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Abstract. We construct fuzzy hyperoperations from the product of p-fuzzy hyper-
graphs and then we prove that the fuzzy hyperstructures determined by these hyper-
operations are commutative pz-fuzzy quasi-hypergroups. Some properties of these fuzzy
hyperoperations are also listed.
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1. Introduction and preliminaries

The connections between graphs and hypergroups had been looked into by several
researchers (see, for instance, [4], [7]). Corsini studied the connections between
hypergraphs and hypergroups in [5]. Ali studied the hypergroupoid associated to
the product of hypergraphs in [1].

In this paper, we construct fuzzy hyperoperations from the product of
p-fuzzy hypergraphs and then we prove that the fuzzy hyperstructures determined
by these hyperoperations are commutative p?-fuzzy quasi-hypergroups. Some pro-
perties of these fuzzy hyperoperations are also listed. This paper can be seen as
a fuzzy version of [1].

We recall some notations of fuzzy hyperstructure theory. A fuzzy subset of a
nonempty set H is a function M : H — [0, 1]. The collection of all fuzzy subsets
of H is denoted by F(H). The p-cut of a fuzzy subset M of H is defined by

M, = {xc H| M) > p).

Given a fuzzy hyperoperation « : H x H — F(H), for all a € H, B € F(H),
the fuzzy subset a * B of H is defined by

(axB)(z) = \/ (axb)(x).

B(b)>0
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Given A, B € F(H), we give the following definitions

AC B = A(x) < B(x), Ve e H.

A =B = A(x) = B(x), Vo e H.
(AU B)(z) = A(z) vV B(z), Vz € H.
(AN B)(z) = A(z) A B(z), Vz € H.

Proposition 1.1. ([8]) VA, B,C € F(H), we have the following properties
(1) AUA=A, AnA=A4;
(2) AUB=BUA, ANB=DBnNA;
(3) (AUB)UC =AU (BUC), (AnB)NC=ANn(BNC);
(4) AN(AUB)=A, AU(ANB) = A4
(5) (AUB)NC =(ANnC)U(BNC), (AnB)UC =(AUC)N(BUC);
(6) AUD=A, AnD=0,AUH=H,ANH=A.

Definition 1.2. Let A, B be fuzzy subsets of nonempty set H, A x B is defined
to be a fuzzy subset of H x H such that

(A x B)(a,b) = A(a) - B(b), Ya,be H.
Proposition 1.3. Let A, B, C' be fuzzy subsets of nonempty set H, then
Ax(BUC)=AxBUAXxC.
Proof. For all a,b € H we have

(Ax (BUO))(a,b) = Afa)- (BUC)(D)
= Afa)- (B(b) vV C(b))

Andso Ax (BUC)=AxBUAXxC. n

Proposition 1.4. Let A, B be fuzzy subsets of a nonempty set H, then for all
p € [0,1] we have
A, x B, C (A x B),.

Proof. For all
r=(ab) €A, xB, = acA,be B,
= A(a) >p,B(b) >p

= (A x B)(a,b) = A(a)B(b) > p*
= T € (A X B)pz.
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A fuzzy hypergroupoid (H;*) is a nonempty set H endowed with a fuzzy hy-

peroperation (i.e. a function * from H x H to F'(H)). A p-fuzzy quasi-hypergroup
is a fuzzy hypergroupoid such that

(x+«H),=H=(H=xx),, VreH.

The readers can consult [2], [3], [8] to learn more about hyperstructures and
fuzzy sets.

2. Fuzzy hyperoperation x

We borrow some definitions from [6].

Definition 2.1. H is a nonempty set, {A;}; are fuzzy subsets of H, if there exists
ap € (0,1] such that

then (H;{A;};) is called a p-fuzzy hypergraph.

Definition 2.2. Let I' = (H;{A;};) be a p-fuzzy hypergraph, set E,(x) =
U A;. The fuzzy hypergroupoid Hr = (H;*) where the fuzzy hyperopera-

Ai(z)>p
tion * is defined by

rxy=E,(x)UE,(y), Vr,ye H
is called a p-fuzzy hypergraph hypergroupoid or a p-f.h.g. hypergroupoid.

Proposition 2.3. ([6]) The p-f.h.g. hypergroupoid Hr has the following properties
for any x,y € H :

(1) zxy=azxxUyxy;

(2) ze (z*xx)y
B) ye(z*xz),exe (Y*xy)y
(4) {z,y} C (2 xy)p;
(5) zxy=1yx*uz;
(6) (zxH),=H;
(7) (H;{xxx}ren) is a p-fuzzy hypergraph;
(8) xxxxx = U 2% 2;
(zxz)(2)>0

(9) (zxx)*(xxx)=x*x2*1T
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Proof. (1) xxy = E,(x)UE,(y) = (E,(z)UE,(x))U(E,(y)UE,(y)) = xxxUy*y.
(2) It is a special case of (4).
(3) Since U(A,»)p = H, then for any © € H there exists some A; € F(H)
such that Ai(x)zz p.

We only prove the implication ”=-" . Since

(@ x2)(y) = (Ep(x) U Ey(2))(y) = (Ep(2))(y)

_ ( g Ai) W=\ A =p

(z)>p

then there exists A; € F'(H) such that A;(z) > p and A;(y) > p. So

xy)(z) =\ 4@ >p.

Aj(y)>p

Thus = € (y *y),.

(4) (z*y)(z) = (Ep(z) U Ep(y))(z) = (Ep(x))(x) V (Ep(y))(z) = (Ep(x))(x)
= \/ Ai(xz) > p. So z € (z *y),. Similarly we can prove y € (x * y),.
Ai(z)>p

(b)) zxy=E,(x)UE,(y) = E,(y) UE,(z) =y*uz.
(6) for any y € H,

(z+ H)(y) = (Uw*t> (y) = (U(Ep(x)UEp(t))(y)>

teH teH

v

<U Ep(t)> (y) = (Ep(v))(v)

teH

Il
B
%\
=C
kS
&
N——
S

= \/ Ai(y) = p.

Ai(y)2p
So H C (z x H), and thus (z x H), = H.
(7) From z € (z % x), we know U (x*x), = H. And then (H;{z % x},cn)

zeH
is a p-fuzzy hypergraph.

8) zxxxx = U Zx T = U (zx2)U(r*xx) = U 2% 2.

(z*x)(2)>0 (z*x)(2)>0 (z*x)(2)>0
(9) (zxx)*(x*z) = U axb = U (axa U bxb)
(zxz)(a)>0,(zxz)(b)>0 (zxz)(a)>0,(z*z)(b)>0
= U a*xa=2*x*. "

(z*z)(a)>0
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Remark 2.4. From (5), (6) of the previous proposition, we know that Hr is a
commutative p-fuzzy quasi-hypergroup.

3. Fuzzy hyperoperations ® and ¢

Proposition 3.1. Let I'y = (H;{A:}i), I's = (H;{B;};) be two p-fuzzy hyper-
graphs, then
I't x Ty = (H x H; {Ai}; x {B;};)

is a p*-fuzzy hypergraph and called the product of T'y and Ts.

Proof. From Proposition 1.4 we know

U(Ai X Bj)p2 2 U((Ai)p X (Bj)p) = (U(Ai)p> x (U(Bj)p) =HxH.

i?j

And then |_J(4; x B;),2 = H x H. .
2

Definition 3.2. Let Hy, = (H;x*), Hr, = (H;0) be two p-f.h.g. hypergroupoids

associated to I'y, I'y respectively. The product p?>-f.h.g. hypergroupoid of I'; xI'y is

defined by Hr,xr, = (H X H;®) where the fuzzy hyperoperation ® is defined by

(x1,22) @ (Y1,y2) = (z1 % y1) X (x20y2), Vay,T2,y1,y2 € H.

Proposition 3.3. The p*-f.h.g. hypergroupoid Hr,«r, has the following properties
forany XY € H x H :

(1) X@Y2X@XUY®Y;

(2) X e (X@X)

B) YeX@X)esXec(Y®Y)y;

() (XY} C (XY

(5) XY =Y®X;

(6) (X ® (H x H)),e = H x H;

(7) (H;{X @ X}xenxu) is a p*-fuzzy hypergraph;

®) XeXxex2> |J 2oz

(X®X)(2)>0

9 XeX)e(XeX)2 |J zez

(X®X)(Z)>0

Proof. Set X = (z1,22),Y = (y1,y2), then

(1) X®Y = (21,72) @ (y1,%2) = (11 % y1) X (v209) = ((x1 * 21) U
(y1xy1)) X ((w2029) U(y2012)) 2 ((x1%21) X (T2022)) U (Y1 % 11) X (y2012)) =
(w1, 22) @ (w1, 22)) U (1, %2) ® (11,92)) =X @ X UY QY.

e N N N N N
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(2) It is a special case of (4).

(3) For example, let T' = ({a,b, ¢, d}; {A;}2,

0 05 0 0.8 0O 0 05 0
Ay=—+—+-+—,A3=—-—+4+ -+ — + —, then

a b c d a b c d

3

) where A =

YUMING FENG

05 0 04 O

b ¢ +E’

U(Ai)o.s = (A1)os5 U (A2)os U (A3)05 = {a,b,c,d}.

=1

Hence, I' is a 0.5-fuzzy hypergraph.

But

Set U = (a,b),V = (¢,d), then

UeU)V) = ((a,b)@(a,b))(cd)

= ((axa)x (bod))(c,d)
— (axa)(e)- (bob)(d)

(v

(a)>0.5

= Ai(c) - Ax(d)
= 04x0.8
0.32

0.25

(0.5)%.

v

VeV)U) = ((¢d ®(cd)(a,b)
= ((exc) x (dod))(a,
= (ecxc)(a)-(dod)(b)

— \/ Aq(a
Ai(c)>0.5

= As(a) - Ax(b)
= 0x05

- 0

< 025

(0.5)2.

b)

SO V — (U ® U)0.52 but UE(V ® V)0.52.

\/A

)
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(4) (XY )(X) = ((z1,22) ® (Y1, 42)) (21, 22) = ((T1xy1) X (w2042)) (21, 22) =
(z1 % y1)(z1) - (w2 0y2)(w2) > p-p =p* Thus X € (X ® Y),2. Similarly we can
prove Y € (X ®Y),2.

(5) X @Y = (71,22) ® (Y1,y2) = (1 x Y1) X (¥2042) = (Y1 * 1) X (Y2 © T2)
= (y1,12) ® (x1,22) =Y ® X.
(6) for any T'€ H x H,

(X ® (H x H)(T) = < U X®Y)(T)
(X;;)(ﬂ

(X ® X)U (T ®T))(T)
(T T)(T)

P

VvV IV IV IV

So Hx HC(X®(HxH))y and thus (X ® (H x H)),2 = H x H.
(7) From | ] (X®@X)p2 [J {X}=H xH weknow

XeHxH XeHxH

U X@X),=HxH

XeHxH
Then (H;{X ® X }xenxu) is a p?-fuzzy hypergraph.

®xexeXx= |J Zex2> |J (Ze®2)uXeX)
(X©X)(2)>0 (X©X)(2)>0

(X®X)(Z)>0
9 X @ X) @ X ® X) = U S ® Z
(X®X)(5)>0,(X®X)(Z)>0
) U (SesSuzez)= |J Zez .
(X®X)(5)>0,(X®X)(2)>0 (X©X)(2)>0

Remark 3.4. From (5), (6) of the above Proposition we know that Hr,«r, is a
commutative p-fuzzy quasi-hypergroup.

Definition 3.5. The fuzzy hyperoperation @ on Hr,«r, is defined by

(z1,72) © (Y1,y2) = (21 % 1) X (22 022) U (Y1 * y1) X (Y2 0 ¥2),
vxhx%ylayQ S H

Proposition 3.6. The p*-f.h.g. hypergroupoid HY . = (H x H;®) has the
following properties for any X, Y € H x H :

1) XeaY=XaXUuYaY;
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(2) X € (X @ X),
B Ye(XaX)%Xec(YaY),

(4 {X Y} S (X @Y)p

5) XoY =Y o X;

(6) (X @ (H x H)),> = H x H;

(7) (H;{X & X}xenxu) is a p*~fuzzy hypergraph;

®) XeoXxox= |J ZzZoz
(XBX)(Z)>0

9 XeX)a(XaX)=XaXaX.

Proof. Set X = (x1,22),Y = (y1,92), then

(1) Since X @Y = (21, 22) ® (Y1, y2) = (z1%x1) X (x2022)U (Y1 % Y1) X (Y20Y2)
and XX UYBY = (21, 22)B (1, 22) U (Y1, ¥2)B(y1, y2) = (21 * 1) X (290 29) U
(y1 *y1) X (y20y2). Then X Y =X p X UY @Y.

(2) It is a special case of (4).

4
(3) For example, set I' = ({a, b, ¢, d}; {A;}3_,) where A; = 0-5 + 0 + O— + = !
a

b d’
0 05 0 08 0 0 05

As :_+T+ + — R As :_+b+_+2 thenfromPr0p081t10n3.3we

know that I' is a 0 5-fuzzy hypergraph.
Set U = (a,b),V = (¢, d), then

UaeU)(V) = ((a,b) ® (a,b))(c,d)
= ((axa)x (bob))(c,d)
= (axa)(c)- (bob)(d)

REORERT

= Ai(c) - Ax(d)
0.4 x0.8

= 0.32

0.25

(0.5)%.

v
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But

VeV)U) = ((cd ®(cd)(ab)
= ((exc)x (dod))(a,b)
= (cxc)(a)- (dod)(b)
(v w) (v o)

Ai(c)>05 A;(d)>0.5

= As(a)- Az(b)
= 0x0.5
=0
< 0.25
= (0.5)%

SO V - (U @ U 0.52 but U@(V @ V)0.52.

)
(4) (X @ Y)(X) = ((71,72) D (Y1, 2))(T1,72) = ((71 % 21) X (22 0 72) U (31 %

Y1) X (Y20y2)) (w1, v2) = ((w1%71) X (v2029)) (71, 72) = (w1 %71)(21) - (T2072)(T2) >

p-p=7p* Thus X € (X ®Y),2. Similarly we can prove Y € (X & Y),.

(5) X®Y = (21, 22) © (y1,y2) = (w1 %21) X (22022)) U ((y1%y1) X (y20%2)) =
((y1*y1) X (Y2 042)) U ((w1 % 1) X (220 72)) = (Y1,%2) ® (11, 72) =Y & X.

(6) for any T'e H x H,

(X & (H x H))(T)

( U X@Y)@)

(X T)(T)
(XeX)u(TeT)(T)
(TeT)(T)

P

(AVAR VAR AV}

So Hx HC (X ® (H x H)),> and thus (X @ (H x H)),» = H x H.
(7) From | ] (X@X),e2 [J {X}=H xH weknow

XeHxH XeHxH

U XeX),=HxH

XeHxH
Then (H;{X & X }xecnxn) is a p*-fuzzy hypergraph.

®XoXxXex= |J Tex= |J (Z®e2)u(X®X)
(X®X)(2)>0 (X©X)(2)>0
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9 (XeX)e(XaX)= U SeZ
(X©X)(5)>0,(X®X)(2)>0
= U (SosSuzez)= |J ZoZ=XoXoX =
(XX)(S)>0,(XaX)(Z)>0 (XoX)(Z2)>0

Remark 3.7. From (5), (6) of the previous Proposition we know that Hy . =
(H x H;®) is a commutative p*-fuzzy quasi-hypergroup.
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