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1. Introduction

In 1934 Marty [5] introduced a new mathematical structure as a generalization
of groups and called it hypergroup. Subsequently, many authors worked on this
new field and constructed some other generalizations such as hyperrings, hyper-
modules, and hyperfields. In 1988 the notion of hypervector space was given by
Tallini [12]. She studied some algebraic properties of this new structure in [8], [9],
[10], and [11]. A wealth of applications of these new constructions in: geometry,
hypergraphs, binary relations, combinatorics, codes, cryptography, probability,
and etc. can be found in [2]. Recently, we studied hypervector spaces in the
viewpoint of analysis and generalized some definitions and proved many interesting
theorems about them in [6] and [7]. In this paper we focus on some other properties
of these spaces. We define convex, strictly convex, balanced, and absorbing subsets
of a normed hypervector space and prove some theorems about them.
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Let P(X) be the power set of a set X, P*(X) = P(X)\{9}, and K a field. A
hypervector space over K that is defined in [8], is a quadruplet (X, +, 0, K') such
that (X, +) is an abelian group and

o: K x X — P*X)

is a mapping that for all a, b € K and x, y € X the following properties holds:
)
)
(iii) ao (bo x) = (ab) o x, where ao (bo ) ={aoy : y€bo z},
)
)

Note that every vector space is a hypervector space and specially, every field
is a hypervector space over itself.

A non-empty subset of a hypervector space X over a field K is called a
subspace of X if the following holds:

(i) H—HCH,
(ii) ao H C H, for every a € K.

Let (X, +, 0, K) be a hypervector space. Suppose that for every a € K, |a|
denoted the valuation of a in K. A pseudonorm on X that is defined in [9], is a

mapping
|-]]: X —R
that for all @ € K and x, y € X has the following properties:
(i) 1[0l =0,
(i) [lz +yll < [l +[lyll,
(iii) sup|la o zf[ = [a] ||x]].

A pseudonorm on X is called a norm, if:

l|z|| =0 <=z = 0.

2. Main results

The norm that is defined on hypervector space (X, +, o, ||-||, &) induced a topology
on X as following:
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Let (X,+,0,|| . ||, K) be a normed hypervector space. For z € X and ¢ > 0
the open ball B.(x) is defined as
Be(z) ={y e X : [z —yll <e}.

The { B(z) : * € X,e > 0} is a basis for a topology on X which is the
topology induced by this norm.

Clearly, the intersection of any collection of convex sets is convex.

Definition 2.1. A non-empty subset E of a hypervector space X = (X, +,0, K)
is called convex if for any x, y € F and 0 < A < 1,

Aoz+(1—-XN)oyCE.

1 1
Also X is called strictly convex if sup H§ ox + 5° yH < 1, whenever z, y € X,

z #y, and |[z][ = [ly|| = 1.

Lemma 2.2 Let X = (X, +,0,|| - ||, K) be a normed hypervector space, v € X,
and e > 0. If
Bu(r) = {y € X+ [l —yll < e},

then B.(x) is a convez set.

Proof. First, suppose that x = 0. Let z, w € B.(x) and 0 < A < 1. Since for all
a, be X, |la+b|| < ||a|| +]|b|| and by the definition of a norm, we have

sup||Ao z+ (1 = A)ow|| < supl|Ao z||+sup||(1—N)o wl|
= AMlzl|+ A =N |Jw|]] < Xe+ (1 = Ne=¢.

On the other hand, it is easy to check that B.(x) = B.(0) + z. So the proof is
complete. -

Theorem 2.3. Let X = (X,+,0,| - ||,K) be a normed hypervector space,
r,y € X, x#y, and ||z|| = |ly|| = 1. If X is strictly convex, then

supl[tow+ (1= ) oyl < 1,

for 0 <t < 1. Also X is strictly convex if there is some t, 0 <t < 1, such that
sup [t oz +(1— 1) oyl| <1,

forz,y € X with x #y, and ||z|| = ||y|| = 1.

Proof. Suppose 0 <ty < 1 and

sup |[toox + (1 —tp) oy|| < 1.
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t
If0<t<t0,thenlets:t—. So0 < s<1and
0

tox+(1—t)oy

(sto)ox+[s(1—tg)+1—s|oy

C (stg)ox+(s(l—ty))oy+(1—5)oy.
Therefore
sup|[[tox+ (1—t)oy|| < sup|(sto) oz + (s(1 —ty))oy+(1—s)oy]|
< sup||(sto) oz + (s(1 —tg)) o yl|| +sup||(1 —s) oy
< ssupl|<((sto) o + (s(1 ~ t0)) ol + (1 — )y
< ssup|ftoox + (1 —to) oyl + (1 — s)||yll

< 1—-s+s=1,

because asup ||bo x|| = ab||z|| = sup ||(ab) o z||, for every a, b > 0.

. Then 0 < s <1 and

Ifto<t<1,lets=
0 , 1L S ]_—t()

tox+(1—t)oy = (sto+1—8)ox+s(l—1ty) oy
C (1—=s)ox+(stg)ox+s(l—1t)ouy.
Hence
sup|[tox+ (1 —t)oy|| < supl[(l1—s)ox+ (sty)ox+s(l—ty) oyl
< sup|[(1 = s) o x[| +sup ||(sto) oz + s(1 — to) 0 |
< (L= s9)llz]| + ssup|[toox + (1 —to) oyl
< 1l—s+s=1,
as before. Thus
sup|[[tox + (1 —t)oyl| <1,

for 0 <t < 1,ifsup|[tpox+ (1 —1ty) oyl|| <1, for some 0 < ¢y < 1. On the other
hand if X is strictly convex, then

Sup\|lox+loy|]<1.
2 2

This proves both parts of the theorem. n

Before proving the next theorem, it is necessary to note the following useful
remark.

Remark 2.4. If X = (X, +,0,]||- ||, K) is a normed hypervector space such that
for every z, y € X, ||(x +y)|| =sup||1lo z+ 1o y||, then for every 0 # a € K, we
have sup ||a o (z + y)|| =sup|lao z + ao y||. Because
sup(lac (z+y)ll = lalsup|[lo (z+y)ll
la|sup ||[1o x + 10 y|
— supllac (1o z+10 y)),
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and therefore

sup[lao z +ao y| la|sup |3 o (a0 z+ao y)

lalsup|[[1 oz + 1o y|| =supllao(z+y)|

NN

sup|lao x4+ ao y||
It shows that
sup|lao (z+y)|| =sup|laoc =+ ao yl|.

Theorem 2.5. Let X = (X,+,0,]|| - ||, K) be a normed hypervector space such
that for every x,y € X and c € K,

(i) z € co y impliesy € c ™t o x|

(ii) z€loy andy € 1o x implies x =y,
(iii) [|(z+ )| =sup|[loz+1oyll,
(iv)

Then X s strictly convex if and only if for all non-zero elements z,y € X,
|z + y|| = ||z|| + ||y|| implies z € co y, for some ¢ > 0.

l|co z|| is a closed set.

Proof. First, suppose the condition holds. Let z, y € X be such that ||z|| =
1 1
lyll = 1 and sup||5 0z + 5 o yl| = 1. So

1
L= l2[l = [yl —SupH—ox+ Soull= —Hx+yH

and, therefore, ||x+y|| = 2 = ||z||+]|y||. Hence, there is ¢ > 0 such that x € co y.
Since y € ¢! o x, we have

1= [lz[| <sup|leo yl| = cllyl| < esuplle™ o | = cc™[[z]| =1,

and, therefore, ¢ = 1. It means that z € 1o y and y € 1o z. So, x =y and X is
strictly convex.
To complete the proof, suppose X is strictly convex and let non-zero elements

x,y € X besuch that ||x+y|| = ||=||+||y||- Alsolet z; € — e || oxandy; € —— || ||
be such that ||x1]| = [|y1]|| = 1. Since x € ||x|| o 21 and y € ||y|| o y1, then

1

||$+y||<sup||wo ” i oyrl| <sup|[loz+ 1oyl = [lz+yl
So sup ||||z|| o z1 + [ly|| o w1|| = ||z|| + ||y||- It means that
[l]] [yl
sup||——— oz + ——————— o y|| = 1,
[l[| + 11yl (| + 1]l
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where 0 < [ < 1. By Theorem 2.3, we have z7 = y;. Hence
[zl + [yl
_ _ =l
z € [[xf| o @y = |[z]] oy C = oy
Iyl
This completes the proof. .

Example 2.6. Let (R", 4+) be the classical additive group over R™ and for every
a € R,
aox={tax : 0 <t <1},

where tax is the classical multiplication of R over R™. Now, let ||z|| be the distance
of x from the origin in R™. Then it is easily seen that (R", +, o, || - ||, R) is a
normed hypervector space which is satisfied in the hypothesis of Theorem 2.5.

Definition 2.7. A non-empty subset £ of a hypervector space X = (X, +,0, K)
is called balanced if £ o x C E, whenever x € E and k € K with |k| < 1, and it
is called absorbing if for every z € X there exists > 0 such that

lo:EQE.
r

Theorem 2.8. Let X = (X, +,0,]|| - ||, K) be a normed hypervector space such
that

(i) 0o x = ko 0={0},
(i) = € ko y implies that y € k™ o x,
(ili) {ko x : k€ K} is a subspace of X,

for every x,y € X, k € K. Also suppose that E is a convex, balanced and
absorbing subset of X such that no non-zero subspace of X is contained in E. If

1
(1) l|z|| =inf{r >0 :-0x C E},
r
then || - || is @ norm on X, and that
{zeX |lz|]|<1}CEC{ze X :|lz|| <1}

Furthermore, for every norm in a hypervector space X, there is a convex, balanced
and absorbing subset E of X such that it stabilizes (1).

Proof. Let # € X and suppose that ||z|| = inf S,, where

1
Sy ={r>0:—o0xCFE}
r
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Then S, C (0, o), and hence ||z|| > 0, for every z € X. If x € E then —x €
(—1) o & C E, because E is balanced. So

because E is convex. Thus {0} = %o 0 C E, for every r > 0, and therefore
So = (0, 0o0) and [|0]| = inf Sy = 0.

Now, suppose that x # 0. Since 0 #z € lox C Y, thenY ={koz : k€ K}
is a non-zero subspace of X. So, Y is not contained in F. Hence there is k; € K

such that ko © ¢ E. Clearly, k; # 0. Suppose that 0 < r < and r € 9.

1
) ||
Then, — o  C E, and since |K;r| < 1 and E is balanced, we have

T

r

1
kiox = (kir)o <—ox) CE.

1
This contradiction shows that if r € S, then m < 7. Thus, we have proved
1

that ||z|| = 0 if and only if x = 0.

Next, assume that k£ # 0 and r € Sio, = U Sy. Then thereisy € ko x
yekox

1
such that r € S,,. Therefore, = o y C E, z € k™! o y and since F is balanced, we
r

have
1
@ox:%o (gox> g’—l]z’o(éo(l@_loy)) :%o(;oy) CFE.
It means that |%| € S, and then ||z|| < ’—]:| So, for every r € S, that y € ko z,
we have |k|||z|| < r and hence
B[] < Tlyll-

So, for every k # 0,
|k|[|z]| < sup ||k o z]].

By changing k to %, we have

)

—1 [yl < —1
<su o
2 Yy p 2 Yy

1 1
for every y € k o x. Therefore, there is z € Z oY such that ‘E’ llyll < |]z]|- So,

Bzl < [lyll < |&[1]=]].
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1 1 1
It means that mHyH = ||z||. Since z € oY - z° (ko x) =10z, we conclude

that
sup ||k o z|| < |k|sup||l o x|l

Now, we show that sup||l o z|| = ||z||. Let 2z € 1o x. Then, z € 10 2z and

1
— oz CF, for every r € S, and also
,

1 1 1
—oxC-o(loz)=-02zCE.
r r r

It means that » € S,. Similarly, one can show that if » € S, then » € S,. Hence
|z|| = ||z||. So by the last inequality, we have

sup [k o || < |k[|]]],
and, therefore, we have shown that
sup ||k o xzf| = [k[|2[l,

for every k # 0. Clearly, it is true for £ = 0.
To prove the triangular inequality, let z, y € X. Given ¢ > 0, we can find

1
r € S, and s € S, such that » < ||z|| + € and s < ||y|| + €. Then —o 2z C E,
r

—o y C F, and since E is convex, we have
,

1 1 1 T 1 S 1
o(x_i_y)g ox -+ Oy: (e} —ox | + o —O’y gE
r+s r+s r—+s r+s r r+s

Hence r + s € Sy4y, and
lz+yll <7+ s <|l=]| + [lyl] + 2.
Since € > 0 is arbitrary, we have
[z +yll < [l]] + [lyll-

Thus || - || is @ norm on X.
Next, let ||z|| < 1, then there is r € S, with ||z|| < r < 1. Now, since E is

1 1
balanced, —o x C Fandx €lox=7ro | —-ox | C E, and therefore
r r

{re X :|z|| <1} CE.
If x € E, then 102 C E, because F is balanced and hence ||z|| < 1. Thus
EC{xre X :|lz|| <1}

For the last part of the theorem, let X = (X,+,0,]|| - ||, K) be a normed
hypervector space. Put F = {x € X : ||z|| < 1}. Then by Lemma 2.2, F is
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convex. If z € F and r € K such that |r| < 1, then sup||roz|| = |r|||z]] <1
and therefore r o x C E and E is balanced. For 0 # z € X, let r = 2||z||, then

1
== and hence E is absorbing. Let z € X and

g o

r

1
Sx:{r>01—ox§E}.

If r € S;, then % ox C E and so %HIH = supH%o [EH < 1. Thus ||z|| < r, for
every r € S,. This implies that ||z|| < inf S,. If ||z|| < infS,, then choose r with
l|z|| < r < infS,. Thus, supH%ox = %||x|| < 1, and so %ox C E, that is
r € S,. This is not possible since r < inf S,. So, ||z|| = inf S, and the proof is

complete. .

Example 2.9. One can easily check that Example 2.6 satisfies in the hypothesis
of Theorem 2.8, too.
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