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Abstract. In this paper we define the sequence spaces A7, (Ioo), A7 (c) and AT (o),
(m € N, r € R), and have studied some of their topological properties and have com-
puted their Kéthe-Toeplitz duals.

Keywords: difference sequences, «, 8 and y-duals.
2000 AMS Subject Classification: 40C05, 46A45.

1. Introduction

Let [, ¢ and ¢y be the linear spaces of bounded convergent and null sequences
x = (x) with complex terms, respectively, normed by

ol = sup

where k € N = {1,2,3,...}, the set of positive integers.

In 1981, Kizmaz [8] introduced the concept of difference sequences and have
defined A—bounded, A— convergent and A— null sequence spaces. Using the
concept of difference sequences, Et [4] has defined A?—bounded, A%~ convergent
and A2—null sequence spaces. Further, this notion was generalized by Et and
Colak [6] and have defined A™—bounded, A™—convergent and A™—null sequence
spaces. Later on, Et and Esi [5] have defined A”—bounded, A"™—convergent
and A™—null sequence spaces where v = (v;) be any fixed sequence of non-zero
complex numbers. Recently, Bektas and Colak [1] have defined the sequence
spaces
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loo(AT) = {2 = (z1) : (KA ) € Lo},
o(AF) =A{z = (zk) : (KA xy) € ¢},
(A = {2 = (23) : (K" A™ 24) € o).
where m € N, r € R, Al"x = (A'zy,) =

and .
Aml’k = Z(—l)J ( Zn > L5 -

j=1

(]fTAml'k) = (kT(Am_liL'k — Am_lxk+1))

These are Banach spaces with norm

|z||a, = Z || + sup K| A™ 2]

=1

It is trivial that co(A™) C co(A™H), ¢(A™) C (AT, I (A™) C loo(A™T)
and co(A") C ¢(A") C loo(A") are satisfied and are strict [1].
For convenience, we denote these spaces AT (lo.) = lo (A7), A" (¢) = ¢(AM)
and A" (co) = co(Al).
Let v = (vg) be any fixed sequence of non-zero complex numbers. Now, we
define
Agilloe) = o = (wx) = (K ATxx) € loo},
AT () ={x = (z1) + (K"AYa) € cf,
AT (co) = {x = (1) : (K"AT 1) € o}

where m € N, 7 € R, A (z) = (K" AJ'ay) = (K (AP oy — AP qq)) and
Alap =Y (1) ( T ) Vktj Thortj-
=

Throughout the paper, we write X for [, or ¢ or ¢y. A} (X) is the genera-
lization of several known sequence spaces, for instance, the following classes arise
from A7 (X) as the special cases.

(i) If we take v = (vx) = (1,1,...), then AT (X) = ATM(X) [1].

(ii) If we take r = 0, then A" (X) = AT(X) [5].

)
)
(ifi) Tf we take v = (vy) = (1,1,...) and 7 = 0, then A™ (X) = A™(X) [6].
(iv) Tfwe take v = (vx) = (1,1,...) , 7 = O and m = 2, then A (X) = A2(X) [4].
(v) Tf we take v = (v;) = (1,1,...) , = 0 and m = 1, then A (X) = A(X) [8].

)

(vi) If we take 7 = 0 and m = 1, then A} (X) = A,(X) [2].
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(vii) If we take v, = 1 for all k € N,r < 1 and m = 1, then A7"(X) =
A () [10]

2. Main results

Theorem 2.1. The sequence spaces A}, (ls), 2'(c) and A}, (co) are Banach
spaces normed by

(2.1) ]l a0, = D lvi] + SUp K7 2 |
i=1
Let us define the operator
D: AT (X) — AT(X)

by
D:C - (O, O7 O, ....xm+17mm+2’ ),

where x = (z1,%9,3,....). It is trivial that D is bounded linear operator on
AT (X). Furthermore, the set

DIAT.(X)] ={r=(2p) rz € AT (X), 21 =29 = ... = 75, = 0}

is a subspace of AZLT(X) and ||z||a,, = HAZ’?T(X)HOO in D[AZ?T(X)]. D[A;’?T(X)]
and X are equivalent as topological space. Hence

AT DIAT(X)] — X,
defined by
(2.2) Al =y = (Afa) = (K (AT'wr))

is a linear homeomorphism [9].

3. Dual spaces

In this section, we give Kéthe-Toeplitz duals of AT (I), A7 (c) and A7, (co).
Also, we show that these spaces are not perfect spaces. Further, we show that
AT (ls), and A7 (c) are not normal and not monotone spaces.

Lemma 3.1. sup k"|A'zy| < oo if and only if
k
(i) sup k" AT 1r,] < oo
k

(i) sup k" |A™ oy — k(k+ 1) TAM | < oo,
k
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Proof. Let sup k"|A"xy| < oo. Then
k

k
A7 ey — AP ] = D (AP e - AP )

v
J=1

k

< S|ATG] = 0k,

Jj=1

This implies sup k" |A™ 1z, | < oo,
k

Ay — k(k+ 1) A g | = [k(k+1) T A+ (k4 1) LA™ gy = O™

We have (ii).
Now, suppose (i) and (ii) hold. Then

E'|AT  ay —k(k4+ 1) P A | > B (k1) A mg | — k(B + 1) A Ly
This implies sup k"|Alzg| < oo.
k
Lemma 3.2. sup k" "|A,zi| < oo implies sup k"~ |vz,| < oo for allm € N
k k
with r < (n+1).

Proof. Let sup k" "|A,zx| < co. Then
k

k

U121 — Vg1 | < E iz — Vig1@i41
i=1

k
< D] = ORI
=1

n+1

This implies sup k"~ ™+ |y,2,| < 0.
k

—(n+1

Lemma 3.3. sup k" "|A" "z, < oo implies sup k"~ (" DAY )xk| < oo for
k k

alln,m e N andr <n < m.
Proof. If we put A" "z, instead of A,z in Lemma 2.2, the result is immediate.

Corollary 3.4. sup k"' |A™ x| < oo implies sup k™™ |vg 13| < 00.
k k

Corollary 3.5. x € A}, (ls) implies sup K"~ |vy, 73| < 00.
k
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Lemma 3.6. ([8]) Let (P,) be sequence of positive real numbers increasing mono-
tonically to infinity, then

oo
nE Qg

k=n+1

< 00,

() If sup| Y- P
"=l

(ii) [fZPkak 15 convergent, then lim P, Z ar = 0.

n—oo

k=1 k=n+1
Definition 3.7. ([7]) Let X be a sequence space and define

X* = a=(ay) Z|akxk|<oo foralleX}

k=1

X8 = {a (ax) Zakxk is convergent, for all z € X}

a= (ay) sup\Zaka:k]<oo forallxeX}
k=1
Definition 3.8. ([7]) Let X be a sequence space. Then X is called
(i) perfectif X = X
(ii) normal if y € X whenever |yx| < |zx|, k > 1, for some z € X

(iii) monotone provided X contains the canonical preimages of all its stepspaces.

Lemma 3.9. ([7]) Let X be a sequence space. Then we have
(i) X is perfect = X is normal = X is monotone,
(ii) X is normal = X* = X7,

(iii) X is monotone = X* = XP.

Theorem 3.10. Let m be a positive integer and r € R,

(a) We put
M, (v,r) = {a = (ay) : ka’ﬂakvk’l\ < oo}.
k=1
Then

(3.1) (A (o)l = [A7 ()] = [A7 ()] = Ma(v,7)
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(b) We put
Moo (v, 1) = {a = (ag) : sup k" " |agvi| < oo}.
k

Then

(3.2) (A7 (1)) = [ATL ()% = [A7 ()] = Maa(v,7)

Proof. (a) First, we assume that a € M,(v,r). Then

[e.e] o0
Z lagzy| = ka_r|akv,€_1|kr_m|xkvk| < 0,
k=1 k=1

for each x € A" (l), by Corollary 3.5.
Thus, we have shown
(3.3) Mo (v, 1) C[AT(Is)]”

Conversely, let a ¢ M, (v,r). Then, for some k, we have

e}

Z k™" gy | = oo.

k=1
So, there is a strictly increasing sequence (n;) of positive integers n; such that

Ni+1

Z ™" ago | > .

We define a sequence = = (xy) by
0 (1<k<n)
Ty = Uk—lkmfr

; (n@+1<k§n2+1, 221,2,)

Then, we see that

|
k| AT vpzg| = ﬂ (ni+1<k<ni; i=1,2..).
1

Hence, © € A" .(co) and Z lagzr| > Z 1 = o0.
k=1 i=1
Thus, a ¢ [A]'.(co)]%, and hence we have shown

(3.4) (A7 (co)]™ € Ma(v,7)
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Since A7, (co) C A () C AT (Io) implies [AT (loo)]* C [AT(e)]* C [AT,(co)]®,
(3.1) follows from (3.3) and (3.4).

(b) First, we assume that a € My, (v, 7). Then

[e.9] [e.9]
Z lagxy| < sup k" |agvg| Z ™2t < oo,
k=1 k k=1

for each x € [A}(co)]* = Ma(v,7), by part (a).

Thus, we have shown
(3.5) Maa(v,7) C A7, (co)]*
Conversely, let a ¢ Mao(v,r). Then, we have

sup k""" agvg| = oo.
k

Hence, there is a strictly increasing sequence of (k(i)) of positive integers k(i) such
that
[k}(Z)]r_m \ak(i)vk(m > ™.

We define the sequence x = () by

. k™t k=k(9)
"o, k 4 k(3).

Then, we see that

SRt =) RO kg ke | T <Y i < oo
k=1 % i=1

=1
Hence, x € [A7,(Is)]* and ) |apzy| = > 1 = oo.
k=1 i=1
Thus, a ¢ [A7.(ls)]*, and hence, we have shown

(3.6) (AT (1)) € Mg (v,7).

Since [A (loo)]* C [AT ()] C [A7](co)]” implies [A (o)™ C[AT ()] C
(AT (1s0)]*, (3.2) follows from (3.5) and (3.6).

From Theorem 3.10, we have the following corollaries:
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Corollary 3.11. If we take vy = (1,1,...), then we obtain
() [A7 (L)) = [A7 ()] = [A7(co)]* = {a = (@) : Y k™" |ag| < oo}
k=1

(i) (A7 (1o)]™ = (A7) = [A7(c0)]™ = {a = (ax) : sup A" |ax| < oo}

Corollary 3.12. If we take r = 0, then we obtain
(i) [AT )] = [AT () = [AT(co)]® = {a = (ar) : Y k™ |arvy | < o0} [5]
k=1

(i) (A3 (o))" =47 (€)]* =27 (c0)[**={a = (ax) : sup £~ |aguy| < o0} [5]

Corollary 3.13. If we take vy = k™ and r = 0, then we obtain
(i) [A7 ()] = [AT ()] = [AT(co)]* =l [3]
(i) [A7(leo)]* = [AT()]* = [A(co)]*™ = lse- [3]

Corollary 3.14. If we take vy, = (1,1,...) and r = 0, then we obtain
(i) [A™ ()] = [A™(0) = [A™(co)]* = {a = (ax) : Y k"|ax| < o0} [6]
k=1

(i) [A"(1))™ = (A" = [A"(eo)]™ = {a = (a)  sup k™" |ax| < o0} (6]

Corollary 3.15. If we take vy = (1,1,...), r = 0 and m = 2, then we obtain
(i) [B%(le)]* = [A%(0)" = {a = (ax) : D k|ax| < 00} [4]
k=1

(i) [A%(I)]* = [A*(e)]* = {a = (ax) : sup k™%lag| < oo} [4]

Corollary 3.16. If we take vy = (1,1,...), r =0 and m = 1, then we obtain
(D) [AU)]" = [D(0)* ={a=(ax) : > klag| < o0} [§
k=1

(i) [Allee)]* = [A(e))* = {a = (ar) : sup k™ ax] < oo} [5]
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Corollary 3.17. If we take v, = k™, then we obtain
(i) (A7 ()] = (AT ()] = [A7(c)]® = {a = (a) : Dk "|ax| < o0}
k=1
(i) [A ()] = [ATL ()] = [AT(c0)]* = {a = (a) : sup k"|ax| < oo}

By Lemma 3.8, we also have

Corollary 3.18. The sequence spaces A7 (ls), A7 (c) and AT'.(co) are not
perfect.

Lemma 3.19. Let m be any positive integers and let r be any real number.

a) We put
Mg(v,r) ={a = (ax) : Z k™ "y is convergent, Z MU Ry | < 00},
k=1 k=1

where Ry = Y22, . ajv; . Then
(DIAT (1)) = Mp(v, 7).

b) We put

M, (v,r) ={a = (ay) : sup | ka”"akvk’l < 00, Z kM| Ry | < o0},
1 k=1

k= =
where Ry = Y22, . ajv; . Then

(DIA (o))" = M (v, 7).

Proof. (a) If 2 € D[A]",(Ix)], then there exist one and only one y = (y) € I

such that
k—m
_ m( k—7—1 .

T = Ukl (—1) ( mj—l >] Yj
j=1
- ktm—j—1

- vk_l (_1>m ( m—1 ) (] - m>_ryj—m

j=1

Yiem = Yoom = coennns =1y =0,

for sufficiently large k, for instance k& > m by (2.2). Let a € Mg(v,r) and suppose

r>:0f0rk<0).

-1 : . o
that < 1 )= 1 (in some literature it is assumed that 2

Then, we may write
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> aen= S S (F 20 )w)

k=1 k=1 j=1
n—m 1
= (=)™ Rirm(k — 1)m=(r+D)
(=1) T ik +m—1) (k+m— 1ym-(+D)
: k4+m—j—2
(3.7) Z ( m ; > J "y =" R0 0,
j=1

Since > k™0 *U|R,| < oo, the series Z(l{: +m— )" IR s
k=1 k=1
absolutely convergent, where

1 S km—j-2)
z= (%)= ((k+m_1)m—(r+1)2( m—% )] yj).

=1

Moreover, we have n™"R,, — 0 as n — oo (Lemma 3.6), supn’"|z,v,| < oo
k

o0

(Corollary 3.5), hence ) apwy is convergent for each x € D[AT (l)], s0
k=1
a € (D[AT, (1)),

Let a € (D[A],(Is)])". Then, Z axxy, is convergent for each x € D[AT! ().

k=1
For the sequence x = (xy) defined by
0, k<m,
Tk = —17.m—r
v, KMk >m,

we may write

[ee] m o0
E K" agt = E K agopt + E Ry < 00.
k=1 k=1

k=m+1

o0
Thus, the series > k:m*”akvlzl is convergent. This implies n™ "R, — 0 as
k=1
n — oo by Lemma 3.6.

Now, let a € D[A™ (I5)]° — Mg(v,7). Then > k™~ +D|R,| is divergent,

k=1
that is > k™ 0TV Ry | = oo.
k=1
We define the sequence x = () by
0, k<m

k—1
v,;l ij_(rH) sgn R, k>m,

j=1

T =
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where aj, > 0 for all k or a; < 0 for all k. Since k"|A'zg| = (m — 1)! for k > m,
it is trivial that x = (23) € D[A},(I)]. Then, we may write for n > m

n—1

m—r
E arTy = — E Ry 1Dyxp—1 — E Riim-1D0Thpm— — " " Ryn" 2,0,

Now, letting n — oo, we get

o0 o0
E gl = — E Rk+mflAvxk+mfl
k=1

k=1
[e.e]
_ Zk+m m r+1’Rk+m 1’_
k=1

This contradicts to a € (D[AT(I)])?. Hence, a € Mg(v,r).

(b) can be proved by the same way as above, using Lemma 3.6.
Lemma 3.20. (D[A} (Ix)])" = (DA}, ()])" forn = or 7.
Lemma 3.21.

(1) [A7 (o))" = (DIAT (o))
(i) [A7 (@) = (DAY, (o))"
form =70 or~.

Proof. (i) We give the proof for n =  only. It can be proved in a similar way
for n = ~. Since D[AT, (Io)] C AT (o), then [AT (1o)]? € (D[AT(I0)])?. Let
€ (DIAT(Iso)])?. If @ = (x) € AT(Iso) defined by

Tk, kE<m
T =
), k> m,

where 2" = (z,) € D[AY(l)], then we may write for n > m

m n
/
AT = g arTr + g aRTy.

k=1 k=1 k=m+1

n

Now, letting n — oo, we get the series, in the same way as the proof of
Lemma 3.19,

00
1)
E apTy = E akzck—i— m E k—l—m m (r+ Rker 1%k
k=1

is convergent. This implies that a € [AT(Ix)]”.

(ii) can be proved by the same way as above.
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Theorem 3.22. Let X stands for lo, or c. Then

a) [A7.(X)]F = {a = (ag) : ka”"akvk’l is convergent,
k=1

kaf(r+l)|Rk| < OO},

k=1

b) [AT (X)) = {a = (ag) : sup ka_Takvgl < 00,
" k=1
>k R < ool
k=1
where Ry = > ajv; '
Jj=k+1

Proof. The proof follows from Lemma 3.19, Lemma 3.20 and Lemma 3.21.
From Theorem 3.22, we have the following corollaries:

Corollary 3.23. If we take v, = (1,1, ...), then we obtain

o0

(i) [AM(X)])? = {a = (ay) : Z E™ " ay, is convergent,

k=1

>R < o)

k=1

(ii) [AT(X)] = {a = (ag) : sup ] Zk’m_rakl < 00,

k=1

ka—(r-i-l)’Rk‘ < OO},

k=1

where R, = ) aj;.

j=k+1
Corollary 3.24. If we take r = 0, then we obtain

i) [A™(X))P = {a = (ay) : kaakvk_l is convergent,

k=1

Z KRy | < 00}7
h—1
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n

(i) [A™MX)] = {a = (ay) : zsup Zl{:makv,zl‘ < 00,

n

k=1
oo
E km_1|Rk" < OO}?
k=1
S 1
where R, = Y ajv; .
j=k+1

Corollary 3.25. If we take vy, = (1,1,...) and r =0, then we obtain

(i) [A™(X)])? = {a = (ay) : Zk’"ak is convergent, Z K™ Ry < oo}, 3]

k=1 k=1

(ii) [A™(X)] = {a = (@) :sup

kaak‘ < o0, Y KR < oo}, 3]
k=1 k=1

where R, = Y aj;.

=1
Corollary 3.26. If we take vy = (1,1,...), r =0 and m = 1, then we obtain

(i) [AX)])P = {a = (ay) : Zkak is convergent, Z |Ri| < oo}, 8]

k=1

<00, 3[Ryl < o, [8]

k=1

(i) [AX))* = {a = (a) : sup

n

zn: k‘ak
k=1

where Ry, = Z a;.

Jj=k+1
By Lemma 3.9, Theorem 3.10 and Corollary 3.18, we also have
Corollary 3.27.
(i) AT (), AT (c) are not normal.

(i) AV (I), Ay (c) are not monotone.
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