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Abstract. In this paper, with use of a Lyapunov functional, we discuss stability and
boundedness of solutions to a kind of nonlinear third order differential equation with
retarded argument:

2(8) + h(@ (), (£), 2" (8), 2t — (1)), (¢ — r(8)), 2 (t — r(£)))2" (1
Fg(a(t - r(t),2 (t = r(1))) + f(a(t - (2)))
— plt,2(t), 2/ (1), 2t — (), 2'(t — r(t)), 2" (£)).

when p(t, z(t),2'(t), z(t —r(t)), 2’ (t—r(t)), 2" (t)) = 0 and # 0, respectively. Our results
include and improve some well-known results in the literature. An example is also given
to illustrate the importance of results obtained and the topic.
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1. Introduction

In a recent paper, Afuwape and Omeike [1] discussed stability and boundedness
of solutions to nonlinear third order delay differential equation:

2 (t) + h(a'(£)2"(t) + g(a(t —r(t), ' (t — r(t))) + f(x(t=r(t)))
= p(t, (1), ' (t), " (1)),

when p(t, z(t),2'(t), " (t)) = 0 and # 0, respectively.
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In this paper, we consider nonlinear third order differential equation with
retarded argument, r(t):

a(t) + W (t), o' (1), 2" (), 2t — r(t)), «'(t = r(t)), 2"(t = r(t)))z" ()
(1) +g(a(t —r(t)), 2t = (1)) + f(z(t = (1))
= p(t, x(t), 2'(8), x(t —r(t), «'(t — (1)), 2" (1)),

which is equivalent to the system

2(t) = y(t),
y'(t) = 2(1),
2(t) = =h(x(t),y(t), 2(1), x(t = r(1), y(t —r(1)), 2(t = r(2)))2(t)

®) ~g(a(t) (1)) - aw»aﬁm%@@w@M@w

o[ atetnssois [ P
w@ﬂ)()@—m»w~mmam,

where 0 < r(t) <7, v is a positive constant which will be determined later, and
r'(t) < 5,0 < < 1; the primes in equation (1) denote differentiation with respect
tot,t € RT, RT =10,00); h, g, f and p are continuous functions in their respective
arguments on R°, N2, N and NT x R®, respectively, with g(x,0) = f(0) = 0, in
the statement of Theorem 1. The continuity of functions h, g, f and p guarantees
the existence of the solution of equation (1) (see [3, pp.14]). In addition, it is

also supposed that the derivatives g, (z,y) = gg(x, Y), gy(z,y) = a—yg(x, y) and

d
fl(x) = d—f exist and are continuous; all solutions of (1) are real valued and the
T

functions h, g, f and p satisfy a Lipschitz condition in x, y, z, x(t—7(t)), y(t—r(t))
and z(t—r(t)). Then the solution is unique (see [3, pp.14]). Throughout the paper
x(t), y(t) and z(t) are abbreviated as z, y and z, respectively.

The motivation for the present work has been inspired basically by the paper
of Afuwape and Omeike [1], Sadek [9] and Tung ([11], [12]). Our aim here is
to extend and improve the results established by Afuwape and Omeike [1] to
nonlinear differential equation with retarded argument (1) for the asymptotic
stability of trivial solution and boundedness of all solutions of this equation, when
p=0and p# 0in (1), respectively. We also give an explanatory example for the
illustration of the subject. All aforementioned papers have been published without
including an explanatory example on the stability and boundedness of solutions of
third order nonlinear differential equations with retarded argument. In addition,
to the best of our knowledge, so far throughout all the papers published on the
subject of this paper, the second term in (1) has only consisted of az”(t), a1z (t),
a x”(t), (a, a; and « are constants), h(x'(t))x"(t), p(z(t),2'(t))x"(t), a(t)x”"(t),
fla(t), o' (t), 2" (t)x"(t) or a(t)f(x(t),'(t))x"(t) (see [1], [9], [11], [12] and the

references registered thereof). But, our second term has the form

h(x(t), o' (t), 2" (t), z(t —r(t)),z'(t —r(t)), 2" (t —r(t)))z"(t).

This case, clearly, is an improvement.
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2. Preliminaries

Now, we will give some basic information for the general non-autonomous diffe-
rential system with retarded argument (see, also, the books of El’sgol’ts (3], Hale
[4], Kolmanovskii and Myshkis [5], Kolmanovskii and Nosov [6], Krasovskii [7]
and Yoshizawa [13]). Consider the general non-autonomous differential system
with retarded argument:

(3) = f(t,x),z, =x(t+0),—r<0<0,t>0,

where f : [0, o) x Cy — R™ is a continuous mapping, f(¢,0) = 0, and we suppose
that f takes closed bounded sets into bounded sets of &". Here (C, |. ||) is the
Banach space of continuous function ¢ : [—r, 0] — R™ with supremum norm,

r > 0; Cy is the open H-ball in C; Cy := {¢ € (C'[-r,0], R"):|¢] < H}.

Definition 1. (See [13].) A function (g, ¢) is said to be a solution of (3) with
the initial condition ¢ € Cy at t = tg, to > 0, if there is a constant A > 0 such
that x(to, ¢) is a function from [ty — 7, to+ A] into R" with the properties:

(l) .It(to, ¢) € Cy for to <t <ty+ A,

(11) Lo (t07 ¢) = ¢7
(iii) x(to, ¢) satisfies (3) for ty <t <ty + A.

Standard existence theory, see Burton [2], shows that if ¢ € Cy and t > 0,
then there is at least one continuous solution x(t, to, ¢) such that on [ty, o + «)
satisfying equation (3) for ¢t > ty, x4(t,¢) = ¢ and « is a positive constant. If
there is a closed subset B C C'y such that the solution remains in B, then a = oc.
Further, the symbol |-| will denote a convenient norm in R" with |z| = max |z ].

Definition 2. (See [2].) A continuous function W : [0, co) — [0, co) with
W(0) =0, W(s) >0if s > 0, and W strictly increasing is a wedge. (We denote
wedges by W or W;, where ¢ an integer.)

Definition 3. (See [2].) Let D be an open set in R” with 0 € D. A function
V[0, c0) x D — [0, co) is called positive definite if V' (¢,0) = 0 and if there is a
wedge Wy with V (¢, z) > Wi(]z|), and is called decrescent if there is a wedge Ws
with V (¢, z) < Wa(|z|).

Definition 4. (See [2].) Let f(¢,0) = 0 . The zero solution of equation (3) is:

(i) stable if for each € > 0 and #; > ¢, there exists 6 > 0 such that
[0 € C(t1), |lo|l <o,t>t1] implies that |z(t,t1, )| < e.

(ii) asymptotically stable if it is stable and if for each t; > tq there is an n > 0
such that [¢ € C(t1), ||¢| < 0] implies that x(t,to,¢) — 0 as t — oc.
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Definition 5. (See [2].) Let V (¢, ¢) be a continuous functional defined for ¢ > 0,
¢ € Cyg. The derivative of V' along solutions of (3) will be denoted by V' and is
defined by the following relation:

V(t,¢) = lim supv<2€ + hy wen(to, ¢}2) — VL, 24(to, ¢))
h—0

Y

where x(to, ¢) is the solution of (3) with zy,(t, ¢) = ¢.
For the general autonomous delay differential system

which is a special case of (3), the following lemma is given:

Lemma. (See[l0].) Suppose f(0) = 0. Let V be a continuous functional defined
on Cy = C withV(0) = 0, and let u(s) be a function, non-negative and continuous
for 0 < s < o0, u(s) — o0 as u — oo with w(0) = 0. If for all ¢ € C,
u(|p(0)]) < V (), V(¢) >0, V(¢) <0, then the solution z; = 0 of (4) is stable.

If we define Z = {gb eCy:V(p) = 0} , then the solution z; = 0 of (4) is
asymptotically stable, provided that the largest invariant set in Z is Q = {0}.

3. Main result

In this section, we establish two theorems, which are the main results of this

paper.
First, for the case

p(t z,y,x(t —r(t)),y(t —r(t),z) =0,
the following result is introduced.
Theorem 1. In addition to the basic assumptions imposed on the functions h, g

and f that appearing in (1), we assume that there are positive constants a, b, c,
g, p, b, K, L and M such that the following conditions hold:

(i) ab—c> 0.

(i) f(z)sgn x>0, (z#0 ), sup{f'(x)} = ¢, |f'(z)] < L.

() 9(x,y)

N

(V) p < By, 2t — (D), y(t —r(t), =(t — () — a < 2epu~)3.
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Then the zero solution of equation (1) is asymptotically stable, provided that

7 < min 2(ub —c) 2(a — p)
w(K+L+M)+2\N K+ L+M+26

b
with p = GQ——;;C, where v is the bound on r(t).

Proof. To verify Theorem 1, we define the following Lyapunov functional V; =
‘/1(37257 Yt, Zt):

1
Vi(@e, ye, 2) = /f A& +yf(x) + SHay +/ g(z,n)dn + pyz

(5)
+ z —|—>\/ / 9 d9d8—|—5/ / 0)dods,
t+s t+s

where A and ¢ are positive constants which will be determined later in the proof.
Now, it is obvious that V7(0,0,0) = 0.

9(z,y)
Y

We also have, by the assumption >b+e, (y#0),

1 Yg(x, 1
Vi@, ye, 2t) —u/ f(&ds+yf(x) + SHay +/ il )ndn+uyz+ =2*

2
/ / y*(0)dfds+0 / / 6)dfds
—r(t) —r(t) Ji+s

1
> / €)dE + yf(x) + “y+ y+2y + yz+ 57
/ / d9d5+5/ / 0)dods
—r(t) —r(t) t+s
= by f@)P + /f g + Sy + 1f?()
(6) _2b y H y 2y x

+uyz+ z + A / d9d3+5/ / 0)dOds
—r(t) Jt+s —r(t) Jit+s

- s [4 [ 1@ [ rewmin} i

2, 1 2 1 o 1 2
oy + 5y +2)° + Sula )y + 5p 10y + f(2)]
0 ¢ 0
—l—)\/ /y2(0)d9d3+5/ / 2*(6)dbds.
—r(t) —r(t) Jit+s
t+s
ab — ¢ ab — ¢

> 0 and pub — f'(x) > > 0,
it follows from (6) that there exist sufficiently small positive constants D;,
(=1, 2, 3), such that

By using the assumptions a — u =
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Vi(z4,ys, 2¢) > D1a? + Doy + D32?

t
+A / / 0)dods+9 / / 22(0)dfds
t+s —r(t) Jit+s
0 t 0 t
> Dy(2* +y* + 2°)+A / / y*(0)dfds—+6 / / 2*(0)dOds
—r(t) Jit+s —r(t) Jit+s

> Dy(2? + % + 22),

0 t 0 ¢
since the integrals / / y*(0)dfds and / / 2*(6)dfds are non-negative,
+s -r +s

where Dy = min{D;, Dy, D3}. Now, we can deduce that there exists a conti-
nuous function v with u(|¢(0)|) > 0 such that u(|¢(0)]) < V(o).

Next, by a straightforward calculation from (5) and (2), we compute the total
derivative of Vi (xy, ys, ;) with respect to t :

%Vl(aft, i z) = f(@)y* + p2® — pyg(e,y) +y /Oy 9o (,m)dn
—pAh(z,y, x(t —r(t)),y(t —r(t)), z(t —r(t))) —a}yz
—h(z,y, x(t —rt),y(t —rt), z(t — r(t)), 2)2*

8) w2 / F(@(s))y(s)ds + (uy + 2) / g0 (2(s), y())y(s)ds
t—r(t) t—r(t)
g+ 2) / ) Y505 + () 40720

A1 —=7(t)) /t_ “ y*(s)ds — 6(1 — r’(t))/t 22(s)ds.

—r(t)

By use of the assumptions of Theorem 1 and the inequality 2 |uv| < u? + v?, we
obtain

) —h(ayalt — (1), y(t — (), 2(t — r(£)),2)2 < —(a+ p)?
(10) — (ug(g;’ Y _ f’(x)) y? < —(ub+ pe — o)y,
w [ Sattes < B

(11) t—r(t : t—r(t

= MTMQZ * % /t—r(t) yz(S)dS’

[ e < L [

(12) t—r(t) t—r(t)

< Ly , L

¢
—=z +—/ y*(s)ds,
2 2 Jirq)
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¢ Kr(t pkK [
i [ el peDytnts <L U [ s
t—r(t) 2 2 Jiw

(13) K K [
< uy2 + M—/ y*(s)ds,
2 2 Jir@w)
K Kr(t !
z/ g (x(8),y(s))y(s)ds < 2< >z2 +5 y*(s)ds
(14) t—r(t) t—r(t)
<=1y K t y?(s)ds
-2 2 Jir 7
¢ Mr(t M [*
i [ el ue)soas < B L
(15) t—r(t) t—r(t)
M M [
< 2 ’7y2+ﬂ ZQ(S)CZS,
2 2 Jir
! Mr(t M [t
z/ gy(z(s),y(s))z(s)ds < r( )z2 + — 2*(s)ds
(16) t—r(t) 2 2 )i
M M [t
< el Nk 2*(s)ds,
2 2 )i
(17) MPr(t) < Myy?, 02%r(t) < 622
Combining the inequalities (9)-(17) into (8), we obtain
d K L M
Vi@ g 2) = (ub —c— “77 - %7 - MT’V - M) v
(LKL MY
a—p 9 Y 2'7 9 Y Tz

K L upuK ul t
2 2
—pz +[—+—+—+——1—ﬁ)\]/ y“(s)ds
2 2 2 2 ( ) tir(t) ()

4 {M + P (1— 5)5} /t:(t) 2%(s)ds.

Now, we consider the terms

279

W =: (ue)y® + p{h(z,y, z, x(t — r(t),y(t — r(t), 2(t — r(t))) — a}yz + pz°,

which are contained in (18). Clearly, by the assumption (iv), we get

1\ 1
W > (ue)y® = 2ulepp™")2 ly| |2] + p2°
1
= (ue)y® = 2(epp)2 |yl || + p2*

— [VIE Iyl -5 AP 20,
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This estimate implies that

dt 2 2 2

K LM -\,
e e R At Al oA B

d K L M
—Vi(ze, ye, z) < — (ub —c— M—v - M—v - M—v - M) Y’

(19)

By taking A = 52— (K + L)(1 + p) and 6 = 5= M (1 + u) , we get from (19)

2(1-5) 2(1-p)
that
d K L M
%Vl(:rt,yt,zt) < - (ub —c— %v - %7 - “77 - M) Y
(20)
K LM o\,
—|a—p——y—=y— —v— 2°.
1% 9 Y 9 Y 5 Y Y
The above inequity, that is, (20), yields
d 2 2
(21) %‘/I(xtayhzt) < —ky” —ke2” <0

for some positive constants k; and ko provided that

+ < min 2(ub —¢) 2(a — p)
w(K+L+M)+2\N K+L+M+25]"

It is also clear that the largest invariant set in Z is @) = {0} , where
Z:{quC’H:Vl(gb):O}.

d
Namely, the only solution of equation (1) for which aVl(xt,yt,zt) = 0 is the

solution z; = 0. Thus, under the above discussion, we conclude that the trivial
solution of equation (1) is asymptotically stable. This fact completes the proof of
Theorem 1.

In the case

p(t, x,y, I(t - T(t))v y(t - T(t))7 Z) 7£ O’

we establish the following result.

Theorem 2. We assume that the assumptions (1)-(iv) of Theorem 1 and the
following condition hold:

p(t, 2,y (t —r(t), y(t —r(t)), 2)| < q(t),
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where ¢ € L'(0,00), L'(0,00) is space of integrable Lebesque functions. Then,
there exists a finite positive constant K such that the solution x(t) of equation (1)
defined by the initial functions

z(t) = (1), 2'(t) = ¢/ (1), 2"(t) = ¢"(1)
satisfies the inequalities
2(t)] < VE, /()] < VK, |2"()] < VK
for all t > ty, where ¢ € C*([to — 1,to], R), provided that

: 2(ub—c) 2(a — p)
~ < min ,
WK +L+M)+2N K+L+M+26
ab+c
2b
Proof. To prove Theorem 2, we use the Lyapunov functional, Vi = Vi(xy, yy, 2¢),

defined by (5). Now, taking into account the assumptions of Theorem 2, the result
of Theorem 1 and (21), a straightforward calculation from (5) and (2) gives that

%Vl(azt,yt,zt) < —ky® —ko2® + (py+ 2)p(t, (1), y(1), (L —r (1)), y(t —r(t)), 2(1)).
Hence
iVl(xt, Yoo z) < (lyl +12]) Ip(t, 2(t),y(t), z(t — (1), y(t — (1)), 2(t))|

dt
< (elyl + |21)a(t) < Ds(ly| + |2])q(?),
where Dy = max {1, u}.
Now, by using the inequalities |y| < 1+ %? and |z| < 1+ 2? , we have
d
Evl(l"t» Yi, 2t) < Ds(2+ Yy + Zz)Q@)-

The estimate (7) implies that

with p =

y? + 2 < Dt Vi@, ye, 2t).

The last two inequalities lead to

d
(22) %‘/1(%, Ut, Zt) < D5(2 + D4_1V1(xt7 Ut, Zt))Q(t)
= 2D5q(t) + Ds Dy ' Vi(2e, ys, 2)q(t).

Now, we integrate (22) from 0 to ¢ and use the assumption ¢ € L'(0,00), and
Gronwall-Reid-Bellman inequality to make the next estimate:

t
‘/l(xtvyta Zt) S ‘/1(1;0; y07 ZO) + 2D5A + D5D4_1/ (‘/i(xs7y57 ZS)) Q(S)ds
0

(23) < (Vi(z0, 90, 20) + 2D5A) exp (D5D4_1 /Ot Q(s)ds)

< (Vi(zo, Y0, 20) + 2D5A) exp (Ds D' A) = K; < o0,
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where K; > 0 is a constant, K; = (Vi(xo, %0, 20) + 2D5A) exp (D5D4_1A) and
A:/ q(s)ds.
0

In view of (7) and (23), it follows that
vyt 2" < DyVaw, g ) < K,
where K = K1 D;*. Thus, we can deduce

2(t)] < VE, [y()] < VK, |2(t)] < VK,

for all ¢t > ty. That is,
2(t) < VK, /(1) < VK, |o"(1)| < VK,
for all t > ty. The proof of Theorem 2 is now complete.

Example. We consider the following third order nonlinear differential equation
with retarded argument

" 1 x,//
o (4+ 1+’£2+(m’)2+(9€”)2+$2(t—7’(t))+(w’(t—r(t)))2+($”(t—7"(t)))2>
+72'(t —r(t)) +sinz'(t —r(t)) + x(t — r(t)) + arctg z(t — r(t))

1
1224 ()2 4 (2t — ()2 + (2t — (1)) + (27)2

This equation can be stated as the following equivalent system:

:C = y7
y =z
Z = -4+ ! > z
( I+ (224+y2 422422 (t—r(t))+y2(t—r(t))+22(t—r(t))
(24) —(Ty +siny) — x — arctgz + /tr(t)(l + 1+ (x(s))z)y(s)ds

+ /t_T(t) (74 cosy(s)) z(s)ds

1
i +2 4+ a2+ 2+ 22t —r(t) + 3t —r(t) + 22

So, we have

W,y z,x(t = (), y(t —r(t)), 2(t — r(t)))

S e 2T 2120 —r0) + 20— () + 2 — ()’
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1

e e e R ) )+ 2 ) =

that is,

4 < h(z,y,z,x(t —r(t),ylt —r),z(t—r(t)) <5,

9(z,y) = Ty +siny, g(z,0) = 0,

g("’;y) — 7+ Y 5 6y £ 0, Iyl < ),

gy(@,y) =T+ cosy, |gy(x,y)| = |7+ cosy| <8,

f(x) =z + arctgzx, f(0) =0,

1 /
flx) =1+ 152 |f(x)] <2,
p(t, z,Y, SL’(t - T’(t)), y<t - T(ﬂ)? Z)
1
Tt P+ 24+ 22— (1) + g2 — () + 22
1

]p(t,x,y,x(t - T(t)),y(t - T(t))az)’ < 1+ ¢2 = Q(t)?

and hence

/0 q(s)ds = /0 1is2d8 = g < 00, thatis, ¢ € L'(0,00).
Clearly, in cases of appropriate choice of the constants a, b and ¢, one can easily
show that all the assumptions Theorem 1 and Theorem 2 hold for (24). That is, for
the case p(t, x,y,z(t —7r(t)),y(t —r(t)), z) = 0, the trivial solution of our equation
is asymptotically stable, and for the case p(t,z,y,z(t — r(t)),y(t — r(t)), z) # 0,
all solutions of the equation are bounded.
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