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Abstract. In this paper we have shown one construction of the Chinese hyperrings,
using the class of multiendomorphisms of the starting ring (R,+,-) or the class of
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1. Introduction

This paper deals with a class of Chinese hyperrings. Some Chinese mathemati-
cians have developed an interesting theory of H X-groups. P. Corsini [4] showed
that from every H X-group, a hypergrupoid is obtained which is, in some cases, a
hypergroup (Chinese hypergroup). Similarly, we show that, if we start from the
ring (R, +,0), then each family R C Fy(R), that satisfies conditions of Theorem
3.1, generates a Chinese hyperring (R*, P, @) Theorem 3.5 shows that each mul-
tiendomorphism of the additive group (R, +), under certain conditions, generates
the family R C Py(R) that satisfies the conditions of Theorem 3.1. So, there
exists a class of multiendomorphisms of the additive group (R, +), that generates
a class of Chinese hyperrings. Theorem 3.10 shows that between the starting ring
(R,4,0) and the appropriate Chinese hyperring (R*, @, ), we can establish a
good multihomomorphism.

2. Preliminaries

Definition 2.1. A hypergroupoid (H,o) is a non-empty set H equipped with a
function o : H x H — P*(H) called a hyperoperation, where P*(H) denotes the
set of all non-empty subsets of H. If A, B are subsets of H, then A o B denotes
the set U aob.

acA
beB
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Definition 2.2.
1) An H,-semigroup is a hypergroupoid (H, o) such that:

V(z,y,2) € H*, (roy)ozNuwo(yoz)#0.

2) An H,-semigroup is called an H,-group if

Vae HH Hoa=aoH =H.

3) A hyperstructure (H, +,0) is called an H, ring if:

i) (H,+) is an H,-group.
ii) (H,o) is an H,-semigroup.

iii) For all z,y, 2 in H we have:

zo(y+z2z)N(zxoy+xo02)#0 and (y+z2)oxN(yox+zox)#0D.

Definition 2.3. A hypergroupoid (H;o0) is called a semihypergroup if:

V(z,y,2) € H® : (xoy)oz =m0 (yo2).

Definition 2.4. A semi-hypergroup (H;o) is called a hypergroup (or also a
multigroup) if
(WVae H) Hoa=ao0oH = H.

The previous axiom is called the reproduction axiom.
Definition 2.5. A multivalued system (R, +,0) is a hyperring if:
1) (R,+) is a hypergroup.
2) (R, o) is a semihypergroup.
3) For all x,y,z in R, we have:

(a) zo(y+z) Czoy+zxoz
and

(b) (y+z)ox Cyox+zoux.

If in the conditions 3a) and 3b) the equality is valid, the hyperring is called strongly
distributive.

Definition 2.6. Let (A4, +, ) and (B, +', ) be two hyperrings. Themap f: A — B
is called an inclusion homomorphism if for all z,y € A, the following relations
hold:

fle+y) C f(x)+ fly) and f(x-y) C f(x) f(y).
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The map f is called a good homomorphism if for all z,y € A, we have:
flet+y)=f@)+ fly) and  flz-y) = f(z) fy).

Definition 2.7. Let (A,+,:) and (B,+',-') be two hyperrings. The map
® : A — P*(B) is called a multihomomorphism from the hyperring A to the
hyperring B if, for all x,y € A, the following relations hold:

) | o) Co@) + o)

If in the conditions 1) and 2) the equality is valid, then the map & is called
a good multthomomorphism.

Let us notice that, if (A, +,-) and (B, +', ") are the rings, then the conditions
1) and 2) means:

Va,ye A) ®(x+y)=>(x)+ ®(y) and P(zy) = D(z) ' O(y).

Let (G, ) be an arbitrary group and P(G) the powerset of G. Under the subset
multiplication:

(VA,Be Py(G)) A-B={ab|a€ A, be B}.
Py(G) = P(G) \ {0} forms a semigroup which has an identity.

Definition 2.8. [2] A subgroup (G,-) of Py(G) is called an HX-group on G
and (G, -) the generating group (or the support) of (G,-). The identity in (G, ) is
denoted by FE.

Definition 2.9. [2] Let (G, -) be an HX-group on (G, ). (G,-) is called a regular
HX -group if e € E (e is the identity of G).

Let A € G and A~! be the inverse element of A. Theset AV = {z7! | 2z € A}
is called the inverse set of A.

Definition 2.10. [2] An HX-group (G, -) is called a uniform HX -group if for all
A € G it holds:
A7l =AY,

Theorem 2.11. [2] An HX-group (G,-) is a uniform HX-group iff E is a sub-
group of G.



246 SANJA JANCIC RASOVIC

Definition 2.12. [4] Let (G,-) be an HX-group with (G, -) as support and F
as identity. We call a Chinese hypergroupoid the hyperstructure (G*,9), where

G’*:UAand

V(z,y) € G* x G*, xoy = U A-B.

z€A, yeB
{A,B}Cg

Let (Vo € G*), a(z) ={A|A€g, Ada}and A(x)= (] A

Aca(x)
Lema 2.13. [4] V (z,y) € G* x G*, we have:

zoy = A(x) - A(y).

Theorem 2.14. [4] The hypergroupoid (G*,9) is an H,-group.
Theorem 2.15 [4] If (G,-) is an HX -group such that
V(A B) € GxG, ANB#)=— A= B,

then (G*,9) is a hypergroup.

3. Chinese hyperrings

Theorem 3.1.

1) Let (R,+,-) be aring and R C Py(R) additive HX-group i.e. R is a group
with respect to the operation:

(VA BeR) A+ B={a+b|lac A, be B}.
Let (R,-) be a semigroup with respect to the operation:
(VAL BeR) A-B={ab|la€ A, be B}.

On the set R* = U A, we define the operations @ and ®:
AeR

(Va,y € R*) 2@y = A(z) + A(y) and 20y = A(z) - A(y),

where

Alx)=J A
12

The structure (R*, ®,®) is an H,-ring.
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2) If R C Py(R) beside previous assumptions satisfies the condition:
(VA BeER) ANB#0) = A=B ()

then the structure (R*, @, ) is a hyperring. (This hyperring we will call
the Chinese hyperring).

Proof. Theorem 2.15 shows that (R*,®) is an H,-group.
We can show that (R*,®) is an H,-semigroup using the method of P. Corsini

[4]. Indeed, if z € 20y = A(z) - A(y) = U Al - U B |, then A, B exist in

z€A yEB
AER BeR

R such that z € A, y € B and z € A- B. Since (R,-) is a semigroup, it is clear
that A-BeR,ie,z€ A-BCR"
Let x,y,z € R*. Then, we have:

(2Gy)Oz = (A@@)-A)oz= ) ubz
ueA) Aly)

= U Aw-ae = [ Aw-4

u€A(z)-Aly) uEﬁ(r)A(y)
z€A3
= U Au-45=(».
Aydu€cA Ay

zEA-yEAg 2€A3

So, we proved: V (A1, Ay, A3) € R? such that x € Ay, y € Ay, z € Az, it holds:
(*) 2 (AlAQ)Ag ie. (x@y)@)z 2 (AlAQ)Ag.

Similarly, we can prove: V (Ay, As, A3) € R3 such that x € Ay, y € Ay, 2 € Aj,
it holds:
Therefore, (zGy)®z N x@(y@z) #£0, 1 ( R*,®) is an H,-semigroup.

Let us prove now that (R*, @, @) Satlsﬁes the condition

~

(2@y)Oz N ((202)B(y0z)) # 0

for all z,y,z € R*.
Let x,y,z € R*. Then we have:

L= (z8y)0z = (A(z)+A(y)) Oz = U u®z = U Ay-Az = (%)

ucA(x)+A(y) Ausu€di+As
€A1, yEAg, 2z€EA3

We can notice that for arbitrary (A;, Ay, A3) € R3, where x € Ay, y € A,
and z € As, it holds:

(+) D (Ay + As) - As, ie. LD (A, + Ay) - As. (1)
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Also we have:

D = (282)8(y52) = (Alz) - A(2)B(Aw) - A(2)) = | ub,

where,
ue Ax)-Alz) = | ] A1+ A5 and ve Ay = 42 4s.
z€Aq yEAQ
z€A3 z€ag
Thus,
D= U Ay + A,

Ay>SucAy-Az, x€Aq, 2€A3
AydvEAg-Ag, y€Ag, z€A3

Therefore, for arbitrary (A;, As, A3) € R, where x € Ay, y € As and 2z € As, it
holds:

DDA - A3+ Ay A3 D (A1 + Ag) - As. (2)
From (1) and (2), it follows that L N D # (.
Similarly, we can show that for arbitrary z,y, 2 € R* it holds:

2O (yz2) N ((20y)B(202)) # 0.

So, we proved that (R*, @, ®) is an H,-hyperring.

2) It is enough to remark that the condition (xx) implies (V2 € R*) |a(z)| = 1,
where

az)={A|AeR, A>uz}.

Let (G,-) and (G4, 0) be two arbitrary groups, and let e be an identity element of
(Gv )

Definition 3.2. [3] A multivalued mapping f : G — Py(G1) = {B C G1 | B # 0}
such that:

(Vo,y e G) f(w-y) = f(x)o fly) ={aoblac f(x),bec f(y)}

is called a multthomorphism of group G into a group Gy.
It is easy to see, that for arbitrary z,y € G it holds:
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Theorem 3.3. [3] Let f be a multthomomorphism of the group (G,-) into the
group (Gy,0), such that f(e) is subgroup of G1. Then it holds:

Vo,y € G) flx)Nfly) #0= f(z) = f(y)

We prove this theorem using the theory of H X-groups.

Proof. Let G; = {f(x) | # € G}. Then it is easy to see that G; is an H X-group on
G1, with identity E = f(e), (e is the identity of G). Since, £ = f(e) is subgroup
of Gy, then from Theorem 2.11 it follows that G; is a uniform H X-group, i.e, it
holds:

(f(@)™) = (f(2)" = fla™). (%)
Now, suppose that z € f(x) N f(y).

From z € f(y), it follows that z~! € (f(y))(’l)(;)f(yfl).
Let e; be the identity of (G1,0). From

er=z20z"" € f(z)o fly™") = flay ™),
it follows f(e) = e; 0 f(e) C f(zy 1) o f(e) = f(zyte) = f(xy ). Therefore,
fle) € flzy™) (1)

Similarly,
fle) € flyz™"). (2)
From (1) and (2) it follows that:

flay™) 2 fle) = flay'ya™") = flay™") o flya™") 2 flay™") o fle) = flay™"),
ie. f(zy™) D f(e) D f(zy™'). Thus, f(zy~') = f(e). Therefore,

fx) = flzy™y) = flay ) fly) = fle)f(y) = fy)

Corollary 3.4. Let f be a multihomomorphism of the group (G,-) into the group
(Gy,0) such that f(e) is subgroup of G1. Then, for arbitrary x € G it holds:

f(x)=ao f(e)=fle)oa,
where a is an arbitrary element of f(x).

Proof. Let a € f(z). Then:

and
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Conversely, if b € f(x), then it holds:
b=ao(a'ob).

Let us prove that a™'ob € f(e). From a € f(z) it follows that ' € (f(z))"Y =
f(z7') and thus a ' o b € f(z7 1) o f(x) = f(e) and for this reason b € a o f(e).

We proved that f(z) C ao f(e). Therefore, ao f(e) = f(z). Similarly, we
can prove that f(e) oa = f(z).

Theorem 3.5. Let (R, +,-) be a ring and f : R — Py(R) a multiendomorphism
of the additive group (R,+) such that f(0) is a subgroup of a group (R,+). Let
Ri={f(z) |z € R} and R} = U f(z). If the following condition is valid:

TER
(Vz,ye R) (3z€R) flz) - fly) = f(2) (1)

and if we define on R} the hyperoperations @& and ® as in Theorem 3.1, then the
structure (R}Z, ®, @) 1S a hyperring.

Proof. Let us notice that (Ry,+) is an HX-group on (R,+) and from the
condition (1) it follows that (Ry,-) is a semigroup. Since the multiendomorphism
f fulfills the conditions of Theorem 3.3, then for arbitrary f(x), f(y) € Ry it
holds:

f@)Nfly) 0= f(z) = f(y).

Thus, the family Ry C Py(R) fulfils the conditions of Theorem 3.1 and for that
reason (R}, ®,®) is a hyperring.

Corollary 3.6. Let f : R — Py(R) be a multiendomorphism of a ring (R, +, ")
such that f(0) is a subgroup of a group (R,+). Then, the structure (R}, D,0) is
a hyperring.

Proof. As for all z,y € R it holds

f(x)- fly) = f(zy),

it is easy to see that the multiendomorphism f fulfils the conditions of the previous
theorem.

Corollary 3.7. Let (R,+,-) be a ring and f : R — Py(R) multiendomorphism
of a group (R,+), such that f(0) is an ideal of a ring R, which satisfies the
condition f(0) - f(0) = f(0). If U f(z) = R, then the structure (R; = R, o,0)
is a hyperring. velt

Proof. Let 2,y € R. From Corollary 3.4, for arbitrary a € f(z) and b € f(y),
it holds:

f(z) =a+ f(0) and f(y) = b+ f(0)
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and thus:

f@)- f(y) = (a+ £0)(b+ £(0)) = ab+ f(0)b+af(0) + £(0) - £(0)
C ab+ f(0) + f(0) + £(0) = ab+ £(0).

On the other hand,
ab+ f(0) = ab+ f(0) - £(0) C ab+ f(0)b+ af(0) + £(0) - £(0)

since 0 € a-f(0) and 0 € f(0)b. Thus, f(x)-f(y) = ab+f(0). From U f(z) =R, it
z€R
follows that there exists z € R such that ab € f(z), and by Corollary 3.4, we have:

f(z) = ab+ £(0).

Therefore,
f(x) - fly) = ab+ £(0) = f(2).
From Theorem 3.5, it follows that (R} = R, ®,®) is a hyperring.

Example 3.8. Let (R, +,+) = (Zg, +6, ) and [ : Zg — Py(Zs) be a multimapping
defined by f(z) = (3¢ ) +6 A, where A ={0,2,4}. Then:

flxty) = Bs@+ey)+6 A= (367) +6(306y) +6 A
= (B62)+6A) +6 ((36y) +6 A) = f() +6 f(y),
since A +¢ A = A.
2) f(0) = A and A is obviously an ideal of a ring (Zs, +¢, '6)-
3) A- A=A

y U f@) =2
TE€EZg

Thus, f satisfied the conditions of the previous corollary. Therefore, the
family R; = {f(x) | © € Zs} generates the hyperring (Zs, &, o).

Generally, if A is an ideal of a ring (R,+,-) such that A- A = A, then
for arbitrary homomorphism h : R — R of additive group (R,+), such that
h(R) + A = R, there exists a multiendomorphism f : R — Fy(R) of a group
(R,+), defined by f(z) = h(z) + A, that satisfied the conditions of Theorem 3.5.

Theorem 3.9. Let f : R — Py(R) be a multiendomorphism of a ring (R, +,-)
such that f(0) is subgroup of a group (R,+). Then, f(0) is an ideal of a ring
(f(R),+,-) and there exists a homomorphism f of a ring R into the quotient ring
f(R)/f(0) such that f(x) = f(x) for allz € R. (In a quotient ring f(R)/f(0) we
have ordinary operations ® and © defined by

(a+f0) @+ f(0) = at+b+f0),
(a+f(0)© (b4 f(0)) = ab+ f(0)).
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Proof. Let us prove that f(R) is a subring of a ring (R, +,+). Let a,b € f(R).
Then, there exist z,y € R such that a € f(x), b € f(y). Thus,

a+be f(z)+ fly)=flz+y) C f(R) and abe f(x)- f(y) = f(zy) C f(R).
If a € f(x), then

(—a) € ~(f(2)) 2= f(~2) € f(R).
Therefore, f(R) is a subring of a ring R.
Let us prove that f(0) is an ideal of a ring f(R). Since f(0) is a subgroup of
a group (f(R),+), it is sufficient to notice that for arbitrary a € f(R) it holds:

a- f(0) € f(R)- f(0) = f(0)

and

f(0)-a € f(0) - f(R) = f(0).
As by the Theorem 3.3 for arbitrary z,y € R it holds f(z) N f(y) # 0 = f(z) =
f(y), we have that the mapping f: R — f(R)/f(0) defined by:

(@) = f(z)

is well defined. (It is clear that, for arbitrary x € R, from Corollary 3.4 it holds
f(z) = a+ f(0) for arbitrary a € f(r) C f(R) and, therefore, f(z) € f(R)/f(0)).
Let us prove that f is a homomorphism. Let z,y € R. Then it holds:

fle+y) = fle+y) = flz)+ fy) = (%)
Let a € f(z) and b € f(y). Then:

() = (@+ f(0)) + (0 + f(0)) = a+b+f(0)=(a+f(0) & (b+ f(0))
o

Thus, f(z +y) = f(z) ® f(y).

Similarly,
flay) = fzy) = f(z)- fly) = (a+ f(0))- (b+ £(0))
= ab+ f(0)-b+a- f(0)+ f(0)- f(0)
= ab+ f(0)-b+a- f(0)+ f(0-0)
= ab+ f(0)-b+a- f(0)+ f(0).

Since, f(0)-b+a- f(0) C f(0), it holds:
fQ0)-b+a-f(0) + f(0) = £(0).
Therefore,
flzy) = ab+ f(0) = (a + f(0)) © (b+ f(0)) = f(2) © f(y) = f(z) © f(y).

Theorem 3.10. Let (R,+,-) be a ring and let f : R — Py(R) be a multiendo-
morphism of a group (R,+) such that f(0) is an ideal of a ring R which satisfies
the conditions:
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1) £(0) - f(0) = f(0)

) | f@) =

z€R
Then the family Ry = {f(x) | x € R} generates the hyperring (R} = R, 3,0)
and the mapping ® : R — Py(R) defined by ®(x) = x+ f(0) is a good multihomo-
morphism of a ring (R, +,-) into a hyperring (R, ®, ).

Proof. Let z,y € R. Then:
O(z+y)=x+y+ f(0)

and

O(2)DP(y) = (x + f(0)Dly+ f(0) = |J uv=z+y+ f(0)

uez+f(0)
vey+£(0)
Indeed, as U f(2) = R, it follows by Theorem 3.3 that there exists only one
zER

element f(a) of the family Ry = {f(z) | 2 € R} such that z € f(a) and, by
Corollary 3.4, it holds f(a) = x + f(0). Similarly, there exists only one element
f(b) of the family R such that f(b) = y+ f(0). Thus, for arbitrary u € f(a) and
v € f(b), we have

= J @)+ 1) = fa) + f(b) =z + y+ f(0).

u€ f(a’)

vef(b!)
Similarly,
O(zy) = zy + £(0),
and
O(z)0P(y) = utvE U w + £(0) 22y + £(0).
u€x+f(0) u€x+ f(0)
vEy—+f(0) vey+f(0)

The equality (xx) is valid since, for u € z + f(0) = f(a) and v € y + f(0) = f(b),

it holds:
o = U F@)- 1) = @) - £0)

u€f(a’)
vef(®’)

= (u+ f(0))(v+ £(0))
uv + f(0) - v+u- f(0)+ f(0) - f(0)
wo + f(0)-v+u- f(0)+ £(0)

= wv+ f(0).

The equality (* * *) is valid since x € x + f(0), y € y + f(0), and thus:

zy + f(0) C qu—l—f)

uez+f(0)
vEy+£(0)
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while, for arbitrary u € z + f(0) and v € y + f(0), it holds:
u+ f(0)=x+ f(0) and v+ f(0) =y + f(0)

and thus:

wo + f(0) = (u+ f(0)(v + f(0)) = (z + f(0))(y + £(0)) = zy + f(0).
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