
italian journal of pure and applied mathematics – n. 29−2012 (325−332) 325

THE CATEGORY OF HYPER S-ACTS

Leila Shahbaz

Department of Mathematics
University of Maragheh
Maragheh 55181-83111
Iran
e-mail: leilashahbaz@yahoo.com

Abstract. The actions of a semigroup or a monoid S on sets have been studied and
applied in many branches of mathematics. In this paper, we generalize this notion, and
introduce the category of hyper S-acts with the homomorphisms between them. Then,
using the usual notion of congruences defined for hyper S-acts, quotients are defined
and isomorphism theorems are proved. Finally, limits and colimits in the category of
hyper S-acts are studied.
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1. Introduction and preliminaries

The study of hyperstructures started in [7] by introducing hypergroups. Since then
other classic hyperstructures have been studied in [2], [9], [10], [11], and the notion
has been generalized to universal hyperalgebras and studied in [1], [3], [4], [8]. In
this paper we introduce a special type of hyperstructure, namely, hyper S-acts,
and study some notions such as congruences, quotients, isomorphism theorems,
limits, and colimits in the category they form.

In the rest of this section we recall the definition of the category of S-acts.
Let S be a semigroup. Recall that a (right) S-act or S-system is a set A together
with a function λ : A × S → A, called the action of S (or the S-action) on A,
such that for a ∈ A and s, t ∈ S (denoting λ(a, s) by as) a(st) = (as)t. If S is a
monoid with an identity e, we add the condition ae = a.

A morphism f : A → B between S-acts A,B is called an S-map if, for each
a ∈ A, s ∈ S, f(as) = f(a)s.

Since idA and the composite of two S-maps are S-maps, we have the category
Act-S of all S-acts and S-maps between them (for more information about acts
see [5] and [6]).
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2. The category of hyper S-acts

In this section, first the notion of a hyper S-act over a monoid S is defined and
then defining the proper homomorphisms between them, the category of hyper
S-acts is introduced.

Definition 2.1 Let S be a monoid and A be a set. If we have a mapping

µ : A× S −→ P(A)
(a, s) 7→ µ(a, s) = a ◦ s ∈ P(A)

called the hyper action of S (or the hyper S-action) on A, such that for a ∈ A
and s, t ∈ S

(i) a ∈ a ◦ e,

(ii) a ◦ (st) = (a ◦ s) ◦ t, where

B ◦ s =
⋃

b∈B

b ◦ s, ∀B ⊆ A.

Then we call A a right hyper S-act or a right hyper act over S and write AH.
Analogously, we define a left hyper S-act A and write HA.

Remark 2.2 Every S-act AS is naturally a hyper S-act, by defining

µ : A× S −→ P(A)
(a, s) 7−→ µ(a, s) = {as}.

But there are hyper S-acts which are not ordinary as above. Take S = {1, s}
where s2 = s and A = {a, b} with the action a◦1 = {a}, a◦s = {a, b}, b◦1 = {b},
b ◦ s = {a, b}. Then AH is a right hyper S-act which is not a right S-act.

Definition 2.3 A function f : AH → BH, where A and B are hyper S-acts, is
called a homomorphism if f(a ◦ s) ⊆ f(a) ◦ s for all a ∈ A, s ∈ S.
f is called a strong homomorphism if f(a ◦ s) = f(a) ◦ s for all a ∈ A, s ∈ S.

Definition 2.4 A homomorphism f : AH → BH, where A and B are hyper
S-acts, is called an isomorphism if it is bijective.

One can easily see that the hyper S-acts with their homomorphism form a cate-
gory, denoted by HAct− S.

3. Congruences and quotients

This section is devoted to the study of congruences and quotients of hyper S-acts.

Definition 3.5 The equivalence relation θ on a hyper S-act AH is called a con-
gruence if for every a, b ∈ A and s ∈ S,
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aθb =⇒ a ◦ s

θ
=

b ◦ s

θ

where, for X ⊆ A, X
θ

= {x
θ

= [x]θ : x ∈ X}, and [x]θ is the equivalence class of x
with respect to θ.

Notice that for every X, Y ⊆ A, X
θ

= Y
θ

if and only if XθY , where XθY
means that for every x ∈ X there exists y ∈ Y such that xθy and for every y ∈ Y
there exists x ∈ X such that xθy.

The set of all equivalence relations on a hyper S-act AH is denoted by Eq(AH),
and the set of all congruences on AH is denoted by Con(AH).

Remark 3.6 If AS is an S-act then an equivalence relation θ on AS is a con-
gruence on AS if and only if it is a congruence on AS as a hyper S-act.

Definition 3.7 Let AH be a hyper S-act and θ ∈ Eq(AH). We define a hyper

operation ◦AH
θ

on
AH
θ

as follows:

◦AH
θ

:
AH
θ
× S −→ P

(
AH
θ

)

(a

θ
, s

)
7−→

⋃

x∈a
θ

x ◦ s

θ

for all a ∈ A and s ∈ S.

We call
AH
θ

with this hyper operation, the quotient hyper S-act of AH with

respect to a congruence θ. Notice that if θ is a congruence on AH then

a

θ
◦ s =

a ◦ s

θ
.

Theorem 3.8 Let AH be a hyper S-act and θ ∈ Eq(AH). Then we have the
following:

(i) The natural map π : AH → AH
θ

given by π(a) =
a

θ
is a homomorphism.

(ii) The natural map π : AH → AH
θ

is a strong homomorphism if and only if θ

is a congruence and it is called a canonical epimorphism.

Proof. (i) Let a ∈ A and s ∈ S. Then we have π(a ◦ s) =
a ◦ s

θ
⊆

⋃

x∈a
θ

x ◦ s

θ
=

π(a) ◦ s. Hence π is a homomorphism.

(ii) Let θ ∈ Con(AH). Then for a ∈ A, x ∈ a

θ
, and s ∈ S,

a ◦ s

θ
=

x ◦ s

θ
and

so π(a ◦ s) =
a ◦ s

θ
=

⋃

x∈a
θ

x ◦ s

θ
= π(a) ◦ s. Thus π is a strong homomorphism.

Conversely, let π be a strong homomorphism, a, b ∈ A, aθb, and s ∈ S. Then
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a ◦ s

θ
⊆

⋃

x∈ b
θ

x ◦ s

θ
=

b

θ
◦ s = π(b) ◦ s = π(b ◦ s) =

b ◦ s

θ
.

Similarly,
b ◦ s

θ
⊆ a ◦ s

θ
, and hence θ is a congruence on AH.

Theorem 3.9 Let f : AH → BH be a strong homomorphism of hyper S-acts and
θ ∈ Con(BH). Then (f × f)−1(θ) = {(x, y) : f(x)θf(y)} is a congruence on AH.
In particular, Kerf = {(x, y) : f(x) = f(y)} is a congruence on AH.

Proof. Let a, b ∈ A, s ∈ S and (a, b) ∈ (f × f)−1(θ). Then f(a)θf(b). So
f(a ◦ s) = (f(a) ◦ s)θ(f(b) ◦ s) = f(b ◦ s). Thus for every x ∈ a ◦ s there exists
y ∈ b ◦ s such that f(x)θf(y), or equivalently (x, y) ∈ (f × f)−1(θ). Similarly,
for every y ∈ b ◦ s there exists x ∈ a ◦ s such that (x, y) ∈ (f × f)−1(θ). Hence
(f × f)−1(θ) is a congruence on AH. The second part follows from the first part
using the fact that Kerf = (f × f)−1(∆B) where ∆B = {(b, b) : b ∈ B} is the
identity congruence on BH.

Corollary 3.10 For a hyper S-act AH, the following are equivalent:

(i) θ ∈ Con(AH),

(ii) There exists a strong homomorphism f : AH → BH such that θ = Kerf .

Proof. (i) ⇒ (ii) Take f to be the canonical epimorphism π : AH → AH
θ

.

(ii) ⇒ (i) It is clear by the above Theorem.

Remark 3.11 The ordered set (Eq(AH),⊆) is a complete lattice with ∩ as infi-
mum and supremum,

∨
, as follows

∨
i∈I

θi = {(a, b) : ∃x0, ..., xn ∈ A,∃i1, ..., in ∈ I s.t. a = x0 θi1 x1...θin xn = b}

for θi ∈ Eq(AH).

Theorem 3.12 For every hyper S-act AH, (Con(AH),⊆) is a complete lattice.

Proof. We show that for {θi}i∈I ∈ Con(AH),
∨
i∈I

θi = θ is a congruence. Let

a, b ∈ A, s ∈ S and aθb. Then, by the definition of
∨

which is given in the above
Remark, there exist x0, ..., xn ∈ A, i1, . . . , in ∈ I such that a = x0θi1x1...θinxn = b.
Since each θi is a congruence, we have (xt−1 ◦ s) θit (xt ◦ s) for t = 1, ..., n. Thus
(a ◦ s)θ(b ◦ s) and so θ is a congruence. Therefore, arbitrary supremums exist in
Con(AH) and hence it is a complete lattice.

4. The isomorphism theorems

In this section, using the usual notion of a congruence defined for hyper S-acts,
we prove the decomposition theorem and the generalized version of the second
isomorphism theorem from S-act to hyper S-acts.
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Theorem 4.13 (Decomposition Theorem) Let f : AH → BH and g : AH → CH
be strong homomorphisms, g be onto and Kerg ⊆ Kerf . Then there exists a
unique strong homomorphism h : CH → BH such that hg = f .

Proof. Define h by h(c) = f(a) where c = g(a). Then, h is well-defined since
Kerg ⊆ Kerf . It is enough to show that h is a strong homomorphism. Let
c ∈ C, g(a) = c for some a ∈ A. Then h(c ◦ s) = h(g(a) ◦ s) = h(g(a ◦ s)) =
f(a ◦ s) = f(a) ◦ s = hg(a) ◦ s = h(c) ◦ s and hence h is a strong homomorphism.
The uniqueness of h follows from its definition.

Corollary 4.14 (First Isomorphism Theorem) Let f : AH → BH be an onto
strong homomorphism. Then AH/Kerf ∼= BH.

Proof. Apply the above Theorem to π : AH → AH/Kerf instead of g. Since π
is onto and Kerπ = Kerf , there exists h : AH/Kerf → BH such that hπ = f .
Since f, π are onto, so is h. Also, if h(c) = h(c′) then f(a) = f(a′), where
π(a) = c, π(a′) = c′. But, since Kerπ = Kerf , we get π(a) = π(a′), that is c = c′.
Hence h is one-one and thus an isomorphism.

Notation 4.15 Let A be a set, and θ, ψ ∈ Eq(A) and θ ⊆ ψ. We denote the set
{(x/θ, y/θ) ∈ (A/θ)2 : (x, y) ∈ ψ} by ψ/θ.

Theorem 4.16 (Second Isomorphism Theorem) Let AH be a hyper S-act and
θ ∈ Eq(AH). Then

(i) For ψ ∈ Con(AH) with θ ⊆ ψ, ψ/θ is a congruence on AH/θ and
(AH/θ)/(ψ/θ) ∼= AH/ψ.

(ii) If θ is a congruence on AH, then all congruences on AH/θ are of the form
ψ/θ for some ψ ∈ Con(AH) with θ ⊆ ψ.

Proof. (i) First we show that the map f : AH/θ → AH/ψ given by f(a/θ) = a/ψ
is a strong homomorphism. So, let a ∈ A and s ∈ S. Then

f
(a

θ
◦ s

)
= f


⋃

x∈a
θ

x ◦ s

θ


 =

⋃

x∈a
θ

f
(x ◦ s

θ

)
=

⋃

x∈a
θ

x ◦ s

ψ
=

⋃

x∈a
θ

a ◦ s

ψ

=
a ◦ s

ψ
=

a

ψ
◦ s = f

(a

θ

)
◦ s.

Thus f is a strong homomorphism and ψ/θ = Kerf ∈ Con(AH/θ) and so by
Corollary 4.14, (AH/θ)/(ψ/θ) ∼= AH/ψ.

(ii) Let ϕ be a congruence on AH/θ. Take ψ = {(a, b) : (a/θ, b/θ) ∈ ϕ}.
Then, θ ⊆ ψ and ϕ = ψ/θ. Further ψ is a congruence on AH. Since θ and ψ/θ

are congruences on AH, γθ : AH → AH/θ and γ : AH/θ → AH/θ

ψ/θ
are strong

homomorphisms. Thus, f = γγθ is also a strong homomorphism. But

Kerf = {(x, y) : f(x) = f(y)} = {(x, y) : (x/θ)/ψ = (y/θ)/ψ}
= {(x, y) : (x/θ)(ψ/θ)(y/θ)} = ψ

Thus ψ is a congruence by Corollary 3.10.



330 leila shahbaz

5. Limits and colimits in the category HACT − S

In this section the limits and colimits of hyper S-acts are studied.

Remark 5.17 For a semigroup S, the set of all hyper S-actions on a fixed set X
is denoted by H = H(X). Let ◦i, ◦j be two elements of H(X). Define ◦i ≤ ◦j if
for every x ∈ X and s ∈ S, x ◦i s ⊆ x ◦j s. Then H(X) with the relation ≤ is a
complete Boolean algebra, with

∧
H,

∨
H given by

x
(∧

H
)

s =
⋂
◦∈H

(x ◦ s),

x
(∨

H
)

s =
⋃
◦∈H

(x ◦ s),

for x ∈ X and s ∈ S. Specially, 0,1 in H(X) are given by x0s = ∅, x1s = X.
Also, the complement ◦′ of an element ◦ ∈ H(X) is defined as x◦′ s = X− (x◦ s).

Lemma 5.18 Let S be a semigroup and X be a set, F = {fi : X → Ai | i ∈ I},
G = {gi : Bi → X | i ∈ I} be families of functions, where Ai, Bi are hyper S-acts,
for all i ∈ I. Then, the greatest (smallest) hyper S-action on the set X, for which
fi ◦ gi are homomorphisms, exists. This hyper S-action on X is called the hyper
S-action induced by F (G) and is denoted by ◦→(F )(◦←(G)), or simply by ◦→(◦←).

Proof. Let H be the set of all hyper S-actions on a set X which makes each fi

a homomorphism. Take ◦→ =
∨

H. It is enough to show that ◦→ ∈ H. Let i ∈ I
be fixed. We prove that each fi is a homomorphism from hyper S-act (X, ◦→) to
(Ai, ◦i). Let x ∈ X, s ∈ S. For every ◦ ∈ H, fi(x ◦ s) ⊆ fi(x) ◦i s where ◦i is the
hyper S-action on Ai. Then

fi(x ◦→ s) = fi

[ ⋃
◦∈H

(x ◦ s)

]
=

⋃
◦∈H

fi(x ◦ s) ⊆ fi(x) ◦i s.

Thus fi is a homomorphism. Dually, taking K to be the set of all hyper S-actions
on X which makes each gi a homomorphism, and ◦← =

∧
K it can be shown that

◦← ∈ K.

Theorem 5.19 Let D : I → HAct − S be a diagram and U : HAct − S → Set
be the forgetful functor. If {fi : A → UAi}i∈I is a limit of U ◦D : I → Set, then
{fi : A → Ai}i∈I is a limit of D, where the hyper S-action on A is induced by
{fi : A → Ai}i∈I .

Proof. Let {hi : C → Ai}i∈I be a source of D in HAct − S. Consider {Uhi :
UC → UAi}i∈I in Set. Since {fi : A → UAi}i∈I is a limit of U ◦D, there exists
h : UC → A such that hi = fih, for all i ∈ I. Now, it is enough to show that
h is a homomorphism, where the hyper S-action on A, say ◦→, is induced by
{fi : A → Ai}i∈I . Define another hyper S-action ◦A on A as follows:

h(x) ◦A s =
⋃

h(y)=h(x)

h(y ◦C s)



the category of hyper S-acts 331

for x ∈ C, s ∈ S, and for other elements of A, a ◦A s = a ◦→ s. Then ◦A

is a hyper S-action on A which makes each fi a homomorphism. Indeed, for
i ∈ I, x ∈ C, s ∈ S,

fi[h(x) ◦A s] = fi[
⋃

h(y)=h(x) h(y ◦C s)]

=
⋃

h(y)=h(x)

fih(y ◦C s)

⊆
⋃

h(y)=h(x)

hi(y ◦C s)

⊆
⋃

h(y)=h(x)

hi(y) ◦i s

=
⋃

h(y)=h(x) fih(y) ◦i s

= fih(x) ◦i s.

The result for the other elements of A follows from the same property of ◦→. So,
◦A ≤ ◦→, and then for every x ∈ C, s ∈ S,

h(x ◦C s) ⊆ h(x) ◦A s ⊆ h(x) ◦→ s.

Thus, h is a homomorphism, as required.

Theorem 5.20 Let D : I → HAct−S be a diagram and U : HAct−S → Set be
the forgetful functor. If {gi : UAi → A}i∈I is a colimit of U ◦D : I → Set, then
{gi : Ai → A}i∈I is a colimit of D, where the hyper S-action on A is induced by
{gi : Ai → A}i∈I .

Proof. Similar to the proof of the above theorem, let {ki : Ai → C}i∈I be a sink of
D in HAct− S. Consider {Uki : UAi → UC}i∈I in Set. Since {gi : UAi → A}i∈I

is a colimit of U ◦ D, there exists k : A → UC such that kgi = ki, for all i ∈ I.
Now, we show that k is a homomorphism, where the hyper S-action on A, say
◦←, is induced by {gi : Ai → A}i∈I . Define another hyper S-action ◦A on A as
follows:

a ◦A s = k−1(k(a) ◦C s)

for a ∈ A, s ∈ S. Then ◦A is a hyper S-action on A which makes each gi a
homomorphism. So, ◦← ≤ ◦A, and then for every a ∈ A, s ∈ S,

a ◦← s ⊆ a ◦A s = k−1(k(a) ◦C s)

and hence k(a ◦← s) ⊆ k(a) ◦C s. Thus, k is a homomorphism.

As a corollary of the two preceding theorems we have the following.

Corollary 5.21 The category HAct − S has all limits and colimits and
U : HAct− S → Set preserves limits and colimits.
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