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1. Introduction

Let l∞, c and c0 be the linear spaces of bounded convergent and null sequences
x = (xk) with complex terms, respectively, normed by

‖x‖∞ = sup
k
|xk|

where k ∈ N = {1, 2, 3, ...}, the set of positive integers.
In 1981, Kizmaz [8] introduced the concept of difference sequences and have

defined 4−bounded, 4− convergent and 4− null sequence spaces. Using the
concept of difference sequences, Et [4] has defined 42−bounded, 42− convergent
and 42−null sequence spaces. Further, this notion was generalized by Et and
Colak [6] and have defined4m−bounded,4m−convergent and4m−null sequence
spaces. Later on, Et and Esi [5] have defined 4m

v −bounded, 4m
v −convergent

and 4m
v −null sequence spaces where v = (vk) be any fixed sequence of non-zero

complex numbers. Recently, Bektas and Colak [1] have defined the sequence
spaces
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l∞(4m
r ) = {x = (xk) : (kr4m xk) ∈ l∞},

c(4m
r ) = {x = (xk) : (kr4m xk) ∈ c},

c0(4m
r ) = {x = (xk) : (kr4m xk) ∈ c0}.

where m ∈ N , r ∈ R, 4m
r x = (4m

r xk) = (kr4mxk) = (kr(4m−1xk −4m−1xk+1))
and

4mxk =
m∑

j=1

(−1)j

(
m
j

)
xk+j.

These are Banach spaces with norm

||x||4r =
m∑

i=1

|xi|+ sup
k

kr|4mxk|.

It is trivial that c0(4m
r ) ⊂ c0(4m+1

r ), c(4m
r ) ⊂ c(4m+1

r ), l∞(4m
r ) ⊂ l∞(4m+1

r )
and c0(4m

r ) ⊂ c(4m
r ) ⊂ l∞(4m

r ) are satisfied and are strict [1].
For convenience, we denote these spaces 4m

r (l∞) = l∞(4m
r ), 4m

r (c) = c(4m
r )

and 4m
r (c0) = c0(4m

r ).
Let v = (vk) be any fixed sequence of non-zero complex numbers. Now, we

define

4m
v,r(l∞) = {x = (xk) : (kr4m

v xk) ∈ l∞},
4m

v,r(c) = {x = (xk) : (kr4m
v xk) ∈ c},

4m
v,r(c0) = {x = (xk) : (kr4m

v xk) ∈ c0}.
where m ∈ N , r ∈ R, 4m

v,r(x) = (kr4m
v xk) = (kr(4m−1

v xk −4m−1
v xk+1)) and

4m
v xk =

m∑
j=1

(−1)j

(
m
j

)
vk+j xk+j.

Throughout the paper, we write X for l∞ or c or c0. 4m
v,r(X) is the genera-

lization of several known sequence spaces, for instance, the following classes arise
from 4m

v,r(X) as the special cases.

(i) If we take v = (vk) = (1, 1, ...), then 4m
v,r(X) = 4m

r (X) [1].

(ii) If we take r = 0, then 4m
v,r(X) = 4m

v (X) [5].

(iii) If we take v = (vk) = (1, 1, ...) and r = 0, then 4m
v,r(X) = 4m(X) [6].

(iv) If we take v = (vk) = (1, 1, ...) , r = 0 and m = 2, then4m
v,r(X) =42(X) [4].

(v) If we take v = (vk) = (1, 1, ...) , r = 0 and m = 1, then 4m
v,r(X) = 4(X) [8].

(vi) If we take r = 0 and m = 1, then 4m
v,r(X) = 4v(X) [2].
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(vii) If we take vk = 1 for all k ∈ N, r < 1 and m = 1, then 4m
v,r(X) =

4r(X) [10].

2. Main results

Theorem 2.1. The sequence spaces 4m
v,r(l∞), 4m

v,r(c) and 4m
v,r(c0) are Banach

spaces normed by

(2.1) ||x||4v,r =
m∑

i=1

|vixi|+ sup
k

kr|4m
v xk|

Let us define the operator

D : 4m
v,r(X) →4m

v,r(X)

by
Dx = (0, 0, 0, ....xm+1, xm+2, ...),

where x = (x1, x2, x3, ....). It is trivial that D is bounded linear operator on
4m

v,r(X). Furthermore, the set

D[4m
v,r(X)] = {x = (xk) : x ∈ 4m

v,r(X), x1 = x2 = .... = xm = 0}

is a subspace of 4m
v,r(X) and ‖x‖4v,r = ‖4m

v,r(X)‖∞ in D[4m
v,r(X)]. D[4m

v,r(X)]
and X are equivalent as topological space. Hence

4m
v,r : D[4m

v,r(X)] → X,

defined by

(2.2) 4m
v,rx = y = (4m

v,rxk) = (kr(4m
v xk))

is a linear homeomorphism [9].

3. Dual spaces

In this section, we give Köthe-Toeplitz duals of 4m
v,r(l∞), 4m

v,r(c) and 4m
v,r(c0).

Also, we show that these spaces are not perfect spaces. Further, we show that
4m

v,r(l∞), and 4m
v,r(c) are not normal and not monotone spaces.

Lemma 3.1. sup
k

kr|4m
v xk| < ∞ if and only if

(i) sup
k

kr−1|4m−1
v xk| < ∞

(ii) sup
k

kr|4m−1
v xk − k(k + 1)−14m−1

v xk+1| < ∞.
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Proof. Let sup
k

kr|4m
v xk| < ∞. Then

|4m−1
v x1 −4m−1

v xk+1| =

∣∣∣∣∣
k∑

j=1

(4m−1
v xj −4m−1

v xj+1)

∣∣∣∣∣

≤
k∑

j=1

|4m
v xj| = O(k1−r).

This implies sup
k

kr−1|4m−1
v xk| < ∞,

|4m−1
v xk−k(k+1)−14m−1

v xk+1| = |k(k+1)−14m
v xk +(k+1)−14m−1

v xk| = O(k−r)

We have (ii).
Now, suppose (i) and (ii) hold. Then

kr|4m−1
v xk−k(k+1)−14m−1

v xk+1| ≥ kr+1(k+1)−1|4m
v xk|−kr(k+1)−1|4m−1

v xk.|

This implies sup
k

kr|4m
v xk| < ∞.

Lemma 3.2. sup
k

kr−n|4vxk| < ∞ implies sup
k

kr−(n+1)|vkxk| < ∞ for all n ∈ N

with r < (n + 1).

Proof. Let sup
k

kr−n|4vxk| < ∞. Then

|v1x1 − vk+1xk+1| ≤
k∑

i=1

|vixi − vi+1xi+1|

≤
k∑

i=1

|4vxi| = O(k(n+1)−r)

This implies sup
k

kr−(n+1)|vkxk| < ∞.

Lemma 3.3. sup
k

kr−n|4m−n
v xk| < ∞ implies sup

k
kr−(n+1)|4m−(n+1)

v xk| < ∞ for

all n,m ∈ N and r ≤ n < m.

Proof. If we put 4m−n
v xk instead of 4vxk in Lemma 2.2, the result is immediate.

Corollary 3.4. sup
k

kr−1|4m−1
v xk| < ∞ implies sup

k
kr−m|vk xk| < ∞.

Corollary 3.5. x ∈ 4m
v,r(l∞) implies sup

k
kr−m|vk xk| < ∞.
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Lemma 3.6. ([8]) Let (Pn) be sequence of positive real numbers increasing mono-
tonically to infinity, then

(i) If sup
n

∣∣∣
n∑

i=1

Piai

∣∣∣ < ∞, then sup
n

∣∣∣Pn

∞∑

k=n+1

ak

∣∣∣ < ∞,

(ii) If
∞∑

k=1

Pkak is convergent, then lim
n→∞

Pn

∞∑

k=n+1

ak = 0.

Definition 3.7. ([7]) Let X be a sequence space and define

Xα =
{

a = (ak) :
∞∑

k=1

|akxk| < ∞, for all x ∈ X
}

,

Xβ =
{

a = (ak) :
∞∑

k=1

akxk is convergent, for all x ∈ X
}

,

Xγ =
{

a = (ak) : sup
n
|

n∑

k=1

akxk| < ∞, for all x ∈ X
}

.

Definition 3.8. ([7]) Let X be a sequence space. Then X is called

(i) perfect if X = Xαα,

(ii) normal if y ∈ X whenever |yk| ≤ |xk|, k ≥ 1, for some x ∈ X,

(iii) monotone provided X contains the canonical preimages of all its stepspaces.

Lemma 3.9. ([7]) Let X be a sequence space. Then we have

(i) X is perfect ⇒ X is normal ⇒ X is monotone,

(ii) X is normal ⇒ Xα = Xγ,

(iii) X is monotone ⇒ Xα = Xβ.

Theorem 3.10. Let m be a positive integer and r ∈ R,

(a) We put

Mα(v, r) =
{

a = (ak) :
∞∑

k=1

km−r|akv
−1
k | < ∞

}
.

Then

(3.1) [4m
v,r(l∞)]α = [4m

v,r(c)]
α = [4m

v,r(c0)]
α = Mα(v, r)
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(b) We put

Mαα(v, r) =
{

a = (ak) : sup
k

kr−m|akvk| < ∞
}

.

Then

(3.2) [4m
v,r(l∞)]αα = [4m

v,r(c)]
αα = [4m

v,r(c0)]
αα = Mαα(v, r)

Proof. (a) First, we assume that a ∈ Mα(v, r). Then

∞∑

k=1

|akxk| =
∞∑

k=1

km−r|akv
−1
k |kr−m|xkvk| < ∞,

for each x ∈ 4m
v,r(l∞), by Corollary 3.5.

Thus, we have shown

(3.3) Mα(v, r) ⊂ [4m
v,r(l∞)]α

Conversely, let a /∈ Mα(v, r). Then, for some k, we have

∞∑

k=1

km−r|akv
−1
k | = ∞.

So, there is a strictly increasing sequence (ni) of positive integers ni such that

ni+1∑

k=ni+1

km−r|akv
−1
k | > i.

We define a sequence x = (xk) by

xk =





0 (1 ≤ k ≤ ni)

v−1
k km−r

i
(ni + 1 < k ≤ ni+1; i = 1, 2, ...)

Then, we see that

kr|4mvkxk| = m!

i
(ni + 1 < k ≤ ni+1; i = 1, 2, ...).

Hence, x ∈ 4m
v,r(c0) and

∞∑

k=1

|akxk| >
∞∑
i=1

1 = ∞.

Thus, a /∈ [4m
v,r(c0)]

α, and hence we have shown

(3.4) [4m
v,r(c0)]

α ⊂ Mα(v, r)
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Since4m
v,r(c0) ⊂ 4m

v,r(c) ⊂ 4m
v,r(l∞) implies [4m

v,r(l∞)]α ⊂ [4m
v,r(c)]

α ⊂ [4m
v,r(c0)]

α,

(3.1) follows from (3.3) and (3.4).

(b) First, we assume that a ∈ Mαα(v, r). Then

∞∑

k=1

|akxk| ≤ sup
k

kr−m|akvk|
∞∑

k=1

km−r|xkv
−1
k | < ∞,

for each x ∈ [4m
v,r(c0)]

α = Mα(v, r), by part (a).

Thus, we have shown

(3.5) Mαα(v, r) ⊂ [4m
v,r(c0)]

αα

Conversely, let a /∈ Mαα(v, r). Then, we have

sup
k

kr−m|akvk| = ∞.

Hence, there is a strictly increasing sequence of (k(i)) of positive integers k(i) such
that

[k(i)]r−m |ak(i)vk(i)| > im.

We define the sequence x = (xk) by

xk =

{ |ak(i)|−1, k = k(i)

0, k 6= k(i).

Then, we see that

∞∑

k=1

km−r|xkv
−1
k | =

∞∑
i=1

[k(i)]m−r|ak(i)vk(i)|−1 ≤
∞∑
i=1

i−m < ∞.

Hence, x ∈ [4m
v,r(l∞)]α and

∞∑
k=1

|akxk| =
∞∑
i=1

1 = ∞.

Thus, a /∈ [4m
v,r(l∞)]αα, and hence, we have shown

(3.6) [4m
v,r(l∞)]αα ⊂ Mαα(v, r).

Since [4m
v,r(l∞)]α ⊂ [4m

v,r(c)]
α ⊂ [4m

v,r(c0)]
α implies [4m

v,r(c0)]
αα ⊂[4m

v,r(c)]
αα ⊂

[4m
v,r(l∞)]αα, (3.2) follows from (3.5) and (3.6).

From Theorem 3.10, we have the following corollaries:
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Corollary 3.11. If we take vk = (1, 1, ...), then we obtain

(i) [4m
r (l∞)]α = [4m

r (c)]α = [4m
r (c0)]

α = {a = (ak) :
∞∑

k=1

km−r|ak| < ∞}

(ii) [4m
r (l∞)]αα = [4m

r (c)]αα = [4m
r (c0)]

αα = {a = (ak) : sup
k

kr−m|ak| < ∞}.

Corollary 3.12. If we take r = 0, then we obtain

(i) [4m
v (l∞)]α = [4m

v (c)]α = [4m
v (c0)]

α = {a = (ak) :
∞∑

k=1

km|akv
−1
k | < ∞} [5]

(ii) [4m
v (l∞)]αα=[4m

v (c)]αα=[4m
v (c0)]

αα={a = (ak) : sup
k

k−m|akvk| < ∞}. [5]

Corollary 3.13. If we take vk = km and r = 0, then we obtain

(i) [4m
v (l∞)]α = [4m

v (c)]α = [4m
v (c0)]

α = l1 [5]

(ii) [4m
v (l∞)]αα = [4m

v (c)]αα = [4m
v (c0)]

αα = l∞. [5]

Corollary 3.14. If we take vk = (1, 1, ...) and r = 0, then we obtain

(i) [4m(l∞)]α = [4m(c)]α = [4m(c0)]
α = {a = (ak) :

∞∑

k=1

km|ak| < ∞} [6]

(ii) [4m(l∞)]αα = [4m(c)]αα = [4m(c0)]
αα = {a = (ak) : sup

k
k−m|ak| < ∞}. [6]

Corollary 3.15. If we take vk = (1, 1, ...), r = 0 and m = 2, then we obtain

(i) [42(l∞)]α = [42(c)]α = {a = (ak) :
∞∑

k=1

k2|ak| < ∞} [4]

(ii) [42(l∞)]αα = [42(c)]αα = {a = (ak) : sup
k

k−2|ak| < ∞}. [4]

Corollary 3.16. If we take vk = (1, 1, ...), r = 0 and m = 1, then we obtain

(i) [4(l∞)]α = [4(c)]α = {a = (ak) :
∞∑

k=1

k|ak| < ∞} [8]

(ii) [4(l∞)]αα = [4(c)]αα = {a = (ak) : sup
k

k−1|ak| < ∞}. [5]
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Corollary 3.17. If we take vk = km, then we obtain

(i) [4m
v,r(l∞)]α = [4m

v,r(c)]
α = [4m

v,r(c0)]
α = {a = (ak) :

∞∑

k=1

k−r|ak| < ∞}.

(ii) [4m
v,r(l∞)]αα = [4m

v,r(c)]
αα = [4m

v,r(c0)]
αα = {a = (ak) : sup

k
kr|ak| < ∞}.

By Lemma 3.8, we also have

Corollary 3.18. The sequence spaces 4m
v,r(l∞), 4m

v,r(c) and 4m
v,r(c0) are not

perfect.

Lemma 3.19. Let m be any positive integers and let r be any real number.

a) We put

Mβ(v, r) = {a = (ak) :
∞∑

k=1

km−rakv
−1
k is convergent,

∞∑

k=1

km−(r+1)|Rk| < ∞},

where Rk =
∑∞

j=k+1 ajv
−1
j . Then

(D[4m
v,r(l∞)])β = Mβ(v, r).

b) We put

Mγ(v, r) = {a = (ak) : sup
n
|

n∑

k=1

km−rakv
−1
k | < ∞,

∞∑

k=1

km−(r+1)|Rk| < ∞},

where Rk =
∑∞

j=k+1 ajv
−1
j . Then

(D[4m
v,r(l∞)])γ = Mγ(v, r).

Proof. (a) If x ∈ D[4m
v,r(l∞)], then there exist one and only one y = (yk) ∈ l∞

such that

xk = v−1
k

k−m∑
j=1

(−1)m

(
k − j − 1

m− 1

)
j−ryj

= v−1
k

k∑
j=1

(−1)m

(
k + m− j − 1

m− 1

)
(j −m)−ryj−m

y1−m = y2−m = ....... = y0 = 0,

for sufficiently large k, for instance k > m by (2.2). Let a ∈ Mβ(v, r) and suppose

that

( −1
−1

)
= 1 (in some literature it is assumed that

(
r
k

)
= 0 for k < 0).

Then, we may write
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n∑

k=1

akxk =
n∑

k=1

ak

(
v−1

k

k−m∑
j=1

(−1)m

(
k − j − 1

m− 1

)
j−ryj

)

= (−1)m

n−m∑

k=1

Rk+m−1(k + m− 1)m−(r+1) 1

(k + m− 1)m−(r+1)

(3.7)
k∑

j=1

(
k + m− j − 2

m− 2

)
j−ryj − nm−rRnnr−mxnvn

Since
∞∑

k=1

km−(r+1)|Rk| < ∞, the series
∞∑

k=1

(k + m − 1)m−(r+1)Rk+m−1zk is

absolutely convergent, where

z = (zk) =

(
1

(k + m− 1)m−(r+1)

k∑
j=1

(
k + m− j − 2

m− 2

)
j−ryj

)
.

Moreover, we have nm−rRn → 0 as n → ∞ (Lemma 3.6), sup
k

nr−m|xnvn| < ∞

(Corollary 3.5), hence
∞∑

k=1

akxk is convergent for each x ∈ D[4m
v,r(l∞)], so

a ∈ (D[4m
v,r(l∞)])β.

Let a ∈ (D[4m
v,r(l∞)])β. Then,

∞∑

k=1

akxk is convergent for each x ∈ D[4m
v,r(l∞)].

For the sequence x = (xk) defined by

xk =

{
0, k ≤ m,

v−1
k km−r, k > m,

we may write

∞∑

k=1

km−rakv
−1
k =

m∑

k=1

km−rakv
−1
k +

∞∑

k=m+1

akxk < ∞.

Thus, the series
∞∑

k=1

km−rakv
−1
k is convergent. This implies nm−rRn → 0 as

n →∞ by Lemma 3.6.

Now, let a ∈ D[4m
v.r(l∞)]β − Mβ(v, r). Then

∞∑
k=1

km−(r+1)|Rk| is divergent,

that is
∞∑

k=1

km−(r+1)|Rk| = ∞.

We define the sequence x = (xk) by

xk =





0, k ≤ m

v−1
k

k−1∑
j=1

jm−(r+1) sgn Rj, k > m,
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where ak > 0 for all k or ak < 0 for all k. Since kr|4m
v xk| = (m− 1)! for k > m,

it is trivial that x = (xk) ∈ D[4m
v,r(l∞)]. Then, we may write for n > m

n∑

k=1

akxk = −
m∑

k=1

Rk−14vxk−1 −
n−1∑

k=1

Rk+m−14vxk+m−1 − nm−rRnnr−mxnvn

Now, letting n →∞, we get

∞∑

k=1

akxk = −
∞∑

k=1

Rk+m−14vxk+m−1

=
∞∑

k=1

(k + m− 1)m−(r+1)|Rk+m−1| = ∞.

This contradicts to a ∈ (D[4m
v,r(l∞)])β. Hence, a ∈ Mβ(v, r).

(b) can be proved by the same way as above, using Lemma 3.6.

Lemma 3.20. (D[4m
v,r(l∞)])η = (D[4m

v,r(c)])
η for η = β or γ.

Lemma 3.21.

(i) [4m
v,r(l∞)]η = (D[4m

v,r(l∞)])η

(ii) [4m
v,r(c)]

η = (D[4m
v,r(l∞)])η

for η = β or γ.

Proof. (i) We give the proof for η = β only. It can be proved in a similar way
for η = γ. Since D[4m

v,r(l∞)] ⊂ 4m
v,r(l∞), then [4m

v,r(l∞)]β ⊂ (D[4m
v,r(l∞)])β. Let

a ∈ (D[4m
v,r(l∞)])β. If x = (xk) ∈ 4m

v,r(l∞) defined by

xk =

{
xk, k ≤ m

x′k, k > m,

where x′ = (x′k) ∈ D[4m
v,r(l∞)], then we may write for n > m

n∑

k=1

akxk =
m∑

k=1

akxk +
n∑

k=m+1

akx
′
k.

Now, letting n → ∞, we get the series, in the same way as the proof of
Lemma 3.19,

∞∑

k=1

akxk =
m∑

k=1

akxk + (−1)m

∞∑

k=1

(k + m− 1)m−(r+1)Rk+m−1zk

is convergent. This implies that a ∈ [4m
v,r(l∞)]β.

(ii) can be proved by the same way as above.
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Theorem 3.22. Let X stands for l∞ or c. Then

a) [4m
v,r(X)]β =

{
a = (ak) :

∞∑

k=1

km−rakv
−1
k is convergent,

∞∑

k=1

km−(r+1)|Rk| < ∞
}

,

b) [4m
v,r(X)]γ =

{
a = (ak) : sup

n

∣∣∣
n∑

k=1

km−rakv
−1
k

∣∣∣ < ∞,

∞∑

k=1

km−(r+1)|Rk| < ∞
}

,

where Rk =
∞∑

j=k+1

ajv
−1
j .

Proof. The proof follows from Lemma 3.19, Lemma 3.20 and Lemma 3.21.

From Theorem 3.22, we have the following corollaries:

Corollary 3.23. If we take vk = (1, 1, ...), then we obtain

(i) [4m
r (X)]β =

{
a = (ak) :

∞∑

k=1

km−rak is convergent,

∞∑

k=1

km−(r+1)|Rk| < ∞
}

,

(ii) [4m
r (X)]γ =

{
a = (ak) : sup

n
|

n∑

k=1

km−rak| < ∞,

∞∑

k=1

km−(r+1)|Rk| < ∞
}

,

where Rk =
∞∑

j=k+1

aj.

Corollary 3.24. If we take r = 0, then we obtain

(i) [4m
v (X)]β =

{
a = (ak) :

∞∑

k=1

kmakv
−1
k is convergent,

∞∑

k=1

km−1|Rk| < ∞
}

,
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(ii) [4m
v (X)]γ =

{
a = (ak) : z sup

n

∣∣∣
n∑

k=1

kmakv
−1
k

∣∣∣ < ∞,

∞∑

k=1

km−1|Rk| < ∞
}

,

where Rk =
∞∑

j=k+1

ajv
−1
j .

Corollary 3.25. If we take vk = (1, 1, ...) and r = 0, then we obtain

(i) [4m(X)]β =
{

a = (ak) :
∞∑

k=1

kmak is convergent,
∞∑

k=1

km−1|Rk| < ∞
}

, [3]

(ii) [4m(X)]γ =
{

a = (ak) : sup
n

∣∣∣
n∑

k=1

kmak

∣∣∣ < ∞,
∞∑

k=1

km−1|Rk| < ∞
}

, [3]

where Rk =
∞∑

j=k+1

aj.

Corollary 3.26. If we take vk = (1, 1, ...), r = 0 and m = 1, then we obtain

(i) [4(X)]β =
{

a = (ak) :
∞∑

k=1

kak is convergent,
∞∑

k=1

|Rk| < ∞
}

, [8]

(ii) [4(X)]β =
{

a = (ak) : sup
n

∣∣∣∣∣
n∑

k=1

kak

∣∣∣∣∣ < ∞,
∞∑

k=1

|Rk| < ∞
}

, [8]

where Rk =
∞∑

j=k+1

aj.

By Lemma 3.9, Theorem 3.10 and Corollary 3.18, we also have

Corollary 3.27.

(i) 4m
v,r(l∞),4m

v,r(c) are not normal.

(ii) 4m
v,r(l∞),4m

v,r(c) are not monotone.
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