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Abstract. The actions of a semigroup or a monoid S on sets have been studied and
applied in many branches of mathematics. In this paper, we generalize this notion, and
introduce the category of hyper S-acts with the homomorphisms between them. Then,
using the usual notion of congruences defined for hyper S-acts, quotients are defined
and isomorphism theorems are proved. Finally, limits and colimits in the category of
hyper S-acts are studied.
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1. Introduction and preliminaries

The study of hyperstructures started in [7] by introducing hypergroups. Since then
other classic hyperstructures have been studied in [2], [9], [10], [11], and the notion
has been generalized to universal hyperalgebras and studied in [1], [3], [4], [8]. In
this paper we introduce a special type of hyperstructure, namely, hyper S-acts,
and study some notions such as congruences, quotients, isomorphism theorems,
limits, and colimits in the category they form.

In the rest of this section we recall the definition of the category of S-acts.
Let S be a semigroup. Recall that a (right) S-act or S-system is a set A together
with a function A : A x S — A, called the action of S (or the S-action) on A,
such that for a € A and s,t € S (denoting A(a, s) by as) a(st) = (as)t. If S'is a
monoid with an identity e, we add the condition ae = a.

A morphism f : A — B between S-acts A, B is called an S-map if, for each
ac€ A, seS, flas) = f(a)s.

Since id 4 and the composite of two S-maps are S-maps, we have the category
Act-S of all S-acts and S-maps between them (for more information about acts
see [5] and [6]).
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2. The category of hyper S-acts

In this section, first the notion of a hyper S-act over a monoid S is defined and
then defining the proper homomorphisms between them, the category of hyper
S-acts is introduced.

Definition 2.1 Let S be a monoid and A be a set. If we have a mapping

p: AxS — P(A)
(a,s) +— pla,s) =aoseP(A)

called the hyper action of S (or the hyper S-action) on A, such that for a € A
and s,t € S

(i) a€aoe,
(ii) ao(st) = (aos)ot, where

Bos:Ubos,VBgA.

beB

Then we call A a right hyper S-act or a right hyper act over S and write Axy.
Analogously, we define a left hyper S-act A and write 1 A.

Remark 2.2 Every S-act Ag is naturally a hyper S-act, by defining
p: AxS — P(A)
(a,s) +—— pla,s)={as}.

But there are hyper S-acts which are not ordinary as above. Take S = {1,s}
where s> = s and A = {a, b} with the action aol = {a}, aos = {a,b}, bol = {b},
bos={a,b}. Then Ay is a right hyper S-act which is not a right S-act.

Definition 2.3 A function f : Ay — By, where A and B are hyper S-acts, is
called a homomorphism if f(aos) C f(a)osforallae A, s € S.
f is called a strong homomorphism if f(aos) = f(a)osforalla e A,s € S.

Definition 2.4 A homomorphism f : Ay — By, where A and B are hyper
S-acts, is called an isomorphism if it is bijective.

One can easily see that the hyper S-acts with their homomorphism form a cate-
gory, denoted by HAct — S.

3. Congruences and quotients

This section is devoted to the study of congruences and quotients of hyper S-acts.

Definition 3.5 The equivalence relation 6 on a hyper S-act Ay is called a con-
gruence if for every a,b € A and s € S,
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aos bos

0b =
a:>0 g

= [z]p : © € X}, and [z]y is the equivalence class of x

where, for X C A, % =
with respect to 6.

Notice that for every X,Y C A, % = % if and only if X0Y, where X6Y
means that for every x € X there exists y € Y such that zfy and for every y € Y
there exists x € X such that x0y.

The set of all equivalence relations on a hyper S-act Ay is denoted by Eq(Ay),
and the set of all congruences on Ay, is denoted by Con(Ay).

T
0

Remark 3.6 If Ag is an S-act then an equivalence relation 6 on Ag is a con-
gruence on Ag if and only if it is a congruence on Ag as a hyper S-act.

Definition 3.7 Let Ay be a hyper S-act and 6 € FEq(Ay). We define a hyper

. An
operation o4, on e as follows:
6

OAy - ﬂ><S — 'P(ﬁ)

0 0
(o) — U

foralla € Aand s € S.
We call TH with this hyper operation, the quotient hyper S-act of Ay with

respect to a congruence #. Notice that if # is a congruence on Ay then

a aos
— 08§ =

0 0

Theorem 3.8 Let Ay be a hyper S-act and 8 € Eq(Ay). Then we have the
following:

A
(i) The natural map m: Ay — TH given by m(a) = 2isa homomorphism.

7

A
(ii) The natural map m: Ay — TH s a strong homomorphism if and only if 0

s a congruence and it is called a canonical epimorphism.

Proof. (i) Let a € A and s € S. Then we have m(a o s) = a;S C x;s =
r€g
m(a) o s. Hence 7 is a homomorphism.
.. a aos Xros
(ii) Let 8 € Con(Ay). Then for a € A,z € i and s € S, & =3 and
so m(aos) = a;s = x; - m(a) o s. Thus 7 is a strong homomorphism.
T€G

Conversely, let m be a strong homomorphism, a,b € A, afb, and s € S. Then
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b b
a;‘sg b$;S:5os:7T(b)os:7r(bos): (;S.
.Teg
.. bos _aos ,
Similarly, C ——, and hence # is a congruence on Axy. .

0

Theorem 3.9 Let f: Ay — By be a strong homomorphism of hyper S-acts and
6 € Con(By). Then (f x f)71(0) = {(z,y) : f(2)0f(y)} is a congruence on Ay.
In particular, Kerf = {(z,y) : f(x) = f(y)} is a congruence on Ay.

Proof. Let a,b € A;s € S and (a,b) € (f x f)7'(#). Then f(a)ff(b). So
flaos) = (f(a)os)d(f(b)os)= f(bos). Thus for every x € a o s there exists
y € bo s such that f(z)0f(y), or equivalently (z,y) € (f x f)~'(#). Similarly,
for every y € bo s there exists z € a o s such that (x,y) € (f x f)7!(#). Hence
(f x f)74(0) is a congruence on Ax. The second part follows from the first part
using the fact that Kerf = (f x f)"'(Ap) where Ag = {(b,b) : b € B} is the

identity congruence on By. "
Corollary 3.10 For a hyper S-act Ay, the following are equivalent:

(i) 8 € Con(Ay),

(ii) There exists a strong homomorphism f : Ay — By such that 0 = Kerf.

A
Proof. (i) = (ii) Take f to be the canonical epimorphism 7 : Ay — 7H

(ii) = (i) It is clear by the above Theorem. .

Remark 3.11 The ordered set (Eq(Ay), C) is a complete lattice with N as infi-
mum and supremum, \/, as follows

\/Qi ={(a,b) : zg, ..., x,, € A, Jin,...in €I s.t. a =10 0;, 21...0;, x, = b}
i€l

for 6, € Eq(Ay).

Theorem 3.12 For every hyper S-act Ay, (Con(Ay), C) is a complete lattice.

Proof. We show that for {6;};c; € C’on(AH),\/Gi = 0 is a congruence. Let
iel

a,b € A, s € S and afb. Then, by the definition of \/ which is given in the above

Remark, there exist xg,...,x, € A,i1,...,0, € 1 SLEh that a = x¢0;,x;...0;,x, = 0.

Since each 0; is a congruence, we have (x4—108) 0; (xry0s) fort =1,...,n. Thus

(aos)f(bos) and so @ is a congruence. Therefore, arbitrary supremums exist in
Con(Ay) and hence it is a complete lattice. .

4. The isomorphism theorems

In this section, using the usual notion of a congruence defined for hyper S-acts,
we prove the decomposition theorem and the generalized version of the second
isomorphism theorem from S-act to hyper S-acts.
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Theorem 4.13 (Decomposition Theorem) Let f : Ay — By and g : Ay — Cy
be strong homomorphisms, g be onto and Kerg C Kerf. Then there exists a
unique strong homomorphism h : Cyy — By such that hg = f.

Proof. Define h by h(c) = f(a) where ¢ = g(a). Then, h is well-defined since
Kerg C Kerf. It is enough to show that h is a strong homomorphism. Let
c € C,g(a) = ¢ for some a € A. Then h(cos) = h(g(a) os) = h(glaos)) =
flaos)= f(a)os = hg(a)os=h(c)os and hence h is a strong homomorphism.
The uniqueness of A follows from its definition. 0

Corollary 4.14 (First Isomorphism Theorem) Let f : Ay — By be an onto
strong homomorphism. Then Ay /Kerf = By.

Proof. Apply the above Theorem to 7 : Ay, — Ay /Kerf instead of g. Since 7
is onto and Kerm = Kerf, there exists h : Ay/Kerf — By such that hr = f.
Since f,m are onto, so is h. Also, if h(c) = h(¢') then f(a) = f(a'), where
m(a) =c¢,m(a") = . But, since Kerm = Kerf, we get w(a) = w(da’), that is ¢ = (.
Hence h is one-one and thus an isomorphism. u
Notation 4.15 Let A be a set, and 0,9 € Eq(A) and 0 C 1. We denote the set
{(x/0,y/0) € (A)0)* : (x,y) € ¥} by v /6.
Theorem 4.16 (Second Isomorphism Theorem) Let Ay be a hyper S-act and
0 € Eq(Ay). Then

(i) For v € Con(Ay) with 8 C ,¢/0 is a congruence on Ay /6 and

(An/0)/(/0) = Ay /0.
(ii) If 0 is a congruence on Ay, then all congruences on Ay /0 are of the form

/0 for some 1p € Con(Az) with 0 C 1.

Proof. (i) First we show that the map f : Ay /0 — Ay /1 given by f(a/0) = a/v
is a strong homomorphism. So, let a € A and s € S. Then

f<%os> :f Ul’;s :xLJf(Q?;S):UJ?;}S:Ua;S

z€G €5 z€G TE€G
aos a f (a)
= = — 08§ = — ] O S.
v 0

Thus f is a strong homomorphism and ¢/0 = Kerf € Con(Ay/6) and so by
Corollary 4.14, (Ay/0)/(v/0) = Ay /).

(ii) Let ¢ be a congruence on Ay /0. Take v = {(a,b) : (a/0,0/0) € ¢}.
Then, § C ¢ and ¢ = 1/0. Further ¢ is a congruence on Az. Since 6 and /6
Ay /0
¥/0
homomorphisms. Thus, f = 77, is also a strong homomorphism. But

Kerf = {(z,y): f(z) = fy); =A{(z,y) : («/0)/¢ = (y/0)/¢}
= {(z,y): (2/0)(0/0)(y/0)} = ¢

Thus v is a congruence by Corollary 3.10. n

are congruences on Ay, vp @ Ay — Ayn/0 and v @ Ay /0 —

are strong
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5. Limits and colimits in the category HACT — S
In this section the limits and colimits of hyper S-acts are studied.

Remark 5.17 For a semigroup S, the set of all hyper S-actions on a fixed set X
is denoted by H = H(X). Let o;,0; be two elements of H(X). Define o; < o; if
for every z € X and s € S, x 0; s C x0; s. Then H(X) with the relation < is a
complete Boolean algebra, with A\ H,\/ H given by

x(/\H>3: ﬂ(:z:os),

oeH

x (\/H) s :OLEJH(mos),

for z € X and s € S. Specially, 0,1 in H(X) are given by z0s = 0, z1s = X.
Also, the complement o' of an element o € H(X) is defined as xo's = X — (zo3s).

Lemma 5.18 Let S be a semigroup and X be a set, ' = {f;: X — A; |i € I},
G ={g;: Bi — X | i € I} be families of functions, where A;, B; are hyper S-acts,
for alli € I. Then, the greatest (smallest) hyper S-action on the set X, for which
fi 0 g; are homomorphisms, exists. This hyper S-action on X 1is called the hyper
S-action induced by F(G) and is denoted by o= (F')(o = (Q)), or simply by o~ (o).

Proof. Let H be the set of all hyper S-actions on a set X which makes each f;
a homomorphism. Take o~ =\/ H. It is enough to show that o~ € H. Let i € [
be fixed. We prove that each f; is a homomorphism from hyper S-act (X,07) to
(Aj,0;). Let x € X, s € S. For every o € H, fi(xos) C fi(x) o; s where o; is the
hyper S-action on A;. Then

fiw o™ s) = i

U <xos>] = U filzos) € fila) ors.

o€eH o€eH

Thus f; is a homomorphism. Dually, taking K to be the set of all hyper S-actions
on X which makes each ¢g; a homomorphism, and o~ = A K it can be shown that
o~ € K. L]

Theorem 5.19 Let D : I — HAct — S be a diagram and U : HAct — S — Set
be the forgetful functor. If {f; + A — UA;}ier is a limit of U o D : I — Set, then
{fi + A — A}icr is a limit of D, where the hyper S-action on A is induced by
{fit A— Aitier.

Proof. Let {h; : C — A;}ic; be a source of D in HAct — S. Consider {Uh; :
UC — UA;}ier in Set. Since {f; : A — UA;}ier is a limit of U o D, there exists
h : UC — A such that h; = f;h, for all © € I. Now, it is enough to show that
h is a homomorphism, where the hyper S-action on A, say o, is induced by
{fi : A — A;}icr. Define another hyper S-action o4 on A as follows:

h(z)oss= U h(y oc s)
h(y)=h(z)
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for x € C,s € S, and for other elements of A, a oy s = ao~ s. Then oy
is a hyper S-action on A which makes each f; a homomorphism. Indeed, for
1el,reC,seSf,

filth@) oa sl = filUpg)—n(w) My oc 5)]
= U fiblyocs)
h(y)=h(x)

C U hilyocs)
h(y)=h(z)

- U hi(y) o; s
h(y)=h(z)
Uh(y):h(g;) fih(y) oi s
= fih(x) o; s.
The result for the other elements of A follows from the same property of o™. So,
o, <o, and then for every z € C,s € S,

h(zocs) Ch(x)oss C h(x)o s.
Thus, h is a homomorphism, as required. u

Theorem 5.20 Let D : I — HAct—S be a diagram and U : HAct — S — Set be
the forgetful functor. If {g; : UA; — A}icq is a colimit of U o D : I — Set, then
{gi + Ai = Al}icr is a colimit of D, where the hyper S-action on A is induced by
{gi + Ai — A}icr.
Proof. Similar to the proof of the above theorem, let {k; : A; — C'}.c; be a sink of
D in HAct — S. Consider {Uk; : UA; — UC}ic; in Set. Since {g; : UA; — A}icr
is a colimit of U o D, there exists k : A — UC' such that kg; = k;, for all 7 € I.
Now, we show that k is a homomorphism, where the hyper S-action on A, say
o, is induced by {g; : A; — A}ies. Define another hyper S-action o4 on A as
follows:

aoys =k *(k(a)oc s)
for a € A,s € S. Then oy is a hyper S-action on A which makes each g; a
homomorphism. So, o~ < oy, and then for every a € A, s € S,

ao” sCaoys=k"(k(a)ocs)
and hence k(a o= s) C k(a) oc s. Thus, k is a homomorphism. .
As a corollary of the two preceding theorems we have the following.

Corollary 5.21 The category HAct — S has all limits and colimits and
U :HAct — S — Set preserves limits and colimits.

Acknowledgments. The author gratefully acknowledge the referee’s careful
reading of the paper and giving useful comments.



332 LEILA SHAHBAZ

References

[1] AMERI, R., ZAHEDI, M.M., Hyperalgebraic systems, Ital. J. Pure Appl.
Math., 6 (1999), 21-32.

[2] CorsINi, P., Prolegomena of hypergroup theory, Aviani Editore, 1993.

[3] EBRAHIMI, M.M., KArRIMI, A., MAHMOUDI, M., Limits and colimits in

the category of universal hyperalgebras, Algebras, Groups, and Geometries,
22 (2005), 169-182.

[4] EBRAHIMI, M.M., KAriMI, A., MAHMOUDI, M., Quotients and Isomor-

phism Theorems of Universal Hyperalgebras, Ital. J. Pure Appl. Math., 18
(2005), 9-22.

[5] EBRAHIMI, M.M., MAHMOUDI, M., The category of M-sets, Ital. J. Pure
Appl. Math., 9 (2001), 123-132.

(6] KiLp, M., KNAUER U., AND MIKHALEV, A., Monoids, Acts and Categories,
Walter de Gruyter, Berlin, New York, 2000.

(7] MARTY, F., Sur une généralisation de la notion de groupe, 8¢ Congress
Math. Scandinaves Stockholm, 1934, 45-49.

[8] SLAPAL, J., On exponentiation of universal hyperalgebras, Algebra Univer-
salis, 44 (2000), 187-193.

[9] SPARTALIS, S., Quotients of P-H,-rings, Proceedings of the International
Workshop Hyperstructures, Molise, Italy, August 9-12, 1995, Hadronic Press,
Series on New Frontiers in Advanced Mathematics, 1996, 167-176.

[10] Voucioukuis, T., H,-vector spaces, Algebraic structures and applications,

Proceedings 5" International Congress, lasi, Romania, July 4-10, Hadronic
Press Inc., (1994), 181-190.

[11] VoucioukLis, T., A new class of hyperstructures, J. Comb. Inf. Syst. Sci.,
20 (1-4) (1995), 229-235.

Accepted: 01.01.2012



