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1. Introduction

Cluster sets for functions and multifunctions in general topology have been investi-
gated recently by good many researchers although such notion was developed long
ago and studied extensively within the framework of real and analytic function
theory (see [42]). In this regard, the classical book of Collingwood and Lohwa-
ter [12] and the research papers of Weston [40] and Hunter [20] are worth to be
mentioned where a comprehensive collections of works are found. Subsequently,
Hamlett [18], [19], Joseph [22] and many others (see [26], [27]) have extended
this notion for investigation of various characterizations of different covering pro-
perties like compactness, Lindeloffness, H-closedness [39], minimal Hausdorffness,
P-closedness [3], S-closedness [37].

Since the introduction of β-open sets [1] (= semipreopen [4]), many topo-
logical concepts are studied in terms of β-open sets. Only very few we mention
which are found in the papers [1, 2, 4, 5, 6, 7, 8, 11, 16, 17, 21, 30, 31, 32, 33].
In this paper, using β-open sets and θ-closure [39] (resp. δ-closure [39]) due to
Veličko [39], we introduce two new kinds of cluster sets called β-θ-cluster (resp.
β-δ-cluster) sets which provide new techniques for the study of the covering pro-
perty β-closedness [7]. (A space X is called β-closed if for every covering of X
by β-open sets has finite subfamily whose β-closures cover X.) In the course of
study, the degeneracy of such cluster sets are used as tools to obtain new charac-
terizations of various separation axioms like Hausdorffness, weakly Hausdorffness,
Urysohnness and other relevant properties.

Throughout the paper, X and Y denote topological spaces without any se-
paration axioms, and ψ : X→Y denotes a single valued function from X into Y .
By a multifunction F : X→Y , we mean a function mapping points of X into the
nonempty subsets of Y . For a subset S of X, clS and intS represent the closure
of S and interior of S in X respectively. We recall the following well known
definitions: A subset S of a space (X, τ) or X is said to be α-open [28] (resp.
semi-open [24], pre-open [25], β-open [1] or semi-preopen [4]) if S ⊂ intclintS
(resp. S ⊂ clintS, S ⊂ intclS or S ⊂ clintclS). We denote the classes of
all α-open (resp. semi-open, pre-open, β-open or semi-preopen) sets in a space
X by τα (resp. SO(X), PO(X), βO(X) = SPO(X)). It is well known that
τ ⊂ τα = PO(X)∩ SO(X) ⊂ PO(X)∪ SO(X) ⊂ βO(X). The family of all open
(resp. β-open) sets containing a subset S is denoted by τ(S) (resp. βO(X, S)). If
in particular S = {x} then they are respectively denoted by τ(x) and βO(X, x).
The complement of a β-open set is called a β-closed set. Pre-closed and semi-
closed sets are defined similarly. The β-closure=sp-closure [4] (resp. pre-closure,
semi-closure) of S denoted by βclS (resp. pclS, sclS) is the intersection of all
β-closed (resp. pre-closed and semi-closed) subsets of X containing S. A space X
is quasi-H-closed [10] (resp. S-closed [37], P-closed [3]) if every open (resp. semi-
open, pre-open) cover of X has finite subfamily whose closures (resp. closures,
pre-closures) cover X. For a subset S of X, the θ-closure [39] (resp. δ-closure
[39]) of S, denoted by θ-clS (resp. δ-clS) is the set {x ∈ X : clU ∩ S 6= ∅ for
each U ∈ τ(x)} (resp. {x ∈ X : intclU ∩ S 6= ∅) for each U ∈ τ(x)}). S is called
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θ-closed (resp. δ-closed) if S = θ-clS (resp. S = δ-clS). A space X is called
weakly Hausdorff [36], if each point x of X is the intersection of all regular closed
sets containing x.

A filter base F on a space X is said to be β-θ-adhere [7] at x if F ∩βclU 6= ∅,
for each F ∈ F and U ∈ βO(X, x). Thron [38] has defined a non-empty family
G of non-empty subsets of X to be a grill if (i) A ∈ G and A ⊆ B ⇒ B ∈ G and
(ii) A ∪ B ∈ G ⇒ A ∈ G or B ∈ G. A grill G on X is said to β-θ-converges to a
point x of (X, τ), if for each U ∈ βO(X, x) there is a G ∈ G with G ⊆ βclU . A
subset A of a space X is said to be NC-set [35] if for every cover of A by means
of regular open or δ-open sets of X has a finite subcover.

2. Prerequisites

The following definitions and results will be frequently used in the subsequent
sections.

Definition 2.1 A subset S of a space (X, τ) is said to be β-regular (= semipre-
regular [30]) if it is both β-open as well as β-closed.

The family of all β-regular sets of a space X and that containing a point x
of X are respectively denoted by βR(X) and βR(X, x).

Lemma 2.2 [30] For a subset S of a space X, S ∈ βO(X) if and only if
βclS ∈ βR(X).

Definition 2.3 A point x ∈ X is said to be in the β-θ-closure (= sp-θ-closure
[30]) of S, denoted by β-θ-cl(S), if S ∩ βclV 6= ∅ for every V ∈ βO(X, x). If
β-θ-clS = S, then S is said to be β-θ-closed (=sp-θ-closed [30]). The complement
of a β-θ-closed set is said to be β-θ-open (=sp-θ-open [30]).

Lemma 2.4 [30] For a subset A of a space X, β-θ-cl(A) = ∩{R : A ⊂ R and
R ∈ βR(X)}.

Lemma 2.5 [30] Let A and B be any subsets of a space X. Then the following
properties hold:

(i) x ∈ β-θ-cl(A) if and only if A ∩ V 6= ∅ for each V ∈ βR(X, x),

(ii) if A ⊂ B then β-θ-clA ⊂ β-θ-clB,

(iii) β-θ-cl(β-θ-clA) = β-θ-clA,

(iv) intersection of an arbitrary family of β-θ-closed sets in X is β-θ-closed in X,

(v) A is β-θ-open if and only if for each x ∈ A, there exists V ∈ βR(X, x) such
that x ∈ V ⊂ A,
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(vi) If A ∈ βO(X) then βclA = β-θ-clA,

(vii) If A ∈ βR(X) then A is β-θ-closed.

Remark 2.6 [30] Noiri has shown that β-regular ⇒ β-θ-open ⇒ β-open. But
the converses are not necessarily true.

A space X is called β-closed [7] if every β-open cover has a finite subfamily
whose β-closures cover X. Equivalently, X is β-closed [7] if every β-regular (resp.
β-θ-open) cover has a finite subcover.

3. β-θ-cluster sets and β-δ-cluster sets

Definition 3.1 Let ψ : (X, τ) → (Y, τ ′) be a function. Then β-θ-cluster (resp. β-
δ-cluster) set of ψ at x ∈X, denoted by βτ

θ (ψ; x) (resp. βτ
δ (ψ; x)), is defined to be

the set
⋂{θ-clψ(βclU) : U ∈ βO(X, x)} (resp.

⋂{δ-clψ(βclU) : U ∈ βO(X, x)}).
When no topology is mentioned on X then we write βθ(ψ; x) (resp. βδ(ψ; x))

instead of βτ
θ (ψ; x) (resp. βτ

δ (ψ; x)).

Theorem 3.2 The following are equivalent for a function ψ : X→Y :

(a) y ∈ βδ(ψ; x),

(b) there is a grill
∧

on X such that
∧

β-θ-converges to x and
y ∈ ∩{δ-clψ(A) : A ∈ ∧},

(c) the filter base {ψ−1(intclV ) : V ∈ τ(y)} β-θ-adheres at x.

Proof. (a)⇒(c). Let y ∈ βδ(ψ; x). Then intclV ∩ ψ(βclU) 6= ∅ i.e. βclU ∩
ψ−1(intclV ) 6= ∅ for each V ∈ τ(y) and for each U ∈ βO(X, x). Therefore the
filter base {ψ−1(intclV ) : V ∈ τ(y)} β-θ-adheres at x.
(c)⇒(b). Let

∧
= {A ⊂ X : A ∩ F 6= ∅, ∀F ∈ F = {ψ−1(intclW ) : W ∈ τ(y)}}.

We shall first show that
∧

is a grill on X. It is clear that
∧ 6= ∅ with ∅ 6∈ ∧

and
A2 ∈

∧
whenever A1 ∈

∧
with A1 ⊂ A2. If A1∪A2 ∈

∧
i.e. if (A1∪A2)∩F 6= ∅,

for all F ∈ F then either A1 ∈
∧

or A2 ∈
∧

. Suppose A1 6∈
∧

and A2 6∈
∧

.
Then there exist an F1 ∈ F such that A1 ∩ F1 = φ and an F2 ∈ F such that
A2 ∩ F2 = φ. Since F is a filter base on X, there exists an F3 ∈ F such that
F3 ⊂ F1 ∩F2 and hence (A1 ∪A2)∩F3 = ∅ — a contradiction. So,

∧
is a grill on

X. Let W ∈ τ(y) and V ∈ βO(X, x). Since F β-θ-adheres at x (by hypothesis
(c)), βclV ∩ψ−1(intclW ) 6= ∅. Hence βclV ∩F 6= ∅ for each F ∈ F . The definition
of

∧
shows that βclV ∈ ∧

for all V ∈ βO(X, x). Hence the grill
∧

β-θ-converges
to x. From the definition of

∧
, it is clear that intclW ∩ ψ(A) 6= ∅ for all A ∈ ∧

.
So y ∈ ∩{δ-clψ(A) : A ∈ ∧}.
(b)⇒(a). Let

∧
be a grill on X that β-θ-converges to x and for that grill y ∈ ∩{δ-

clψ(A) : A ∈ ∧}. Hence βclU ∈ ∧
, for each U ∈ βO(X, x) (as

∧
β-θ-converges

to x) and thus y ∈ ∩{δ-clψ(βclU) : U ∈ βO(X, x)}=βδ(ψ; x).
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Theorem 3.3 The following are equivalent for a function ψ : X→Y :

(a) y ∈ βθ(ψ; x),

(b) there is a grill
∧

on X such that
∧

β-θ-converges to x and
y ∈ ⋂{θ-clψ(A) : A ∈ ∧},

(c) the filter base {ψ−1(clV ) : V ∈ τ(y)} β-θ-adheres at x.

Proof. The proof is similar to the proof of Theorem 3.2.

It is clear from the definitions that for a function ψ : X→Y , βδ(ψ; x) ⊆
βθ(ψ; x), for each point x ∈ X. However, we give an example of a function where
the later inclusion is proper.

Example 3.4 Let X = {a, b, c}, τ = {φ,X, {a}, {b}, {a, b}}. Clearly, βR(X, τ) =
{φ,X, {a}, {b}, {b, c}, {a, c}}. Consider the identity function ψ : (X, τ) → (X, τ).
Then βθ(ψ; c) = X whereas βδ(ψ; c) = {c}. So, βδ(ψ; c) ⊂

6=
βθ(ψ; c).

The following theorem shows when such cluster sets are equal.

Theorem 3.5 Let ψ : X→Y be a function. Then βθ(ψ; x) = βδ(ψ; x), when Y is
regular.

Proof. Since for a regular space Y , δ-cl(A) = θ-cl(A) for each A ⊂ Y , the proof
therefore quite obvious.

Definition 3.6 A function ψ : X → Y is strongly β-irresolute [30] if for each
x ∈ X and each V ∈ βO(Y, ψ(x)), there exists an U ∈ βO(X, x) such that
ψ(βclU) ⊂ V .

Theorem 3.7 A space Y is weakly Hausdorff if and only if for any space X, and
any strongly β-irresolute surjective function ψ : X → Y , βδ(ψ; x) is degenerate
for each x ∈ X.

Proof. Sufficiency part. Let for a space X, ψ : X → Y be a strongly β-irresolute
surjective function. So for points y, z in Y with y 6= z ∃x and x0 ∈ X such
that ψ(x) = y and ψ(x0) = z. Because of degeneracy of βδ(ψ; x) and βδ(ψ; x0),
we have βδ(ψ; x) = {ψ(x)} = {y} and βδ(ψ; x0) = {ψ(x0)} = {z}. So there
exist V ∈ τ(y) and W ∈ βO(X, x0) such that ψ(βclW ) ∩ intclV = ∅ and hence
ψ(βclW ) ⊂ Y − intclV =U (say), which is of course a regular closed set of Y .
Clearly z = ψ(x0) ∈ U but y 6∈ U . Therefore Y is weakly Hausdorff.

Necessity part. Let for any space X, ψ : X → Y be a surjective strongly β-
irresolute function. Hence for each x ∈ X and each V ∈ βO(Y, ψ(x)), there exists
an W ∈ βO(X, x) such that ψ(βclW ) ⊂ V . From the definition of β-δ-cluster set
of ψ at x, it is clear that βδ(ψ; x)=

⋂{δ-clψ(βclU) : U ∈ βO(X, x)} ⊆ ⋂{δ-clV ) :
V ∈ βO(Y, ψ(x))}. Since Y is weakly Hausdorff for each y 6= ψ(x), there exists a
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regular closed set U containing ψ(x) such that y 6∈ U . As ψ is strongly β-irresolute
and every regular closed set is β-open, there exists a W ∈ βO(X, x) such that
ψ(βclW ) ⊂ U . Since Y−U = intcl(Y−U) ∩ U = ∅, intcl(Y−U) ∩ ψ(βclW ) = ∅.
So, y 6∈ δ-clψ(βclW ) and hence y 6∈ βδ(ψ; x). Thus βδ(ψ; x)={ψ(x)} for each
x ∈ X.

A function ψ : X → Y is called strongly θ-β-continuous [30] if each point
x ∈ X and each open set U containing ψ(x), there exists a V ∈ βO(X, x) such
that ψ(βclV ) ⊂ U .

Theorem 3.8 A space Y is Hausdorff if and only if for any space X and for any
strongly θ-β-continuous surjective function ψ : X → Y , βθ(ψ; x) is degenerate for
each x ∈ X.

Proof. Let Y be a Hausdorff space and for any space X, ψ : X → Y is strongly
θ-β-continuous surjection. Let y ∈ Y with y 6= ψ(x). Since ψ : X → Y is strongly
θ-β-continuous, for each open set U containing ψ(x), there is a V ∈ βO(X, x)
such that ψ(βclV ) ⊂ U . Now βθ(ψ; x)=∩{θ-clψ(βclV ) : V ∈ βO(X, x)} ⊆ ∩{θ-
clU : U ∈ τ(ψ(x))} = ∩{clU : U ∈ τ(ψ(x))}. Since Y is Hausdorff, there exist
disjoint open sets W1 , W2 with y ∈ W1 and ψ(x) ∈ W2. Hence W1 ∩ clW2=∅. As
y 6∈ clW2, then y 6∈ βθ(ψ; x). Thus βθ(ψ; x)={ψ(x)}.

Conversely, let for a space X and for any strongly θ-β-continuous surjective
function ψ : X → Y , βθ(ψ; x) is degenerate for each x ∈ X. So, for any two points
y, z in Y with y 6= z ∃x and x0 ∈ X such that y = ψ(x) and z = ψ(x0) 6∈ βθ(ψ; x).
Hence there exist an U ∈ τ(z) and a W ∈ βO(X, x) such that clU ∩ ψ(βclW )=φ
i.e. ψ(βclW ) ⊂ Y−clU . Since Y−clU ∈ τ(y) and U ∈ τ(z) then Y is Hausdorff.

Theorem 3.9 Let Y be an Urysohn space. Then for some space X and for some
function ψ : X → Y , βθ(ψ; x) is degenerate for each x ∈ X.

Proof. Suppose Y is Urysohn. Suppose also that for each space X and every
function ψ : X → Y , βθ(ψ; x) is not degenerate at some point x ∈ X. So for
the identity function f : Y → Y , there exist point, say x of Y and a point
y ∈ Y with y 6= x (= f(x)) ∈ βθ(f ; x). Then for each W ∈ βO(X, x) and
each V ∈ τ(y), βclW ∩ clV 6= φ. Hence, in particular, βclW ∩ clV 6= φ for each
W ∈ τ(x) and each V ∈ τ(y). But for an open set W , one can cheek that
βclW = intclintW = intclW . So, intclW ∩ clV 6= ∅ and hence clW ∩ clV 6= ∅ for
each W ∈ τ(x) and each V ∈ τ(y). This contradicts that Y is Urysohn.

Theorem 3.10 A regular topological space Y is Urysohn if for some space X and
some surjective function ψ : X → Y , βθ(ψ; x) is degenerate for each x ∈ X.

Proof. Let for some space X and for some surjection ψ : X → Y , where Y is
regular, βθ(ψ; x) is degenerate for each x ∈ X. So, for y1, y2 ∈ Y with y1 6=y2, ∃
x1, x2 ∈ X such that y1 = ψ(x1) and y2 = ψ(x2). The degeneracy of βθ(ψ; x) at
each x ∈ X ensures that y1 = ψ(x1) 6∈ βθ(ψ; x2). So, there exists V ∈ τ(y1) and
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W ∈ βO(X, x) such that clV ∩ ψ(βclW )=∅. Clearly Y−clV ∈ τ(y2). Since Y is
regular, there exists an open set U ∈ τ(y2) such that y2 ∈ U ⊂ clU ⊂ Y−clV . So
we have V ∈ τ(y1) and U ∈ τ(y2) with clV ∩ clU = ∅. Thus Y is Urysohn.

Corollary 3.11 A regular topological space Y is Urysohn if and only if for some
space X and some function ψ : X → Y , βθ(ψ; x) is degenerate for each x ∈ X.

In the above discussion, we have observed that the degeneracy of βδ(ψ; x)
and βθ(ψ; x) at each point x of the domain space X characterize certain separa-
tion axioms of the codomain space Y . We now investigate some other situations
where separation axioms like almost regularity, Hausdorffness on the domain space
ensure the degeneracy of such cluster sets of certain functions.

Definition 3.12 A function ψ : X → Y is called a θ-closed [13] (resp. δ-closed
[29]) function if image of each θ-closed (resp. δ-closed) set in X is θ-closed (resp.
δ-closed) in Y .

A δ-closed function ψ : X → Y is called δ-perfect [29] if each fiber is an
NC-set in X.

Theorem 3.13 Let X be a Hausdorff space. Then for any δ-perfect function
ψ : X → Y (where Y is any space), βδ(ψ; x) is degenerate for each x ∈ X.

Proof. Since for any subset S of X, βclS ⊆ δ-clS, then we have βδ(ψ; x)
= ∩{δ − clψ(βclW ) : W ∈ βO(X, x)} ⊆ ∩{δ − clψ(δ − clW ) : W ∈ βO(X, x)}.
Since ψ is δ-perfect and hence is a δ-closed function, then

βδ(ψ; x) ⊆ ∩{ψ(δ − clW ) : W ∈ βO(X, x)}.
Again since ψ is δ-perfect, ψ−1(y) is an NC-set for each y ∈ Y . It is obvious that
every NC-set in a Hausdorff space is a θ-closed set. Let y 6= ψ(x). As ψ−1(y) is
θ-closed, there exists an open set V ∈ τ(x) such that ψ−1(y) ∩ clV = ∅. Hence
y 6∈ ψ(clV ) = ψ(δ-clV ) (as V is open). Since τ(x) ⊂ βO(X, x), then from above
deduction, y 6∈ βδ(ψ; x). Therefore βδ(ψ; x) = {ψ(x)} for each x ∈ X.

Definition 3.14 A subset S of space (X, τ) is called α-paracompact [23] (resp.
α-nearly paracompact [23]) if every cover of S by open (resp. regular open) sets
of (X, τ) has an open X-locally finite refinement.

Theorem 3.15 Let X is a Hausdorff space. Then for any δ-closed function
ψ : X → Y (where Y is any space), if ψ−1(y) is α-nearly paracompact for each
y ∈ Y , then βδ(ψ; x) is degenerate for each x ∈ X.

Proof. As every α-nearly paracompact set in a Hausdorff space is θ-closed [15],
the proof is quite similar to the proof of the Theorem 3.13.

Theorem 3.16 Let X is a Hausdorff paracompact space. Then for any δ-closed
function ψ : X → Y (where Y is any space), if for each y ∈ Y ψ−1(y) is any of
the following:
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(a) α-paracompact,
(b) α-nearly paracompact,
(c) δ-closed,
(d) θ-closed,
(e) closed,
(f) g-closed.

Then, βδ(ψ; x) is degenerate for each x ∈ X.

Proof. Dontchev and Noiri (Corollary 3.7 [15]), have proved that for a sub-
set A of Hausdorff paracompact space the following are equivalent: (a) A is α-
paracompact, (b) A is α-nearly paracompact, (c) A is δ-closed, (d) A is θ-closed,
(e) A is closed, (f) A is g-closed. So the theorem follows from Theorem 3.15.

Definition 3.17 A space (X, τ) is called almost regular [34] if for every regular
closed set S in X and for each x ∈ S, there exist disjoint open sets U and V such
that x ∈ U and S ⊂ V .

Theorem 3.18 Let ψ : X → Y be θ-closed map from a almost regular space
X into a space Y . If ψ−1(y) is θ-closed in X for each y ∈ Y , then βθ(ψ; x) is
degenerate for each x ∈ X.

Proof. Since for each subset A of X, βclA ⊂ θ-clA and since in a almost regular
space X, θ-clA is always θ-closed the proof is thus quite similar to the proof of
Theorem 3.13 and is therefore omitted.

Theorem 3.19 Let X be an almost regular Hausdorff space. If ψ : X → Y (where
Y is any space) is an injective θ-closed function then βθ(ψ; x) is degenerate for
each x ∈ X.

Proof. Since X be an almost regular then from the argument given in Theorem
3.18, we get βθ(ψ; x) ⊆ {ψ(θ-clV ) : V ∈ βO(X, x)}. Now as X is being Hausdorff,
for any point x1 in X with x 6= x1, there is an open set W ∈ τ(x) ⊆ βO(X, x)
such that x1 6∈ θ-clW . Since ψ is injective, so ψ(x1) 6∈ ψ(θ-clW ). Therefore
βθ(ψ; x) = {ψ(x)}.

For a σ-ideal I on X, the two topologies τ1 and τ2 on X are called equivalent
modulo I, denoted by τ1 ≡ τ2(modI) if for any subset S of X, the difference
set (τ1)β-θ-clS − (τ2)β-θ-clS ∈ I, where (τi)β-θ-clS is the β-θ-closure of S in the
space (X, τi) for i = 1, 2.

Theorem 3.20 Let τ1 and τ2 be two topologies on X such that τ1 ≡ τ2(modI),
where I is a σ-ideal of subsets of X and also let Y be a second countable space.
Then for any function ψ : X → Y , there is an I ∈ I such that βτ1

δ (ψ; x) =
βτ2

δ (ψ; x), for each x ∈ X − I.

Proof. Consider the sets

L = {x ∈ X : βτ1
δ (ψ; x) 6⊆ βτ2

δ (ψ; x)} and R = {x ∈ X : βτ2
δ (ψ; x) 6⊆ βτ1

δ (ψ; x)}.
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Since Y is second countable it has a countable base, (say) B = {Vn n ≥ 1}. If we
take Ln = {x ∈ X : x ∈ (τ1)β−θ−clψ−1(βclVn) but x 6∈ (τ2)β−θ−clψ−1(βclVn)},
for each n = 1, 2, ....., then each Ln ∈ I and hence ∪{Ln : n ≥ 1} ∈ I (as
τ1 ≡ τ2(modI) and I is a σ-ideal). We claim that L ⊆ ∪{Ln : n ≥ 1}. Indeed,
let x ∈ L then their exists an y0 ∈ βτ1

δ (ψ; x) but y0 6∈ βτ2
δ (ψ; x). Theorem 3.2

asserts that the filter base
∧

= {ψ−1(βclV ) : V ∈ τ(y0)} β-θ-adheres at x in
(X, τ1) but not in (X, τ2). So there exists an open set U ∈ τ(y0) such that
x 6∈ (τ2)β-θ-clψ−1(βclU) and hence x 6∈ (τ2)β-θ-clψ−1(βclVn) for some Vn ∈ B for
which y0 ∈ Vn ⊂ U . Obviously, x ∈ (τ1)β-θ-clψ−1(βclVn). Hence x ∈ Ln. So
L ⊆ ∪{Ln : n ≥ 1} and since I is a σ-ideal, L ∈ I. Similarly R ∈ I. Thus the
set {x ∈ X:βτ1

δ (ψ; x) 6= βτ2
δ (ψ; x)} = L ∪R ∈ I. Hence the proof is complete.

Theorem 3.21 Let τ1 and τ2 be two topologies on X with τ1 ≡ τ2(modI), where
I is a σ-ideal of subsets of X and also let Y be a second countable space. Then
for any function ψ : X → Y , there is an I ∈ I such that βτ1

θ (ψ; x) = βτ2
θ (ψ; x),

for each x ∈ X − I.

Proof. The proof is similar to the above theorem and is thus omitted.

We now establish a theorem which asserts that under certain conditions the
equivalence of βδ(ψ; x), βθ(ψ; x) and some other cluster sets which are already
found in literature like P-cluster set P (ψ; x) [27], S-cluster set S(ψ; x) [26], cluster
set C(ψ; x) [40]. For this, we need the following definition.

Definition 3.22 A space (X, τ) is said to be submaximal [10] if every dense
subset of X is open. It is called extremally disconnected [28] if closure of each
open set is open in X.

Theorem 3.23 Let X be a submaximal extremally disconnected space and Y be
a regular space then for a function ψ : X → Y the following sets are all equal:

(a) βδ(ψ; x),
(b) βθ(ψ; x),
(c) C(ψ; x),
(d) S(ψ; x),
(e) P (ψ; x).

Proof. Since the space (X, τ) is a submaximal extremally disconnected then
τ = τα = SO(X) = PO(X) = βO(X) [8]. Hence the proof follows.

4. β-θ-cluster set and β-δ-cluster set for multifunctions
and characterizations of β-closed spaces

Definition 4.1 Let F : X → Y be a multifunction and x ∈ X. Then β-θ-
cluster (resp. β-δ-cluster) set of X at x ∈ X, is denoted by βθ(F ; x) (resp.
βδ(F ; x)), is defined as the set

⋂{θ-clF (βclU) : U ∈ βO(X, x)} (resp.
⋂{δ-

clF (βclU) : U ∈ βO(X, x)}).
For a multifunction F : X → Y and a subset S of X, the notation βθ(F ; S)

(resp. βδ(F ; S)) stands for the set
⋃

x∈S βθ(F ; x) (resp.
⋃

x∈S βδ(F ; x)).
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Definition 4.2 A multifunction F : X → Y is said to have a β-θ-closed (resp. β-
δ-closed) graph if for each (x, y) 6∈ G(F ), there exist U ∈ βO(X, x) and V ∈ τ(y)
such that (βclU × clV ) ∩G(F ) = ∅ ( resp. (βclU × intclV ) ∩G(F ) = ∅).

Definition 4.3 For a subset S ⊂ X × Y , the (2)β-θ-closure of S, denoted by
(2)β-θ-cl(S) is defined as the set {(x, y) ∈ X × Y : for all V ∈ βO(X, x) and
for all W ∈ τ(y), (βclV × clW ) ∩ S 6= ∅}. If S = (2)β-θ-cl(S), then S is called
(2)β-θ-closed.

Theorem 4.4 Let F : X → Y be a multifunction. Then

(a) βθ(F ; x) = Πy(({x} × Y ) ∩ (2)β-θ-clG(F )) for each x ∈ X,

(b) βδ(F ; x) = Πy(({x} × Y ) ∩ (2)β-δ-clG(F )) for each x ∈ X.

Proof. (a) Let x ∈ X. Then y ∈ βδ(F ; x) if and only if for each U ∈ βO(X, x)
and each V ∈ τ(y), clV ∩F (βclU) 6= ∅ if and only if (βclU×clV )∩G(F ) 6= ∅ if and
only if (x, y) ∈ (2)β-θ-clG(F ) if and only if y ∈ Πy(({x} × Y ) ∩ (2)β-θ-clG(F )).
(b) The proof is quite similar to (a) and is thus omitted.

Theorem 4.5 Let F : X → Y be a multifunction. Then following statements are
equivalent:

(a) βθ(F ; x) = F (x) for each x ∈ X,

(b) F has a β-θ-closed graph,

(c) F (x) = Πy(({x} × Y ) ∩ (2)β-θ-clG(F )) for each x ∈ X.

Proof. (a)⇒(b). Let (x, y) 6∈ G(F ). Then y 6∈ F (x). Hence by (a), y 6∈ βθ(F ; x).
So there exist U ∈ βO(X, x) and V ∈ τ(y) such that clV ∩ F (βclU) = ∅. Thus
(βclU × clV ) ∩G(F ) = ∅. So F has a β-θ-closed graph.
(b)⇒(c). Let x ∈ X and y 6∈ F (x). Then (x, y) 6∈ G(F ). Since F has a β-θ-closed
graph, there exist U ∈ βO(X, x) and V ∈ τ(y) such that (βclU×clV )∩G(F ) = ∅
and hence (x, y) 6∈ (2)β-θ-clG(F ). Thus y 6∈ Πy(({x}× Y )∩ (2)β-θ-clG(F )). The
reverse inclusion is also similar.
(c)⇒(a). Follows from Theorem 4.4 (a).

Theorem 4.6 For a multifunction F : X → Y the following statements are
equivalent:

(a) βδ(F ; x) = F (x) for each x ∈ X,

(b) F has a β-δ-closed graph,

(c) F (x) = Πy(({x} × Y ) ∩ (2)β-δ-clG(F )) for each x ∈ X.

Proof. The proof is quite similar to Theorem 4.5.
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Definition 4.7 A multifunction F : X → Y is said to be upper strongly θ-β-
continuous if for each x ∈ X and each V ∈ τ(F (x)), there is an U ∈ βO(X, x)
such that F (βclU) ⊂ V .

Theorem 4.8 If F : X → Y is upper strongly θ-β-continuous multifunction,
then for each x ∈ X, βθ(F ; x) = θ-clF (x).

Proof. From the definition of βθ(F ; x), it is clear that θ-clF (x) ⊂βθ(F ; x).
Since F is a upper strongly θ-β-continuous, for each V ∈ τ(F (x)), there is an
U ∈ βO(X, x) such that F (βclU) ⊂ V . Hence the filter subbase F (βR(X, x))
is stronger than the filter subbase τ(F (x)) in Y . So βθ(F ; x) ⊂ adθτ(F (x)) =
adτ(F (x)) = θ-clF (x) (since for a subset K of a space X, θ-clK = adτ(K) [22]).
Therefore βθ(F ; x) = θ-clF (x).

Theorem 4.9 An upper strongly θ-β-continuous multifunction has a β-θ-closed
graph if and only if it has θ-closed point images.

Proof. The proof follows from Theorem 4.5 and Theorem 4.8.

Corollary 4.10 A strongly θ-β-continuous [30] surjection ψ : X → Y has a
β-θ-closed graph if and only if Y is Hausdorff.

Proof. Since a space Y is Hausdorff if and only if its points are θ-closed, the
proof follows from Theorem 4.9.

We say a multifunction F : X → Y has a θ-closed graph (resp.δ-closed graph)
if G(F ) is a θ-closed ( resp.δ-closed ) subset of X × Y .

Theorem 4.11 If a multifunction F : X → Y has

(i) θ-closed graph then βθ(F ; x) = F (x) for each x ∈ X,

(ii) δ-closed graph then βδ(F ; x) = F (x), for each x ∈ X.

Proof. We proof this theorem for the multifunction having θ-closed graph only.
For the case of multifunction having δ-closed graph, the proof is similar. Let
x ∈ X and y ∈ βθ(F ; x). Then for each V ∈ βO(X, x) and each U ∈ τ(y),
F (βclV )∩ clU 6= ∅ i.e F−(clU)∩ βclV 6= ∅. Thus for any basic open set W1×W2

in X × Y containing (x, y), F−(clW1) ∩ F−(clW2) 6= ∅ (as τ(x) ⊂ βO(X, x)) and
hence cl(W1×W2) = (clW1×clW2)∩G(F ) 6= ∅ (as βclW1 ⊂ clW1). So (x, y) ∈ θ-
clG(F ) = G(F ). Hence y ∈ F (x). Thus βθ(F ; x) ⊆ F (x). Also it is obvious that
F (x) ⊆ βθ(F ; x). So βδ(F ; x) = F (x), for each x ∈ X.

Lemma 4.12 Let X and Y be topological spaces, M ⊆ X, N ⊆ Y . Then

(i) βcl(M ×N) ⊆ βclM × βclN ,

(ii) If M ∈ βO(X, x) and N ∈ βO(Y, y) then M ×N ∈ βO(X × Y, (x, y)).
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Proof. (i) βcl(M ×N) = (M ×N)∪ intclint(M ×N) = (M ×N)∪ (intclintM ×
intclintN) ⊆ (M ∪ intclintM)× (N ∪ intclintN) = βclM × βclN .
(ii) M ×N ⊆ (clintclM)× (clintclN) = clintcl(M ×N).

Theorem 4.13 If a multifunction F : X → Y satisfies any one of the following:

(a) βθ(F ; x) = F (x), for each x ∈ X,

(b) βδ(F ; x) = F (x), for each x ∈ X.

Then, the graph G(F ) is sp-θ-closed [30].

Proof. (a) Let F : X → Y be the multifunction satisfies (a) and let (x, y) 6∈ G(F ).
Then y 6∈ F (x) = βθ(F ; x) and so there exist U ∈ βO(X, x) and V ∈ τ(y) ⊆
βO(Y, y) such that clV ∩ F (βclU) = ∅ and hence (βclU × βclV ) ∩G(F ) = ∅ (as
βclU ⊂ clV ). But from the lemma 4.12, we have βcl(U × V ) ∩G(F ) = ∅, where
U × V ∈ βO(X × Y, (x, y)). So G(F ) is sp-θ-closed.
(b) Since for a subset S of Y , βclintS = intclintS [6], then for any open set V of
Y βclV = intclV . Because of this fact, the proof is now quite similar to the proof
as for the case (a).

Theorem 4.14 A subset S of a topological space X is β-closed relative to X (i.e.
β-set) if and only if for every filter base Ω on X with F ∩K 6= ∅ for each F ∈ Ω
and each K ∈ βO(X,S), S ∩ β-θ-adΩ 6= ∅.

Proof. Let S be not β-closed relative to X. Then there exists a cover V = {Vα :
α ∈ I} by β-open sets of X such that S 6⊂ ∪{βclVα : α ∈ I0} for any finite subset
I0 of I. Clearly the family Ω = {S − ∪α∈I0βclVα : I0 is a finite subset of I} is a
filterbase on X. As ∅ 6= F ⊆ S and S ⊆ K for each F ∈ Ω and K ∈ βO(X,S)
then F ∩ K 6= ∅ for each F ∈ Ω and K ∈ βO(X, S). Clearly S ∩ β-θ-adΩ = ∅.
In fact if x ∈ S then there exists Vα ∈ V such that x ∈ Vα and X − βclVα ∈ Ω
satisfying βclVα∩(X−βclVα) = ∅, a contradiction. So S is β-closed relative to X.

Conversely, if possible let S ∩ β-θ-adΩ = ∅, when S is β-closed relative to
X and Ω satisfies condition of the hypothesis. Then for each x ∈ S, there exists
a Vx ∈ βO(X, x) and an Fx ∈ Ω such that βclVx ∩ Fx = ∅. Since S is β-closed
relative to X, there exist x1, x2, ......., xn ∈ S such that S ⊂ ∪n

i=1βclVxi
. Since

Ω is a filterbase, there exists an F ∈ Ω such that F ⊆ ∪n
i=1βclFxi

. Clearly
F ∩ (∪n

i=1βclVxi
) = ∅ and ∪n

i=1βclVxi
∈ βO(X, S). This contradicts the hypothesis

which Ω satisfies.

Lemma 4.15 If S is a β-θ-closed subset of a β-closed space X then S is β-closed
relative to X.

Proof. The proof is quite clear.

Theorem 4.16 The following statements are equivalent for a space X:

(a) X is β-closed,
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(b) For a multifunction F : X → Y , where Y is any topological space,
∩{δ-clF (V ) : V ∈ βO(X, S)} ⊆ βδ(F, S), for each β-δ-closed set S of X,

(c) For each multifunction F : X → Y , where Y is any topological space,
∩{β-θ-clF (V ) : V ∈ βO(X, S)} ⊆ βθ(F, S), for each β-θ-closed set S of X.

Proof. (a)⇒(b). Since X is β-closed and S is β-θ-closed, then by Lemma 4.15,
S is β-closed and X. If y ∈ ∩{δ-clF (V ) : V ∈ βO(X, S)} then for each U ∈ τ(y),
F (V )∩ intclU 6= ∅ i.e. V ∩F−(intclV ) 6= ∅. Since S is β-closed relative to X and
the filter base Ω = {F−(intclU) : U ∈ τ(y)} satisfies the condition of Theorem
4.14, then S∩β-θ-adΩ 6= ∅. Let x ∈ S∩β-θ-adΩ. Then for each W ∈ βO(X, x) and
each U ∈ τ(y), F−(intclU) ∩ βclW 6= ∅ i.e. intclU ∩ F (βclW ) 6= ∅; which shows
that y ∈ δ-clF (βclW ), for each W ∈ βO(X, x). Thus y ∈ βδ(F, x) ⊆ βδ(F, S).
(b)⇒(c). Since we know that for a subset A of X, βclintA = intclintA [6], then
for an open U , βclU = intclU . Hence from the definition of β-θ-closure of a subset
A, we have β-θ-clA ⊆ δ-clA. So (b)⇒(c) follows immediately.
(c)⇒(a). Let Ω be a filter base on X. Let z 6∈ X. Now consider Y = X ∪ {z}
and τY = {U ⊆ Y : either z 6∈ U or there exists F ∈ Ω such that F ⊆ U when
z ∈ U}. Then τY is a topology on Y [22]. So for the identity map ψ : X → Y , we
have from hypothesis (c) that βδ(ψ,X) ⊇ ∩{β-θ-clψ(V ) : V ∈ βO(Y, X)} = ∩{β-
θ-clV : V ∈ βO(Y,X)} = β-θ-clX (in (Y, τY )). To prove the last equality, it is
enough to prove that z ∈ β-θ-clX (in (Y, τY )). Clearly {z} is not open in (Y, τY )
and also {z} is not β-open in (Y, τY ). In fact {z} 6⊂ clintcl{z} (as cl{z} = {z} and
hence intcl{z} = ∅). So βclU ∩X 6= ∅, for all U ∈ βO(Y, z). Thus z ∈ β-θ-clX.
Hence z ∈ βδ(ψ, x) for some x ∈ X. Let F ∈ Ω. Then from the construction of
τY , it is clear that Y − (F ∪{z}) as well as F ∪{z} are both open in (Y, τY ). Also
βcl(F ∪ {z}) = intcl(F ∪ {z}) (as for an open set W , βclW = intclW ). So for
each V ∈ βO(X, x), and each F ∈ Ω, we have βclV ∩F = ψ(βclV )∩ (F ∪{z}) (as
z 6∈ ψ(βclV )) = ψ(βclV ) ∩ βcl(F ∪ {z}) (since {x0} is open and hence β-open in
(Y, τY ) whenever a point x0 in X satisfies x0 6∈ F ) = ψ(βclV )∩ intcl(F ∪{z}) 6= ∅
(as z ∈ βδ(ψ, x) and F ∪{z} ∈ τY ). So x ∈ β-θ-adΩ and hence X is β-closed as we
know that a space X is β-closed if and only if every filter base on X, β-θ-adheres
at a some point in X [7].

Theorem 4.17 The following statements are equivalent for a space X:

(a) X is β-closed,

(b) For a multifunction F : X → Y , where Y is any topological space,
∩{θ-clF (V ) : V ∈ βO(X,S)} ⊆ βθ(F, S), for each β-θ-closed set S of X,

(c) For each multifunction F : X → Y , where Y is any topological space,
∩{β-θ-clF (V ) : V ∈ βO(X, S)} ⊆ βθ(F, S), for each β-θ-closed set S of X.

Proof. The proof is quite similar to the proof of the Theorem 4.16 and is thus
omitted.
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[4] Andrijević, D., Semi-preopen sets, Math. Vesnik, 38 (1986), 24–32.
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[23] Kovaćevic, I., Continuity and paracompactness, Glasnik Mat. Ser., III,
19 (39) (1984), no.1, 155–161.

[24] Levine, N., Semi-open sets and semi-continuity in topological spaces, Amer.
Math. Monthly, 70 (1963), 36–41.

[25] Mashhour, A.S., Abd El-Monsef, M.E., El-Deeb, S.N., On precon-
tinuous and weak precontinuous mappings, Proc. Math. Phys. Soc. Egypt,
53 (1982), 47–53.

[26] Mukherjee, M.N., Debray, A., On S-cluster sets and S-closed spaces,
Internat. J. Math. and Math. Sci., 23 (9) (2000), 597–603.

[27] Mukherjee, M.N., Roy, B., On p-cluster sets and their applications to
p-closedness, Carpathian J. Math., 22, 1-2 (2006), 99–106.

[28] Nj
◦
astad, O., On some classes of nearly open sets, Pacific Jour. Math., 15

(1965), 961–970.

[29] Noiri, T., A generalization of perfect functions, J. London Math. Soc., 2
(1978), 540–544.

[30] Noiri, T., Weak and strong forms of β-irressolute functions, Acta Math.
Hungar., 99 (4), (2003), 315–328.

[31] Popa, V., Noiri, T., On β-continuous functions, Real Analysis Exchange,
18 (1992-1993), 544–548.

[32] Popa, V., Noiri, T., Weakly β-continuous functions, Ann. Univ. Timi-
soara Ser. Mat. Inform., 32 (1994), 83–92.



78 c.k. basu, b.m. uzzal afsan, s.s. mandal

[33] Popa, V., Noiri, T., On upper and lower β-continuous multifunctions,
Real Analysis Exchange, 22(1), (1996/1997), 362-376.

[34] Singal, M.K., Arya, S.P., On almost-regular spaces, Glasnik Mat., Ser
III, 4 (24) (1969), 89–99.

[35] Singal, M.K., Mathur, A., On nearly compact spaces, Boll. Un. Mat.
Ital., 4 (6) (1969), 702–710.

[36] Soundararajan, T., General topology and its relations to modern analysis
and algebra III, Proc. Conf. Kanpur, 1968, Academica, Prague, 1971, 301–
306.

[37] Thompson, T., S-closed spaces, Proc. Amer. Math. Soc., 60 (1976),
335–338.

[38] Thron, W.J., Proximity structures and grills, Math. Ann., 206 (1973),
35–62.

[39] Velićko, N.V., H-closed topoogical spaces, Mat. Sb., 70 (112) (1966),
98–112, English Transl., Amer. Math. Soc. Transl., (2) 78 (1969), 103–118.

[40] Weston, J.D., Some theorems on cluster sets, J. London Math. Soc., 33
(1958), 435–441.

[41] Wine, J.D., Locally paracompact spaces, Glasnik Mat., 19 (30) (1975), 351–
357.

[42] Young, W.H., La symétrie de structure des fonctions de variables reelles,
Bull. Sci. Math., 52(2) (1928), 265–280.

Accepted: 08.04.2009


