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Abstract. The classical Hartley transform, originally introduced by Hartley as a real
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1. Introduction

The Hartley transform is a spectral transform closely related to the Fourier trans-
forms. It contain the same information that the Fourier transform does, and no
advantage accrues in its use for complex signals. However, for real signal, the
Hartley transform is real and this can offer computational advantages in signal
processing applications that traditionally make use of Fourier transforms [15].
Moreover, the Hartley transform can be analytically continued into the complex
plane, and for real functions it is Hermitian symmetry on reflection in the real axis.
The Hartley transform in the complex plane is an entire function of exponential
type with zeros close to the real axis, a property shared with Fourier transform

[15, p.p. 414]. The Hartley transform H (v), of f (z), is defined by [13]-[17]

(1) H (v) = /Rf (x) cas (2mzv) dx,

where
cas (2mvz) = cos (2mvx) + sin (27vx) .
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Therefore, it follows that the inverse Hartley transform is given by

(2) f(x) = /RH (v) cas (2mzv) dv.

The scalling and linearity conditions of the Hartley transform have been described
in [16]. Theorems for the Hartley transform, analogous to those for the Fourier
transform, can be easily derived from definitions. The more complicated, com-
pared to the Fourier transform, is the convolution theorem which can sometimes
amount to a disadvantage of the Hartley transform. For functions f and ¢, L!
functions, the convolution theorem of the Hartley is defined by

) H (f og)(v) = 3G (H] x Hy) (),
where

4) G(fxg)(v)=f()g@)+fw)g(=v)+f(-v)gv)—-f(-v)g(-v).

and e is the usual convolution product.

2. Boehmian spaces

The general construction of Boehmians is algebraic in nature. Boehmians were
first constructed as a generalization of regular Mikusinski operators [5]. The mini-
mal structure necessary for the construction of Boehmians consists of the following
elements:

(i) A nonempty set X and a commutative semigroup (Y, %) ;

(ii) An operation o : X x Y — X such that for each z € X and s1,$9,€ Y,
o (s1%82) = (xosy)0 S

(iii) A collection A C YV such that:

a) fx,yeX (s,) €A, zo0s,=yos, forall n, then x = y;
b) If (s,), (t,) € A, then (s, xt,) € A.

Elements of A are called delta sequences.

Let F = {(xn,8n) : Tp € X, 8, € A,y 0 Sy = Ty © Sy, Ym,n € N} . Consider
(Tny Sn) s (Ynstn) € F,Tp0oty = Ymosy, Vm,n € N, then we say (2, $,) ~ (Yn, tn) -
The relation ~ is an equivalence relation in F . The space of equivalence clases in
[ is denoted by 3. Elements of § are called Boehmians. A typical element of 3

Tn

is written as ] . Between X and (3 there is a canonical embedding expressed as

r — #2». The operation o can be extended to 8 x X by ot = mg—Ot In G, two

Sn

types of convergence:
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Type 1: A sequence (hy,) in B is said to be § convergent to h in (3, denoted

by hy, KN h, if there exists a delta sequence (s,) such that (h, o s,),(hos,) € X,
Vk,n € N, and (h, o s;) — (hosg) as n — oo,in X, for every k € N.

Type 2: A sequence (hy,) in (3 is said to be A convergent to h in (3, denoted

by hy, 3 h, if there exists a (s,) € A such that (h, —h)os, € X;V¥n € N, and
(hp, —h) o s, — 0 as n — oo in X. For more details, see [1]-[5], [7]-[9], [11], [12].

3. The Boehmian Space M (E,D, A, )

By D (R), we denote the space of test functions of compact support and E (R)

the space of all infinitely smooth functions on R equipped with the sequence of

multinorms & (f) = sup }f(k) (x)‘ for every f € E(R), where K run through
zeK

compact subsets of R. The kernel function of the Hartley transform, cas2rxv, is
certainly a member of E (R) for arbitrary but fixed v. This justifies the extension
of the Hartley transform to the context of distributions through the formula

Hf (v) ={f(z),cas2mvx)

for each f € E' (R), the strong dual of E (R) of distriutions of compact support
[10], [19]. Let A be the family of sequences (7,) from I (R) such that

(5) /%L (x)dx =1, for every n € N.
R
(6) / |V (z)|dx < M,  for some positive M.
R
(7) supp Vo () C (—€n,€n), €, — 0 asn — oo.

Members of A are named as delta sequences .

Lemma 3.1. Let f € E(R) and ¢ € D(R) then fe ¢ c E(R).

Lemma 3.2. Given fi, fo € E(R) and ¢ € D (R) then for every a € C,
(fitfo)ep=Ffied+ frepand a(fied)=(afi)ed=fie(ag).

Lemma 3.3. Let f, — f in E(R) and ¢ € D(R) then f,e ¢ — feoo .

Proofs of Lemmas 3.1-3.3 are straightforward from the properties of the in-
tegral operator.

Lemma 3.4. Let f, — f in E(R) as n — oo and ¢ € D(R) then f,ed — f as
n — oo.

Proof. If f, — f in E(R) then from Eq. (5) we get |D*(f, 09— f)(z)| <
Mé& (fn(x—1t)— f(x)) — 0 as n — oco. Hence & (f,o¢p— f) — 0 as n — oo.
The lemma is completely proved.
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The Boehmian Space M (E, D, A, o) is constructed. The sum of two Boeh-
mians and multiplication by a scalar in M (E, D, A, e) can be defined in a natural

f_’n 9n | fnon+gnedn f_n _ ﬁ :
way [%]4— [wn} = [—%wn ] and « [%] = [a%] ,a € C. The operation e and

the differentiation are defined by [(Jg—z] . [%] = [%] and D* [;:_Z] = [%} .
The relationship between the notion of convergence and the product e is given by:
1-1If f, — f asn — oo in E (R) and, ¢ € D (R) is fixed, then f,e¢ — fe¢in
E(R),asn — o00;2—If f, — f asn — oo in E (R) and (6,) € A, then f,ed, — f
in E (R), as n — o0o. The operation e can be extended to M (E, D, A e) x D in
the sense that If [f,/d,] € M (E,D, A, e) and ¢ € D (R),then [%] e = [fg—;d’]
Convergence in M (E, D, A, o), is defined as follows: A sequence of ((3,) in
M (E, D, A, o) is said to be § convergent to a Boehmian 3 in M (E,D, A, e), de-
noted by [, BN B, if there exists a delta sequence (,) such that [3, ® 0,3 6, €
E(R),Vk,n € N, and (3, 0, — [ as n — oo, in E(R), for every k € N.
This can be interpreted to mean: [, LR B (n— o0) in M (E,D, A, e) if and only

if there is fnk, fr € E(R) and (0x) € A such that 3, = [@L—kk} .0 = [g—:} and for

each k € N, fo, — fr as n — oo in E (R). It is more often convenient to use
another kind of convergence:

A sequence ((,) in M(E,D, A, e) is said to be A convergent to a 3 in
M (E,D, A, o), denoted by /3, 4 B, if there exists a (8,) € A such that (5, — ) e
o, € E(R),Vn e N, and (5, — 3) @0, — 0 as n — oo in E(R).

4. The Space My (E, D7 A" )

To extend the Hartley transform to Boehmians we describe another space of
Boehmians as follows. First, it will be necessary to know that, if (v,)€A then

(8) H~, (v) — 1 as n — oo.
and that
(9) H~y, (—v) = 1 asn — oo.

uniformly on compact subsets. Let a mapping Y between f and H¢ be defined by

1
(10) (F ¥ Ho) (v) = 3G (f x Ho) (v).
G has the usual meaning in (4). Denote by D (R) , the set of all Hartley transform

of functions from D (R) . Define A = {H~, : v, € A, Vn € N }. We prove the
following

Lemma 4.1. Let f € E(R), H¢ € DH (R) then (f Y Ho) (v) € E (R).
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Proof. Let k € N then for each f € E(R) and H¢ € D¥ C E(R) we have
H¢ (Fv) f (£v) € E(R). If K is a compact subset of R containing supp ¢ then
by using Eq. (10) and Eq. (4) we get

(11) sup‘DS(fYHqS)(U)‘ < 00.

veEK

Allowing K traverses the set of real numbers yields f Y H¢p € E (R). This com-
pletes the proof of the lemma.

Lemma 4.2. A mapping E x D — E defined by

(12) (f,Hp) — fY Ho
satisfies the following
(i) If Ho, Hy € DT (R) then (Ho Y Hv) (v) € DH (R).

(i) If f.g € E(R),Hp € D' (R) then ((f +g) Y Ho)(v) = (f Y Ho)(v) +
(9Y HY) (v).

(i) (Ho Y HY) (v) = (Ho ¥ HY) (v) Y, H € D (R).

(iv) If f € E(R),H¢, Hy € DH (R) then (f Y Ho) Y Hy = fY (Hp Y Hy).
Proof. (i) Let v € R then it is clear that (H¢ Y Hv) (v) = H (¢ e ¢)) (v). But
Lemma 3.1 implies ¢ @ 1) € D (R). Hence H¢ Y Hy € D (R).

(ii) is obvious.

(iii) Since po1) € D (R), p o) = 1p e ¢. Applying the Hartley transform yields
H((¢yeo¢p)(v)=H (po1)(v). This implies Hp Y Hyp = H Y Ho.

(iv) can be easily established by routine calculation from Eq. (4) and Eq.
(10) . The lemma is completely proved.

Lemma 4.3. Let fi, fo € E(R),Hy, € A% Vn, fi Y Hy, = fo Y Hv,,Vn, then

Proof. From hypothesis fi; Y Hv, = fo Y Hv,, Vn. Invoking Eq. (8) and Eq. (9)
in Eq. (10), yields f; (v) = f2 (v),Yv € R. Thus f = ¢. This completes the proof
of the lemma.

Lemma 4.4.

(1) If fo— finE®R) as n— oo and Hp € DH (R) then f, Y Hp — fY Ho

as n — oQ.

(2) If fo — f in E(R) as n — oo and Hy, € A then f, Y Hy, — f as
n—ooin E(R).
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The proof of the above lemma is a result of Eq. (8) and Eq. (9).
Lemma 4.5. Let (Hv,)7, (HE,) € A then (Hv, Y HE,)® € AP

Proof. Let (v,),(§,) € A then (y,e¢&,) € A. Thus, (v,e&,) € A is the se-
quence such that (Hv, Y HE,) (v) = H (v, 0&,) (v) € AH. Hence the lemma is
completely proved. Further, it can be observed that

H~, Y H,, — 1 asn — oo,

for every (v,),(&,) € A. Hence, A satisfies the necessary conditions for delta
sequences. The Boehmian space My (IE, DA AH, Y) , or My, is constructed. Ad-
dition, scalar multiplication, differentiation, convolution and convergence can be
defined in a natural way. For some detail, the sum and multiplication by a scalar

Hp, 1y

Hon Hon

H fn Hgn H fnYHgn Hf, D Hf,
by |:H<]£n:| ¥ [Hzgpn] - [HJ;IHZ,TL] and D¢ [H(J;n] _ [ H@f ] Convergence on

My (E, D, A ) is defined by:

A sequence of (Hf,) in My (E,D, A" Y) is said to be 6 convergent to a
Boehmian H( , denoted by H [, 4, Hp, if there exists a delta sequence (Hd,,) such
that HB, Y Ho,, HGY Hb, € E(R),Vk,n € N, and HS, Y Hé, — HB Y H as
n — oo,in E (R), for every k € N. This can be interpreted to mean: Hf, LR Hp
(n — o0) if and only if there is H fn 1, Hfry € E(R) and (Hb;) € AT such that
HB, = [Hlfgk’“} JHB = [g—f;:] and for each k € N, Hf,, — Hf, asn — oo in
E (R).

It is more often convenient to use another kind of convergence: A sequence
(HB,)eMy(E, D AH ) is said to be A convergent to a HBeMy(E, DA AH Y),
denoted by H[, 4 H@, if there exists a (Hd,) € A” such that (HB, — H3) Y
Hj, e ER),Vn e N, and (HS, — HB) Y Hé, — 0 as n — oo in E(R).

Q [ = [a ] ,a € C. The operation Y and the differentiation are defined

Theorem 4.6. The mapping

E — My (E,D A% Y)

(13) ;o [

HAn

is a continuous imbedding of E(R) into My (E,D*, A" ) with respect to o
convergence.
Proof. To show the mapping is one to one let [%} = [%] . Then

(f Y Hvy,) Y Ht,, = (g Y Ht,,) Y Hry,.

For large values of m and n, Ht,,, HYy, — 1. The above equation is therefore re-
duced to f = g. To establish continuity of Eq. (13) with respect to —convergence,
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let f, — 0 as m — oo then f, Y Hv, — 0 as n — oo. Hence [%]ﬁ@%

n — 00. The theorem is completely proved.

5. Hartley transform of Boehmians

Let [f/_Z] € M(E,DD, A, e) then, in view of analysis established in Section 4, we
define the extended Hartley transform by

- ()

in M (E,DH, A® v).
Theorem 5.1. k: M(E, D, A, o) — My is well-defined.

fn — n i 3
Proof. Let |:’Y_ni| = [i’—n] then f, et,, = g,, ®7,. Employing the Hartley transform
and using Eq. (10) we get H f,, Y Ht,, = Hg,, Y H~,. Therefore

Hf,|  [Hgn
] =]

The theorem is completely proved.

Theorem 5.2. kM (E, D, A, o) — My is one to one.

Proof. Let k [i—”} =K [g—"] then Hf, Y Ht,, = Hg,, Y H~,. Using the fact that
the classical Hartley transform is one to one and upon employing Eq. (10) we get

fn®ty = gm ® 7,. Therefore [%} = [%’z] . Hence the theorem.

Theorem 5.3. k:M(E,D, A o) — My is continuous with respect to § conver-
gence.

Proof. Let 2, — 0 in M(E,D,A e) as n — oo, then using [7], =, = [%]
for some f,; where f,; — 0 as n — oo. Applying the Hartley transform yields
Hf,;— 0asn— oo. Thus kz,, — 0 as n — oo. This completes the proof.

Theorem 5.4. kM (E, D, A, o) — My is linear .
Proof of this theorem is straightforward.

Definition 5.5. Let [g—ﬁz] € My then we define the inverse generalized Hartley

transform to be the mapping

-

H~, Tn

in M(E,D,A,e).
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Theorem 5.6. k™! : My — M (E,D, A, o) is a well-defined and linear mapping.
The proof is analoguous to that of Theorems 5.1 and 5.4, and thus avoided.
Theorem 5.7. k™' : My — M(E, DD, A, o) is one to one.

Theorem 5.8. k! : My — M (E,D, A, o) is continuous with respect to §—con-
vergence.

The proof of Theorems 5.7 and 5.8 are analoguous to that of Theorem 5.2
and Theorem 5.3, respectively. Details are avoided.

Theorem 5.9. The mapping k:M (E,D, A, o) — My is surjective.

Proof. Let [giﬂ € My be arbitrary, then Hf,, Y Hv,, = Hf,, Y H~, for every
m,n € N. Using Eq. (10), H (f,, ® Ym) = H (fn, ® 1), for every m,n € N. Hence
the Boehmian [5—:} € M(E,D, A, ) satisfies the equation & [{;—:} = [g—f/:] . This
complete the proof of the lemma.

Theorem 5.10. k:M (E,D,A,e) — My, ' : Mg — M(E,D, A, ) are conti-
nuous with respect to A convergence.

Proof. Let z, = z in M(E,D, A, e) as n — oo. Then, there is f, € E(R)

and (v,) € A such that (z, —z) e, = [%] and f, — 0 as n — oo.

Employing the Hartley transform implies & ((z, —x) @ ,) = [H(;I”—,Y':")] . Hence

K((x, —x)ey,) = [%ﬁ%’} ~ Hf, — 0asn — oo in My. Therefore kz,, — kx

as n — oo. Next, let y, 4 y in My as n — oo, then we find F), € E(R) such
that (y, —y) Y 7 = [E}}—T} and F,, — 0 as n — oo for some (v,) € A and
F,—Hf,.

Next, applying Eq. (10),

H Y (F, Y H'yn)] .

£ (Yo —y) Y Hy) = { .

Thus &' ((yp, —y) Y Hy,) = [M] ~ fn — 0asn — oo in E(R).

Tn

Thus &' ((yp —y) Y Hy,) = (k7 'y, — k7 'y) @, — 0 as n — oo. Hence,

K1y, 4 k~ly as m — oo in M(E,D,A,e). This completes the proof of the
theorem.
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