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Abstract. Dutta and Kar [3] have introduced the concept of ternary semiring. In this
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1. Introduction and preliminaries

Ternary semiring is a generalization of a ternary ring which is introduced by
Lister [6]. T.K. Dutta and S. Kar have initiated the notion of ternary semiring
and studied their properties. Recall ([3], [4]) the followings. A non-empty set S to-
gether with binary operation, called addition and ternary multiplication, denoted
by juxtaposition, is said to be a ternary semiring if S is an additive commutative
semigroup satisfying the following conditions:

(i) abe € S,

(if) (abc)de = a(bed)e = ab(cde),
(iii) (a+ b)ed = acd + bed,

(iv) a(b+ ¢)d = abd + acd,

(v) ab(c+ d) = abc + abd

for all a,b,c,d,e € S.
Let S be a ternary semiring. An element 0 € S such that 0 + z = =
and Ozy = 20y = zy0 = 0 for all z,y € S, then '0/is called the zero element
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of the ternary semiring S. In this case, S is called ternary semiring S with
zero. Through out this paper, S will always denote a ternary semiring with
zero. An additive subsemigroup I of S is called left (right, lateral) ideal of S if
s182a (respectively as;ss, sjasy) € I for all 1,80 € S and a € I. If T is a left, a
right and a lateral ideal of S then [ is called an ideal of S. An ideal I of S is
called a k—ideal if x +y € I, x € S, y € I imply that x € I. If A is an ideal
of a ternary semiring S then A={a € S : a +x € A for some v € A} is called
k—closure of A. It can easily verified that an ideal A of S is k—ideal if and only
if A=A and also A C A, A C B implies A C B. Let A, B,C be three subsets
of S. Then ABC' denotes the set of all finite sums of the forms > a;b;¢;, where
a; € A,b; € B,¢; € C. An element a € S is called regular if there exists ©z € S
such that a = axa. If all the elements of S are regular then S is called regular
ternary semiring. An additive subsemigroup () of a ternary semiring S is called a
quasi-ideal of Sif QSS N (SQS + SSQSS)NSSQ C Q. Clearly, every quasi ideal

of ternary semiring S is a ternary subsemiring of S.

2. Main results

Proposition 2.1. Let S be a ternary semiring and X be a nonempty subset of
S. Then

(1) (X), = Z§ X + SSX is the smallest left ideal generated by X,
(ii) (X), = Z§ X + XSS is the smallest right ideal generated by X,

(i) (X), = ZFX + SSX + XSS + SSXSS is the smallest two sided ideal
generated by X,

(iv) (X),, = Z§ X + SXS + SSXSS is the smallest lateral ideal generated by
X,

(v) (X), = Zf X+SSX+XSS+SXS+S5SXSS is the smallest ideal generated
by X,

where SSX, XSS, SXS,SSXSS, Z X the set of all finite sum of the form > r;s;x;,

! ! ./ / / !/ /
D TiDiGi, Y Wi,y i G T s, Y maws, where vy, 54, i, Gis iy Vs, D3 @ 1 86T ES,
r; € X, n; € Zy, and Z; is the set of all positive integer with zero.

The following corollary can be easily proved by the above proposition.

Corollary 2.2. If X is a subsemigroup of (S,+), then

(X), = X+SSX,

(X), X + XSS,

(X), X + SSX + XSS + SSXSS,

(X) = X+S5XS+55XSS,

(X), = X+ 85X+ X55+SXS+SSXSS.
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Proposition 2.3. [4] Let S be a ternary semiring and a € S. Then the principal
(i) left ideal generated by a is given by

(a), = {Zrisia—i—na TS €5:in € Za“}
(i) right ideal generated by a is given by
(a), = {Zarisi+na ri, €S in € Zar}

(iii) two sided ideal generated by a is given by

(a), = {Z risia+ Y apigi+ Y pil'ad'ary'sy +na

: Tiasivpi7qi7pk,7QI€/7Tk/; Sk, S S n e Zar}
(iv) lateral ideal generated by a is given by
(@), = {Zri‘wi + ZPij@Tij +na i, 8i,pj, 5,758 €S :in € Zg’}

(v) ideal generated by a is given by

<a>i = {Z riS;a + Z ap;q; + Z U avy, + Zpk/qk,arklsk/ + na

. / / / / . +
“TiySiyPis @iy Uky Vky Pk » Gk > Tk 5 Sk € S:n € ZO }

where > denote the finite sum and Z§ is the set of all positive integer with zero.

Proposition 2.4. If Q) is a quasi-ideal of a ternary semiring S, then

Q=Q+(SSQN(SQS +55QS5)NQSS).

Proof. The proof is obvious. n

Let X be a non empty subset of a ternary semiring S. The smallest quasi-ideal
containing X and generated by X is denoted by (X),, that is, the intersection of
all quasi-ideal of S containing X.

Proposition 2.5. Let S be a ternary semiring and X be nonempty subset of S.
Then (X), = Z§ X + (SSX N (SXS +SSXSS)N XSS).
Proof. Let Q = Zf X + (SSX N (SXS + SSXSS)N XSS). Clearly, @ is a non
empty additive subsemigroup of S. Now,
(SSQ N (SQS 4+ S5QSS)NRSS) C SSQ
=SS(Zf X + (SSX N(SXS+S5SXSS)N XS9))
C ZySSX + SS(SSX) C SSX.
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Similarly, (SSQ N (SQS + SSQSS) N QRSS) C (SXS + SSXSS) and (SSQ N
(SQS + SSQSS)NQSS) C XSS. Therefore

(SSQ N (SQS + SSQSS) N QSS) C (SSX N (SXS +SSXSS)NXSS) C Q.

Hence @) is a quasi-ideal of S containing X. Also, it is easy to show that @ is
smallest quasi-ideal of S containing X. Hence

Q=(X),=Z3X +(SSX N (SXS + SSXSS) N XSS). .

Theorem 2.6. If Q) is a quasi-ideal of a ternary semiring S and if Q C QSS and
Q C SSQ and QSS, SSQ are k—ideals of S, then Q) is the intersection of the left
wdeal QQ + SSQ, lateral ideal Q) + SQS + SSQSS, and right ideal Q) + QSS.

Proof. Let D=(Q+QSS)N(Q + SQS + SSQSS)N(Q + SSQ). Clearly, Q C D.
To show D C . Now, Q C Q5SS and () C SSQ. Therefore

D =QSSN(Q+ SQS + 55QS8S) N SSQ.
Let d € D. Then d € QSS, d € S5Q and
(2.1) d = q+ Xsiq;s; + Spipiq/p!'p!"

for S;a Si7p£7p;/7pé//7p§m € S and q, q;, q;/ € Q
Since g € QQ C QSS and Q5SS is a k—ideal of S, therefore

Ssiqis: + Lpipi ) pi'p!" € QSS.
Similarly,

Ssiq;si + Xpip;qi i p;" € SSQ.
Therefore,

Ssiqlsi + Spipld!pp!" € QSS N (SQS + 5SQSS) N SSQ C Q.
So,
Ssiqisi + Xpipi vy vy € Q,

which implies that d = ¢ + Xsiq.s; + Zpip!q!/p!'p!" € Q. Thus D C Q. Hence
D = Q ]

Definition 2.7. An additive subsemigroup @ of a ternary semiring S is called a
quasi k—ideal of Sif QSS N (SQS + SSQSS) N SSQ C Q. Clearly, every quasi
k—ideal is a quasi-ideal of S.

It is easy to see that if R be right k—ideal, M be lateral k—ideal and L
be left k—ideal of S, then Q = RN M N L is a quasi k—ideal of S, because
(RNMNL)SSNSS(RNMNL)SSNSS(RNM N L)=RSSNSSMSSNSSL =
RNMNL=RNMNL.
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Lemma 2.8. Let S be a ternary semiring and A, B,C C S, then

ABC = ABC.

Proof. Since A C A, B C B and C C C, therefore ABC C ABC. Hence,
ABC C ABC. Again, let x € A, y € B and z € C. Then there exist a;,as € A,
bi,bs € B and ¢y, co € C such that 4+ ay = as, y + by = by and z + ¢; = ¢o. Now,
xYZz + asbocy + asbico 4+ a1bocy + a1bycy

=zyz+ (x + a1)(y + b1)cr + agbica + arbacs + arbicy

= xyz + xycy + xbicy + arycy + arbicy + asbico

+a1bsco + a1bicy

= xycy + xbicy + a1ycy + a1bicy + asbico

+aybaca + arbicy

= 2Ycy + xbicy + arycy + arbicy + (x + ar)bicy

+aybaca + arbicy

=x(y + b1)ca + xbicy + a1 (y + by)er + arbico

+ai1boco + arbicy

= xbycs + (T + a1)bicy + arbacy + arbica + arbacy

= (x4 a1)bacy + asbicy + arbacy + arbicy

= a2b2c2 + a26101 + (llbgCl + ClelCQ.

As azﬁjck(i,jic = 1,_) € ABC, therefore we can prove that zyz € ABC, for
r € Ay € B,z € C. Suppose t € ABC. Then t = Zﬁm.te a;b;c; for some
a; € A, b € Band ¢; € C. Thus t € ABC, i.e.ABC C ABC. Therefore

ABC C ABC = ABC. Hence ABC = ABC. "

Definition 2.9. [4] Let S be a ternary semiring. Then S is called k—regular if
for each a € S there exist z,y € S such that a + ara = aya.

Theorem 2.10. If a ternary semiring S is k—regular, then every quasi k—1ideal

Q of S is of the form Q = QSQSQ = QSSNSQS + SSQSSNSSQ.

Proof. Let ) be a quasi k—ideal of S. Then QSSNSQS + SSQSSNSSQCQ.
Let a€@ and S is k—regular, then there exist x, y€S such that a+axra=aya. This
implies that ara + arara = ayaxa. Since axazxa,ayara € QSQSQ, therefore
axa € QSQSQ. Similarly, aya € QSQSQ. Therefore a € QSQSQ = QSQSQ (as
QSQSQ is k—closed). Therefore @ C QSQSQ. Again QSQSQ C Q(SSS)S C
@SS and QSQSQ C SSQ and QSQSQ C SSQSS which shows that QSQSQ C
QSS, QSQSQ C SSQ and QSQSQ C SQS + SSQSS (as 0 C SQS). Thus we
have @ C QSQSQ C QSSNSQS + S5QSSNSSQ C Q (as Q is a quasi k—ideal
of S). Hence Q = QSQSQ = QSSNSQS + SSQSSNSSQ. .
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Theorem 2.11. A ternary semiring S is k—reqular if and only if RN M N L =
RML holds for each right k—ideal R, lateral k—ideal M, and left k—ideal L of S.

Proof. Since R is right k— ideal, therefore RML C RSS C R which shows that
RMLCR=R. Again, since M is a lateral k—ideal of S, then RMLCSMSCM
and so RMLCM=M. Similarly, we obtain that RML C L. Therefore we have
RMLC RNMNL.

Again, suppose that a € RNM N L. Since S is k—regular therefore there exist
z,y € S such that a + axa = aya. This implies that aza + a(zrax)a = a(yax)a.
Since a(zarx)a,a(yax)a € RML therefore axa € RML. Similarly, aya € RML.

Therefore a € RML = RML(as RMS is k—closed. Hence RN M NL C RML.
Thus RNMNL=RML.

Conversely, let a € S. Then principal right k—ideal generated by a of S is
given by aSS + Z;a. Now,

aSS+Zja = aSS+ZfanSnNS
= aSS+ ZfaS S (as S is itself (lateral, left) k—ideal of S)
= (aSS+ Z;a)SS (by Lemma 2.8)

= a585.

Also, a = a0S + 1.a € aSS + Zja C aSS + Zja = aSS. Therefore a € aSS.
Similarly, it can easily be shown that a € SSa and a € (SaS + SSaS59).

Therefore, we have

a€aSSN(SaS+SSaSS)NSSa=aSS (SaS+ 55SaSS)SSa
=aSS(SaS + 55aSS)SSa = aSa.

Therefore there exist z,y € S such that a + axa = aya. Thus S is k—regular. =

Definition 2.12. A ternary subsemiring B of a ternary semiring S is called a bi
k—ideal of of S'if BSBSB C B.

Result 2.13. Every quasi k—ideal of a ternary semiring is a bi k—ideal of S.

Proof. It is obvious by Theorem 2.10. u

Result 2.14. Let S be a k—regular ternary semiring. Then every bi k—ideal B
of a ternary semiring is a quasi k—ideal of S'if B = B and BSB C B.
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Proof. Let B be a bi k—ideal of S. Then

BSSN(SBS +SSBSS)NSSB

= BSS(SBS + SSBSS)SSB (by Theorem 2.11)
= BSS(SBS + SSBSS)SSB (by Lemma 2.8)

= B(SSS)B(SSS)B + B(SSS)SB(SSS)SB

C BSBSB+ BSSBSSB

C BSBSB + B(55S5)SSB

C B+ BSB (as B is a bi k—ideal of S)

C B+ B (by hypothesis).

C B = B (by hypothesis).

Hence B is a quasi k—ideal of S. u

Theorem 2.15. The following conditions in a ternary semiring S are equivalent
(i) S is k—regular.
(i) for every bi k—ideal B of S, B = BSBSB.

(iii) for every quasi k—ideal @ of S, Q = QSQSQ.

Proof. (i) = (ii) Let a € B. Since S is k—regular, then there exist x,y € S such
that a+axa = aya. This implies that ara+arara = ayazra. Since araxa, ayaxra €
BSBSB, therefore axa € BSBSB.

Similarly, aya € BSBSB. Therefore, a € BSBSB. Thus, B C BSBSB.
Since B is bi k—ideal of S therefore BSBSB C B. Hence B = BSBSB.

(i) = (iii) By Result 2.13.

(iii) = (i) Let the condition (iii) holds. Suppose R be right k—ideal, M be
lateral k— ideal and L be left k—ideal of S, then Q) = RN M N L is a quasik—ideal
of S. By hypothesis, we have

RNMNL

RNMNL)SRNMNLS(RNMNL)
C RSMSL C RML.

But RML C RN M N L. Therefore, RN M N L = RM L. Therefore, by Theorem
2.11, we have S is k—regular. n

Theorem 2.16. Let S be a ternary semiring. Then the following are equivalent
(i) S is k—regular.
(ii) BNM = BMBMB for every lateral k—ideal M and bik—ideal B of S.
(iil) QN M = QMQMQ for every lateral k—ideal M and quasik—ideal QQ of S.
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Proof. (i) = (ii) Let @« € BN M. Then ¢« € B and a € M. Since S is
k—regular then there exist x,y € S such that a + axa = aya. This implies
that aza + arara = ayaza. Also, axara + ararara = ayaraxa and ararara +
arararara = ayararara. Since arararaxa,ayararara € BSMSBSMSB C
BM BM B, therefore by property of k—closure it is easy to show that ac BM BM B.
Therefore, BN M C BMBMB.

Again, as BMBM B C BSBSB, therefore BMBMB C BSBSB C B (as B
is bi k—ideal of S). Therefore, BMBMB C B. Also, BMBMB C SM(SSS) C
M,BMBMB C M = M (as M is lateral k—ideal of S). Whence BMBMB C
BN M. Therefore, BN M = BMBMB.

(ii) = (iii) By Result 2.13, (iii) holds.

(iii) = (i) Since S is itself a lateral k—ideal of S, therefore @ = Q NS
QSQSQ. Therefore, by the above theorem the result holds. .
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