® + 345a3p* >
+3960a1asrpg* + 3375a1a3rpg* + 810apaiaspg® + 1995a1ap°¢3
+540apa3rq® + 1080aga3p?q® + 540aasrq* + 1080a2asp?q®
+2250a1a3p3q® + 4050a3rp®q* + 180agaipg® + 930apaspq®
+600agasrq® + 8010a3rp*q* + 4064 asrp?q* + 480a,rpg?
+1980a2r%q° + 2040a2p ¢ + 2a2¢> — 2V?ayq® = 0,
45 ajatq?® + 136a1r%q* + 3laip?q® + 94aqxp°¢® + 90 a3rq®
+135 a3p?q® + 540a3p° > +135a2p*q® + 3510a,axrpq®
+1020agasrpg® + 4500a,a3rp*q® + 540aga;asrqg®
+810aga;azp?q® + 1440a9a3rpqg® + 1440aza3rpg’
+1200a1asr?q* + 450a2rpg® + 555a,a:pq? + 180agaspq?
+720apaip®q® + 180aga?pq® + 1125a,a3rq* — V2a1q?
+720a2a2p3¢* + 1125a,a3p*q* + 2700a3r?*pq* + 3600 adrp3¢®
+120apa;rq® + 105a0a1p*q* + 330apazp®q® + 4770a3r*pg*
+4680a2rp*q® + 292a1rp?¢> + 1984as1*pg* + 1468asrp3q?
+450a3p°¢” + a1¢® + 4azpg® — 4V2azpg® = 0,
272a0r3¢* + a1p°q + 810agaiasrpg® + 2a2p%q + 45 a3piq
+90 a3pSq + 1080a3asrp®q® + 2250a3a1p3q? + 1740a1 a2 72 pg®
+1095a1 a2 7p3¢* + 120aga1rpg?® + 450apasrp®q? + 15a3pq
+30a2p°q + 780a3r3q* + 1080agairp®q® + 270agaiaspq
+a1pq — VZ2ai1pq + 2ayrq® + 450a3r3q* + 120a3r%¢3 + 2a,p°q
+2250a1a2r’pg® + 90agaiq — 2V2asp?q + 15apa1p3q + 30agasp’q
+240apasr?q® + 3420a3r*p?q® + 1080a2rpiq® + 135a3rpg* + 90agairg?
+360aga3r?q® + 2700a3r*p*q® + 136a17°pg® + 52a1rp*¢>856a2r*p* ¢
+45ayasp®q + 225a3rp*q? + 360aza3r?q® + 45a1akpq + 90azairq?
+90aza2p®q + 180asa?pq + 225a1a2p°q + 1350a3rpiq® + 166a2rp’q®
+180agaipq — 2V?asrq* = 0,
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94ayr’p® + 45ajair? + 3layr’p* + 136a,r4¢* + 135a3r2p?

+ayr? + 540a372p° + agayasriq + 3510a1a:r3p%q

+1020agazr®pq + 810agaiasr?p? + 90air3q + 450a2r?p®

+1040aa3r®pq + 1040aza3r3pq + 4500a3a,r3p*q + 135a3r?p?

+4asr?p + 120aga1m3q + 105a9a,17*p? + 330apasr?p® + 3600a3r3pq
+292a,73p%q + 4680a3r3p3q + 4770a3r*pg® + 1200a, 1 azq?

+450a3r3pq + 555a1m%azp® + 180agair®p + 180agair?p + 1984ayripg?
+1468ay73p3q + 1125a3a,71¢* + 2700a3r pg® + 720a9a3r?p?
+720a2a2r*p® + 1125a3a,r%*pt — 4V2a9r?p — VZ2ayr? = 0,

135 a3r®p + 180agayr3p + 1080 aga3r®p? + 1350a3r3p* + 4064a.rip?q
+3375a1r*a2pq + 8010rta3p?q + 180a,r3p® + 930agasr®p? + 810aga;asr®p
+782ay73p* + 3960aiasrpq + 90agair® + 480a,r*pg + 4050a3rp?q
+2040a2r®p* + 600apasriq + 240a3r1q + 1080asar3p® + 1232a515¢*
+810a3r5¢* + 90agadr® + 2asr® + 1980a3r°q* + 345a3r3p? + 540agairiq
+1995a,a,r3p® + 2250a1a%7‘3p3 + 540a2a%7“4q —2V2%ayr3 = 0,

720a0a rip + 4440a,7°pg + 6120a2r°pq + 240a,r°q + 1800 adrip?

+45 adrt + 4260 a2rip® + 390a,r*p? 4 720aqa3rp + 345a2rtp
+3105a1ar'p? + 2160a3r°pq + 990agasrip + 2250a, a3 rip?

+270agaas * + 90agay r* + 2490as r*p® + 900aia3 r°q + 1500a,a; 75q = 0,
4590a3 r°p? + 360a17°p + 3720 asr’p? + 2220aia9r°p + 1125 ajair’p
+1350a37°p? + 120a? r° + 180atayr® + 180 aga3 r° + 360agayr®
+1680ayr%q + 174003 7%q + 450a3r%q = 0,

7) 540a3 75p + 2490a3r%p + 2640a,r°p + 600aiasr® + 120a,7°
+225a,a3r% = 0,

540 a3r™ + 90 a3r” 4+ 720ayr” = 0,

C=0.
Solving the above set of algebraic equations by using the symbolic computa-
tion software, such as, Maple, we obtain

1 4
g = _§p2 + §Tq, a; = 2p7 Qp = _27
(8) V = \/p4—8p2qr+16q2r2+1, C =0,

where p, q and r are arbitrary constants.

Now, on the basis of the solutions of Eq. (5), we obtain the following families
of solutions of Eq. (1).

Family 1.
When p? —4qr < 0and pg#0(or gr #0), the periodic form solutions of Eq.
(1) are,
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1 2 4 202 sec? (TE) 202 sec? (WE) 2
UL = —gp + 3 rq +2p (—p+2\Iltan (\1/5)) —2 (—p+2‘lltan (wg)) )
where U = %\/4qr —p? E=a— \/p*—8p2qr +16¢2r2 + 1 t, p, gand 7 are
arbitrary constants.

1 4 2 2 2 2 2
. 2 202 csc? (UE) 202 csc? (¥€)
Uy = —op° + 5 7q—2p <p+2\I/cot(\I/§)> —2 (p+2qzcot (M)) ’

3 3
B 402 sec (20¢) (14sin (20€))
Uz = —§p2 + g rq + 2p (_pcoss(echfg)+2\11sir?(Q\I’&):l:Z‘lf)

492 sec (2W¢) (14sin (2T¢)) 2
o —pcos (2U€)+2T sin (2WE)+20 |

1.2, 4 402 csc (2W€) (14cos (20¢)) 402 csc (2W¢) (14cos (2¥€)) 2
Uy = —3p° +37¢—2p <psin (20E) 127 cos (2\1!5):|:2\I/> - <psin (20E) 12V cos (wg)iw) ,
1.2, 4 202 csc (TE) 202 csc (VE) 2
us = —3p° +37q—2p <psin () 12V cos (2@5)) —2 <psin (TE) 12V cos (2\1/5)) ;
w9 1A { VVAZ=B2 cos (2€)— Bsin (2W€)— A} {Asin (29€)+B}
6= —2P {A? cos? (20€)— A2— B2—2AB sin (2U€)} { pA sin (2U€)+2AW cos (20¢)+pB—20v/A2—B? }
5 4AD? { VAZ=B2 cos (20€)—Bsin (2¢)— A } {Asin (20¢)+B} 2
N {A2 cos? (2W¢)— A2~ B2—2AB sin (20€)} { pAsin (20€)+2A¥ cos (2U¢)+pB—2WV/A2—B? }
—3P° + 574,
w — 9 1A { VAZ=B2 cos (2W€)+ B sin (20€)+ A } {Asin (20€)+ B}
T= 74P {A? cos? (20€)— A2~ B>—2AB sin (20¢)} { pA sin (2U€) —2AW cos (2¢)+pB—20+v/A?—B? }
9 4A0? {VAZ=B2 cos (2U€)+ Bsin (20¢)+ A } {Asin (20¢)+ B} 2
- {A? cos? (20€)— A2~ B?—2AB sin (20¢)} { pA sin (20¢) ~2AW cos (20¢)+pB—20+/AZ-B? }
—3p° + 574,

where A and B are two non-zero real constants and satisfies the condition

A% — B?> 0.
1.2 4 202 sec (U¢) {pcos (VE)+2W sin (VE) }
Us = —3P + 374 — 2p (2 (p%?—2rq) cos? (\I/£§)+4p\11 sin (U€) cos (\P£)+4\112)

_9 < 202 sec (W) {pcos (PE)+2V sin (V€) } )2
2 (p2—2rq) cos? (VE) +4pV sin (VE) cos (V) 4402 ’

1.2, 4 202 csc (WE) { psin (WE)—2V cos (V) }
Ug = —3pP + 374 +2p (2 (p%2—2rq) cos? (\Ilép) +4p¥ sin (PE) cos (\Ilf)—p2>

_9 ( 202 csc (T€) { psin (VE)—2F cos (T€) } ) 2
2 (p2—2rq) cos? (V&) +4pV sin (VE) cos (VE)—p? )

_ _ 1,2 4 202 sec (2W¢) { 14sin (20¢€) } {pcos (2VE) +2 U sin (2W¢)+2T}
U = —3p° +37q—2p ( (2—2rq) cos? (2UE) 12V { 1dsin (20€) } {2 ULp cos (2UE) | )

_9 (2\112 sec (2W¢) { 1£sin (20¢€) } {pcos (2VE) +2 Usin (qug)im}) 2

(p?2—2rq) cos? (2WE) +2W¥ { 1+sin (2¥¢) } {2 U+pcos (2T€) }

1.2 4 202 csc (2W¢) {—psin (20€) +2¥ cos (2V¢) 20}
Uil = —3p + 374 + 2p < (2rg—p?) cos (2W¢) —2p { 1+sin (2V¢€) } {2 p¥ sin (2¥E) £2rg })

9 ( 202 csc (20¢) {—psin (2T€) +2¥ cos (2W€) + 20} ) 2
(2rq—p?) cos (20€) —2p { 1£sin (2¥¢) } {2 p¥sin (2WE) £27q } ’

1.2 4 202 csc (W) {psin (VE) —2W cos (¥E) }
Uiz = =3P + 374 +2p < 2 (p?—2rq) cos? (V&) +4pV sin (¥E) cos (VE) 7p2>

_9 ( 202 csc (WE) { psin (E) —2W cos (VE) } >2
2 (p?—2rq) cos? (V&) +4p¥ sin (VE) cos (VE) —p?

Family 2.
When p? —4qr > 0and pg# 0(or qr #0), the soliton and soliton-like solu-
tions of Eq. (1) are,

2
1.2 4 2A2 sec h? (A€) 2A2 sec h? (A€)
us = —3p" +37r¢+2p (p+2Atanh (Ag)) -2 (p+2Atanh (Ag)) ,
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where A = %\/pQ —dqr, & =z — \/p* —8p2qr +16¢2r2 + 1t , p, qand r are
arbitrary constants.

12,4 2A2 csc h? (A£) 2A2 csc h? (A€) ) 2
Uig = —gp" +3rq = 2p <p+2Acoth (A§)> —2 <p+2Acoth (A§)> v

. 1,92,4 4A? sec h (2A€) (1F i sinh (2A€)) 4A? sec h (2A€) (15 4 sinh (2A€)) 2
Uy = =3P +3rq+2p <pcosh (2A€)12A sinh (zAg)inA)_ (pcosh (2AE)12A sinh (2A§)j:i2A> ;

1.2 4A2? csc h (2A€) (14£cosh (2A€)) 4A2? csc h (2A€) (14£cosh (2A€)) 2
Uig = —3p +37q¢=2p (psinh (2A€)+2A cosh (2A§):t2A> - <psinh (2A€)+2A cosh (2A§):ﬁ:2A> ;

A2 sec h? (AE/2)
2 { cosh? (A£/2) —1 } {p+A (tanh (A£/2) +coth (AE/2)) }

uyy = —3p*+3rq—2p

2
) A?sec h? (AE/2)
2{ cosh? (A£/2) =1 } {p+A (tanh (A&/2) +coth (AE/2))} ) 7
4AA? { A—Bsinh (2A8)—v/A?+ B? cosh (2A¢) }
(Asin (2A¢)+B) { pAsinh (2A¢)+pB—2AVAZ+ B2 +2AA cosh (2A¢) }
5 4AA? { A—Bsinh (2A8)—v/A?+ B? cosh (2A¢) } 2
%\ (4sin (22¢)+ B) {pAsinh (2A¢)+pB—2Av A2+ B2+2AA cosh (2A¢) } |
4AA? { A—Bsinh (2A¢)+v/A?+ B? cosh (2A¢) }
(Asin (2A¢)+B) { pAsinh (2A€)+pB+2AVAZ+B2+2AA cosh (2A¢) }
4AA? { A—Bsinh (248)+v/A%+B7 cosh (2A¢) } 2
(Asin (2A€)+B) {pA sinh (2A8)+pB+2AvV A2+ B2+2AA cosh (2A€) } !
where A and B are two non-zero real constants and satisfies the condition
A% — B? < 0.

s = —sp*+37rq —2p

ugg = —5p° + 571 — 2p

Uy = —5p* + 57¢ — 2p <2Asii§2?)}iﬁ2h (A§)> —2 (2Asiiﬁz22c)}i](ﬁ2h (A5)>2 ’
wn = =3+ v+ 2p (raeass o (A@> G
wn = —ipP+irortp (Lmhleglrimrg) ) _p (Mmrcanlrimesg ),
uzs = g 2p ( iiifa’zésﬁ?gtﬁgsizﬁsiM) 2 (apzegianeag, )
Upy = —3p* + 5 7q+2p (m COSQhA(QAC;C hﬁfn)h (A5)> -2 (m cofﬁzﬁfh;fiﬁh (A§)>2'

Family 3.
When 7 = 0 and pq # 0 ,the solutions of Eq. (1) are,

1
Uugs = —5p° +

3 3

4 . S . g 2
p (cosh (p€)—sinh (p€)) p (cosh (p€)—sinh (p€))
274+ 2p <d+cosh (p€)—psinh (pf)) —2 (d+cosh (p€)—psinh (pf)) ’

s = —Sp? 4 S 42 pd —2 pd i
26 — 3p 3 q D d+cosh (p€)+psinh (p€) d+-cosh (p€)+psinh (p€) :
where d is an arbitrary constant.

Family 4.
When ¢ # 0 and r = p = 0, the solutions of Eq. (1) are

1, 4 g ¢ \?
wn =30+ 30 =2 () 2 (seta) -

where d; is an arbitrary constant.
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4. Graphical presentation

Graph is an influential tool for communication and it illustrates clearly the solu-
tions of the problems. Therefore, some graphs of the solutions are given below.
The graphs readily have shown the periodic and solitary wave forms of the solu-
tions.

Figure 1: Solitons corresponding to solutions ug
forp=qgq=r=1.

=114

Figure 2: Solitons corresponding to solutions ug
forp=q=1,r=2.
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Figure 3: Solitons corresponding to solutions ug
forp=qg=r=2.

Figure 4: Solitons corresponding to solutions w13
forp=3,q=2,r=1.
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Figure 5: Solitons corresponding to solutions w14
forp=2, g=1, r=20.5.

Figure 6: Solitons corresponding to solutions wugg
forp=3, g=1, r=2.
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Figure 7: Solitons corresponding to solutions ugg
forp=15,¢=1, r=0.

Figure 8: Solitons corresponding to solutions uay
forp=0,q=1, ,r=0.
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5. Conclusion

The (G'/G)-expansion method is an advance mathematical tool for investigating
exact solutions of nonlinear partial differential equations associated with complex
physical phenomena wherein, in general the second order linear ordinary diffe-
rential equation is employed as an auxiliary equation. But, in this article, we
utilize the generalized Riccati equation as an auxiliary equation; in consequence
we obtain further new exact solutions of the sixth-order Boussinesq equation in
a unified way. The obtained exact solutions may be important and significant
to reveal the internal mechanism of some complicated physical phenomena. The
algorithm presented in this article is effective and more powerful and it can be
used for other kind of nonlinear evolution equations in mathematical physics.
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