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Abstract. In 1940, P. Hall introduced the concept of isoclinism of groups and it was
generalized to n-isoclinism and isologism with respect to a given variety of groups.

In the present article this notion is studied in Lie algebras and give some results
similar to N.S. Hekster in 1986. In particular, it is shown that every family of n-
isoclinism of Lie algebras contains an n-stem Lie algebra of minimal dimension.

2010 Mathematics Subject Classification: 20E10, 20F14, 17B62.

Keywords: n-isoclinism, Lie algebra, n-stem Lie algebra.

1. Introduction and Preliminaries

Let L be a Lie algebra, then the lower and upper central series of L are defined
as follows:
L=L'21*D>-..-D>L" D...

and
(0) = Zo(L) C Zy(L) = Z(L) € Zo(L) € -+ C Zn(L) C -+,
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respectively, where L"*! = [L, L"] and

Al (L)
anl(L) anl(L) .
The following definition is vital in our investigation and it is similar to the
case for groups (see [1] or [2]).

L K
Z,(L) — Z,(K)
and 8 : L' — K"*! be Lie algebra homomorphisms such that the following
diagram is commutative

Definition 1.1. Let L and K be two Lie algebras, « :

L X X L L n+1
Z@) "z g
a X - XK
—_——— 8
(n+1)—times
K " " K
Zn(K) Zn(K) o
(n+1)‘:times
_ - L .
where @Y (ll,lg,...,ln+1) = [ll,lg, ...,ln+1], for all ll c m, 1 = 1,...,n +1

and similarly for . In fact, o and 3 are defined in such a way that they are
compatible, i.e., for all [; € L, B([l1,lz, - ,lnt1]) = [k1, k2, ..., kny1], in which
ki€ ol + Zo(L),1 <i<n+1.

The pair (o, ) is called n-homoclinism and if they are both isomorphisms,
then («, ) is called n-isoclinism. In this case, L and K are said to be n-isoclinic,
which is denoted by L 4~ K. If n = 1, then it will be the notion of isoclinism,
which was first introduced by P. Hall [1] in 1940. The kernel and the image of
(e, B) are defined as follows:

Ker(a,p) = Ker and Im(a,8)=1CK,

where o (an—fm) -7

Now, the above definition gives the following

Theorem 1.2. Let (a, 3) be an n-homoclinism of Lie algebras L into K, then
(i) Ker(a, )< L;

» Im(a, B).

.. L
(i) Ker(a, 5)
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Proof. It is obvious that Ker(«, ) = Ker( is an ideal of L. To prove the second
part, assume that

) <sz>) - an}<>’
J

L
Iy | —= | = :
(Kerﬁ) Kerp
Clearly, J< L, Z,(L) + Ker3 <4 J, Z,(K) < Z,(I) and Imf3 = I"*'. Thus

L/Kerp L
Zo(L/KerB) — J — J/Zn(L)

L/Zn(L)

Now, the homomorphism « induces the homomorphism

5. L 1/Z,(K)
: _ =
Zn(L) Zn(1)/Zn(K)
Zn(I)
I+ Z,(L) I+ Z,(L
HZ(L) ol ZD) + Z
Clearly, Kera J d ai jecti We also h N—[ hich
r ra = n i rjective. — i
early, Kera Z(L) and & is surjective e also have 7 Z(0) whic

implies that
L/Kerp _ I

Zn(L/KerB3)  Z,(I)

Since (L/K er3)"t = L"*1/Kerf3, the homomorphism 3 induces the homomor-
phism 3 : L™ /Ker3 — I""!. Therefore, a pair (@, 3) is an n-isoclinism from
L/Ker(a,3) onto Im(a, 3) and the proof is complete. .

2. Some properties of n-isoclinism of Lie algebras

In this section, some of the basic properties of m-isoclinism in Lie algebras are
discussed.

The following lemma is useful in proving the next result and its proof is
straightforward.

Lemma 2.1. Let Ly and Ly be two Lie algebras and L = Ly & Lo, then, for all
n>1,
L"=LT® LY and Z,(L)= Z,(L1) ® Z,(Ls).

Theorem 2.2. Let L be a Lie algebra and M an abelian Lie algebra. Then, for
alln > 1,
L L& M.
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Proof. Clearly, since M is abelian we have M = 0 and Z,(M) = M, for some
n > 1. Hence

Zo(L® M) =Z,(L)® M, (L® M)"" = L™
Now, we define

L Le M
o — o
Zn(L) Z (L& M)

v+ Z,(L) — x+ Z,(L® M)

and (3 is assumed to be the identity on L"*!. Then o and 3 are both isomorphisms
and the following diagram is commutative

(xl_|_Z71(L)7"-7xn+1"i_Zn(L))H [xlv'-wanrl]

ax-Xa Jé]
(iL'l + Zn(L D M), ceey Tl + Zn(L ) M) B [.Z'l, ...,an_'_l],

where x; € a(z; + Z,(L)), fori =1,--- ;n+ 1. Thus
L L& M. "
The following result is a criterion for two Lie algebras being n-isoclinic.

Theorem 2.3. Two Lie algebras L and K are n-isoclinic if and only if there
exist ideals Ly and Ky of L and K contained in Z,(L) and Z,(K), respectively,
and the isomorphisms o : L)L, — K/K; and 3 : L' — K" such that o
induces (3.

Proof. If L 4 K, then choosing L, = Z,(L) and K; = Z,(K) will do the job.
Conversely, consider the pair of isomorphisms («, 3) satisfying the assump-
Zn(L Zn(K
tion. We show that « ( L(1 )) = ]((1 )
y € alx+ L), lh,....,0, € L and kq, ..., k, € a(l; + Ly) such that

. To do this, let the elements z € Z,, (L),

[ya klv 7kn] = ﬂ[xallv 7ln] = /6(0) = 07

which implies that y € Z,(K) and hence

o (2 D) - Zu(K)
( Ly >_
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The reverse inclusion follows similarly, by using the property of 5. Thus

o (D) - 200

L, Ky

which gives the following isomorphism

_ L K
a: — :
Zn(L)  Zu(K)
Now, the pair of isomorphisms (&, 3) implies that L o K. .

The following corollary is an immediate consequence of the above theorem.

Corollary 2.4. Let L and K be Lie algebras. If L o K, then L & K, for all

m > n.

Theorem 2.5. Let (o, 3) be the pair of n-isoclinism between two Lie algebras Ly
and Lo. Then, for alln > 1

(a) if My is a subalgebra of Ly containing Z,(Ly) such that o(My/Z,(L1)) =
MQ/Zn<L2), then M1 %JMQ.
: o n+1 Ly Ly
(b) iof My is an ideal of Ly and My C L™, then My = 3(M;)<Ly and L
1 2
Proof. (a) Clearly, Z,(L,) C Z,(M;) and similarly Z,(Ly) C Z,,(Ms).
Now, as in Theorem 2.3, by choosing Ly = Z, (L), K1 = Z,(Ls), & = 04} My

Zn(Ly)

and 3 = ﬁ}MnH, then (&, 3) is the required n-isoclinim pair for M; s Ms.
1

(b) We first show that My = B(M;) is an ideal of Lo, i.e., [B(my1),y] € M, for
all my € My and y € L,. By the assumption M; C L}*!, and hence

a(my + Z,(L1)) = B(m) + Z,(Lo).
Thus there exists x € Ly so that for any y € a(z + Z,(L1)),

Blmy, z] = [B(m1),y] € My,

which implies that My <1 L.

, i =1,2 and B(M;) = M,. Therefore, 5 induces

Clearly, (—) = ]’\/[

M,
B | i n+1 . ﬁ n+1 |

M, M
Zn(L1) + M1> ~ Zn(L2) + My

Now, since o | — , the following isomorphism
( Zn(Ll) Zn(L2) & P
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Ly/Z,(Ly) ~ Lo/ Z,(Ls)
(Zu(L1) + M)/ Zo(L1) — (Zu(La) + M)/ Zy(Ls)
L1 L2

~Y

. So they give the following isomorphisms

implies ~
HPRS 7 (L) + My Zo(La) + M

LMy L L LyM
Y ZAL) + MO)M,  Zo(Ly) + My, Zo(La) + My (Zn(L2) + My) /M,

~Y Y

L L
One can easily see that, using Theorem 2.3, ﬁl A MQ, via the n-isoclinism
1 2

pair (&, 3). .

Theorem 2.6. Let K and M be subalgebra and ideal of a Lie algebra L, respec-
tively. Then for alln > 0,

(a) K oK + Z,(L). In particular, if L = K + Z,(L) then L K.

Conversely, if is finite dimensional and Lo K, then L = K + Z,(L).

L
Zn(L)

L L L
[ U S— ; if L Ln+1 _ = ~ L.
(b) A AL n particular, if L N 0, then A"
L
Conversely, if L™ is of finite dimension and L i then L™ N M = 0.

Proof. (a) Clearly, Z,,(K+Z,(L)) = Z,(K)+ Z,(L), for all n > 0. Now, consider

K K+ Z,(L)
oK) Zu(K + Zo(L))

(67

given by a : k+ Z,(K) — k+ Z,(K + Z,(L)), for all k € K and = idgn+1.
Then the pair of («a, 3), guaranties the property K o K + Z,(L). In particular, if
L=K+ Z,(L) then L K.

L
Conversely, suppose that dim Zo(L) < oo and J = K + Z,(L). Then,
we show that L = J. Clearly, L 4~ K 4 J, which imply that L 4 J and hence

L ~ J and Z,(L) C Z,(J). Thus, dim (%)

ZD) 7))
dim (Zif)) = dim (Zn{m) |
J

that
Hence, di L < di < di L hich follow that J =
ence, dim 7)) = m 7)) = im 7D , which follow tha =
L.

is finite and it follows
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b) Put L = L/M and L = Then one can easily check that

~ ( B _ ~ M N Ln+1 ’
le€ Z,(L)if and only if [ € Z,,(L). Therefore, the following maps
L L
a: — — -
Zn(L) Zn(L)
[+ Zy(L) — 1+ Zy(L)

and
ﬁ:Ln+1 SN £n+1

are the required n-isoclinism pair.

Now, if M N L"" =0, then

To prove the converse, since L 5

Ln+1 N L n+1 B Ln+1
T\ Mn Lntl -

which implies that
dim L™ = dim L™ + dim(M N L")
and so dim(M N L") = 0. Hence M N L™ = 0. -

Theorem 2.7. Let f : L — K be a homomorphism of Lie algebras such that
f(Z,(L)) C Z,(K), for somen > 1. If

and
ﬁZLn—H SN Kn—i—l

[lla ) anrl} — [f(ll)a ) f(anrl)]?
forall 1y, ....l,41 € L. Then, the following statements hold:

(a) (o, B) is an n-homoclinism of L into K ;
(b) L/Kerf s L/Ker(a,5);

(c) Imf o Im(a,B).
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Proof. (a) is obvious.
(b) Clearly, Ker(a,3) = Ker3 = Ker fNL""™. Then, using Theorem 2.6(b),
it implies that

L L L

Kerf rﬁJKerfﬁL"Jrl - Ker(a,B)’
(c¢) By Theorem 1.2,

L L
Imf = Kerf %JKe'r’(a,ﬁ) wIm(a, ). -

The following corollary gives a sufficient condition that two Lie algebras are
n-isoclinic.

Corollary 2.8. If f : L — K 1is an epimorphism of Lie algebras such that
KerfN L' =0, then L K.

Proof . Since f is surjective, it follows that f(Z,(L)) C Z,(K). Hence the pair
(e, B) is defined in the above theorem is an n-homoclinism such that Im(a, §) = K.
Thus

L L

L >
KerfnLrtl 7 Kerf

I
I

K. n

Theorem 2.9. Let K be a subalgebra of a Lie algebra L and satisfies the

Zn(L)

descending chain condition on subalgebras. Then the following are equivalent:

(8) L= K+ Z,(L);
(b) L » K;

L _ K
© 70~ Zm

Proof. The conclusions (a)=- (b) and (b)= (c) follow by Theorem 2.6 and
Definition 1.1, respectively.

(¢c)=(a). Put J = K+ Z,(L) and so K #J. Hence « :

is an isomorphism, which implies that

L K J

ZaD)  ZuE)  Za)

J
Zn(L)

>: i , for some J; C J.

L
Clearly, J C and so assume « ( 7))

Zn(L) — Zn(L)
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Now, if J; = J, then

N J _J L
Zo(L))  Z,(J)  Z,(L)
which gives J = L.
Conversely, we have Z,(L) C Z,(J) € J, and hence Z,;](IL) - 7.0

So, there exists a subalgebra J; of J contained in J; such that

) (Zilm) B Z:(QJ)'

Thus Jo, = J1 & J, = J & J = L. Clearly, using this process we obtain a

as follows:

descending chain of subalgebras of Zul))
J Jp Ja

AT A AT R
J

Zy(J)
there exists a natural number n such that for all m > n,
I Im

Z(L) = Z(L) = J,=Jn, Ym>n.

By the assumption, satisfies the descending chain condition, and hence

Thus J = K, which completes the proof. u

The following result gives some equivalence conditions on n-isoclinism of Lie
algebras, which can be proved using Theorem 2.6(b).

Theorem 2.10. Let M be an ideal of a Lie algebra L. If L™ satisfies the
ascending chain condition on ideals, for all n > 1, then the following conditions
are equivalent:

(a) M N L™ =0;

The above theorems have the following corollary.

Corollary 2.11. Let K and M be a subalgebra and an ideal of a Lie algebra L,
respectively.

L
MNON’

(i) If N is an ideal of L and M N L™t =0, then L
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K+ M
(i) If MO L+ = 0, then ~— 2% K.
M
K+M L
i) [fL = K + Z,(L), th el
(i) I L= K + Z,(0), then 02 0 L

(iv) If J< L and L =K + Z,(L), then L K + J.

Proof. (i) Clearly, (M N N)NL"™ = 0. Now, the result follows by Theorem 2.8.

11) By the assumption, we have N N = (0 and so
(ii) By th i h (M NK) K™ =0 and

K+M, K
M T MnK"™

(iii) One observes that

L K+2Z7
L _ +AM:K+M+%@+MMML@+M§ZL£.
M M M M M M
Thus
L_K+M+Z L
M M "\ M)’

Now, the result follows, using Theorem 2.7.

(iv) Clearly, L = (K + L) + Z,(L) and hence
LyK+J n

In the next section, we study the concept of n-stem Lie algebras.

3. The structure of n-stem Lie algebras

In this section, we introduce the concept of n-stem Lie algebras and similar to
group theory case (see [1], [2]), it is shown that every family of n-isoclinic Lie
algebras contains an n-stem Lie algebra of minimum dimension.

Definition 3.1. A Lie algebra L is said to be an n-stem Lie algebra, if
Z,(L) < L™ for some n > 1.

Theorem 3.2. Let C be a family of n-isoclinic Lie algebras, then

(a) C contains an n-stem Lie algebra;

(b) Suppose T is a finite dimensional Lie algebra in C, then T is an n-stem Lie
algebra if and only if

dimT = min{dimL | L € C}.
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Proof. Let L € C and S be a vector space complement of Z,(L)N L™ in Z,(L),
ie., Z,(L) = S® (Z,(L)n L"), Tt follows that SN L"™ =0 and S < L. By

L
Theorem 2.6, T'= S » L and so T € C. Thus, we have

S S - S

n+1
e
S )

which implies that 7" is an n-stem Lie algebra in C.

n+1 n+1
Zn(T):Zn<£> _ ZaL)+S _ S+ Z(L)NL c S+l

(b) Let L be a finite dimension Lie algebra in C and T' be the n-stem Lie
algebra of C. Then

[+l QLn—H-i-Zn(L) B ( )’ )nJrlg( T >n+1

LN Z,(L) Zn(L) Zo(L) Zo(T)
Ty Z,(T) T
Z,(T)  Z(T)

Now, since L™t = 77+ it follows that

dim(Z,(T)) = dim(Z,(L) N L") < dimZ,(L).
T

L
Clearly, Zo(L) = Z.(T) and hence dimT < dimL.

Conversely, Let T" be a Lie algebra in the family C of minimum dimension.

T
As in the first part, there exists an ideal S of T such that g ~T. Now, since T’

is of minimum dimension, it implies that

Zn(T) = Zn(T) N Tn+17
i.e., S =0. Therefore Z,(T) C T"™ and hence T is an n-stem Lie algebra. n
The following lemma shortens the proof of our final result.

Lemma 3.3. Let L and M be two Lie algebras such that L 4w M with the isomor-
phisms pair (o, 3). Then, for all x € L™

(a) a(z+ Z,(L)) = B(x) + Z,(M);
(b) B([z,y]) = [B(x),m], Yy € L, m€ aly+ Zn(L)).

Theorem 3.4. If L and M are n-stem Lie algebras. Then Z,(L) = Z,(M), for
n > 1.

Proof . Suppose L 4~ M with the isomorphisms pair (a, 3). By the assumption,
we have Z,(L) C L™, Then using Lemma 3.3(a), for all z € Z,(L)
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a(z+ Zn(L)) = B(2) + Za(M),

which implies that 5(z) € Z,(M) and hence 5(Z,(L)) C Z,(M).
Now, take an arbitrary element x € Z,(M). Then, there exists [ € L with
all+2Z,(L) =x+ Z,(M) = Z,(M). Clearly, using Lemma 3.3(b),

0= [:L‘,?’I’Ll, ...,mn] — [ﬁ(l)alla "'7ln]7

where (1) = z € Z,(M) and m; € a(l; + Z,(L)), for all 1 < i < n. Thus
Zn(M) = (Z,(L)), which implies that Z,,(L) = Z,(M). n
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