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Abstract. The convergence theory not only is an significantly basic theory of fuzzy
topology and fuzzy analysis but also has wide applications in fuzzy inference and
some other aspects. In this paper, we introduce the concept of α-generalized-remote-
neighborhood of fuzzy points and establish the Moore-Smith α-generalized-convergence
theory of L-fuzzy nets. Then, we introduce and study the concept of L-fuzzy α-
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the applications of α-generalized-convergence of L-fuzzy nets.
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1. Introduction

The usual notion of a set was generalized with the introduction of fuzzy sets by
Zadeh in the classical paper [15] of 1965. Since then many authors have expan-
sively developed the theory of fuzzy sets and its applications to several sectors of
both pure and applied sciences, such as [6], [10]-[14]. As it is known now that the
traditional neighborhood method is not effective any longer in fuzzy topology, in
order to overcome this deficiency Pu and Liu introduced the concepts of the fuzzy
point and the Q-neighborhood and established a systematic Moore-Smith conver-
gence theory of fuzzy nets [10]. It paved a new way for the study of the fuzzy
topology. Later on, Wang introduced the concept of remote-neighborhood systems
[13], this concept is an abstraction of the concept of neighborhood in point set
topology and the concept of Q-neighborhood in fuzzy topology. Q-neighborhood
and remote-neighborhood can be used in wide aspect [3], [8]-[13].



168 bin chen

In this paper, we introduce the concept of α-generalized-remote-neighborhood
of fuzzy points with the concept of remote-neighborhood. In Section 3, using
the concepts α-generalized fuzzy closed sets and L-fuzzy α-generalized-remote-
neighborhood, we establish the Moore-Smith α-generalized-convergence theory of
L-fuzzy nets. In Section 4, we discuss the applications of α-generalized-convergence
of L-fuzzy nets.

2. Preliminaries

Throughout this paper, L = L(≤,∨,∧,
′
) will denote a fuzzy lattice, i.e., a com-

pletely distributive lattice with a smallest element 0 and largest element 1 (0 6=1)
and with an order reversing involution a → a

′
(a ∈ L). Let X be a nonempty crisp

set, and we shall denote by LX the lattice of all L-subsets of X and if A ⊆ X
by χ

A the characteristic function of A. An element p of L is called prime iff
p 6= 1 and whenever a, b ∈ L with a ∧ b ≤ p then a ≤ p or b ≤ p [14]. The
set of all prime elements of L will be denoted by Pr(L). An element α of L is
called union-irreducible or coprime iff whenever a, b ∈ L with α ≤ a ∨ b then
α ≤ a or α ≤ b [14]. The set of all non-zero union-irreducible elements of L will
be denoted by M(L). It is obvious that p ∈ pr(L) iff p

′ ∈ M(L). We denote
M∗(LX) = {xα : x ∈ X and α ∈ M(L)}.

For the definition of a fuzzy point xα we follow Pu and Liu [10]. When the
support and value of a fuzzy point are trivial, we use briefly the symbols e to
denote fuzzy point. A fuzzy point xα ∈ A, where A is an L-fuzzy set in X, iff
α ≤ A(x). The constant L-fuzzy sets taking on the values 0 and 1 on X are
designated by 0X and 1X , respectively. An L-fuzzy net S = {S(n), n ∈ D} is a
function S : D → ξ where D is a directed set with order relation ≥ and ξ the
collection of all the fuzzy points in X [14]. A net S is called an α−net (α ∈ M(L))
if for each λ ∈ β

′
(α) (where β

′
(α) denotes the union of all minimal sets relative

to α), there is n0 ∈ D such that V (S(n)) ≥ λ whenever n ≥ n0, where V (S(n))
is the height of point S(n).

Definition 2.1. Let L be a fuzzy lattice, X be a nonempty crisp set and δ ⊆ LX .
An L-fuzzy topology is a family δ of L-subsets of X which satisfies the following
conditions:

(a) 0, 1 ∈ δ,

(b) If A,B ∈ δ, then A ∧B ∈ δ,

(c) If Ai ∈ δ for each i ∈ I, then ∨i∈IAi ∈ δ.

δ is called an L-fuzzy topology on X, and the pair (LX , δ) is an L-fuzzy topological
space, or L-fts for short. Every member of δ is called L-fuzzy open set.

Example 2.2. Let L = {0, 1}, then LX ∼= 2X and (LX , δ) is just the general
topological space.

Definition 2.3. Let L = [0, 1], then (LX , δ) is called fuzzy topological space.
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Remark 2.4. From the definitions above, we know that L-fuzzy topological space
is the generalization of both general topological space and fuzzy topological space.

Example 2.5. Let X = [0, 1] and define fuzzy sets on X as:

µ1(x) =

{
0, if 0 ≤ x ≤ 1/2;

2x− 1, if 1/2 ≤ x ≤ 1.

µ2(x) =





1, if 0 ≤ x ≤ 1/4;

2− 4x, if 1/4 ≤ x ≤ 1/2;

0, if 1/2 ≤ x ≤ 1.

µ3(x) =

{
0, if 0 ≤ x ≤ 1/4;

(4x− 1)/3, if 1/4 ≤ x ≤ 1.

Put τ = {0, 1, µ3} and σ = {0, 1, µ1, µ2, µ1 ∨ µ2}. Then (X, τ) and (X, σ) are
both fuzzy topological spaces and hence L-fuzzy topological spaces.

Let (LX , δ) be an L-fuzzy topological space (briefly, L-fts), e be a fuzzy point
and P an L-fuzzy closed set in (LX , δ). Then P is called a remote-neighborhood
of e, if e 6∈ P . The set of all remote-neighborhoods of e will be denoted by η(e).
Ao, A− and A

′
will denote the interior, closure and complement of the L-fuzzy set

A in X, respectively. For definitions and results not explained in this paper, the
reader is referred to [10], [13] assuming them to be well known.

Example 2.6. Let x1, x2, ... be a sequence in a set X. Then it is a net with an
index set D = {1, 2, ...}. So the concept of a net is a generalization of the concept
of a sequence.

Definition 2.7. Let L1 and L2 be fuzzy lattices. A mapping f : L1 → L2 is
called an order-homomorphism (briefly, OH) if the following conditions hold:

(1) f(0) = 0.

(2) f(∨Ai) = ∨f(Ai) for {Ai} ⊂ L1.

(3) f−1(B
′
) = (f−1(B))′ for each B ∈ L2.

In general topological spaces, generalized closed sets were introduced by Nor-
man Levine [5]. G. Balasubramanian and P. Sundaram extended this definition
to L-topological spaces (L = [0, 1]) [2].

Definition 2.8. (G. Balasubramanian and P. Sundaram [2]) Let (LX , δ) be an
L-fts and f ∈ LX . Then f is called generalized fuzzy closed (in short gfc) iff
cl(f) ≤ µ whenever f ≤ µ and µ is L-fuzzy open. An L-set λ is called generalized
fuzzy open (in short gfo) iff 1−λ is gfc. It can be proved that λ is gfo iff µ ≤ Int(λ)
whenever µ ≤ λ and µ is L-fuzzy closed. And the union of any two gf-closed sets
is also a gf-closed set.
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And in general topological spaces, α-generalized closed sets were introduced
by H. Maki, R. Devi, and K. Balachandran in [7]. M.E. El-Shafei and A. Zakari
extended this definition to L-topological spaces and studied its basic properties
in [3].

Definition 2.9. (M.E. El-Shafei and A. Zakari [3]) Let (LX , δ) be an L-fts and
f ∈ LX . Then f is called α-generalized fuzzy closed (in short α-g-closed) iff
clα(f) ≤ µ whenever f ≤ µ and µ is L-fuzzy open. It’s easy to see that a finite
union of α-generalized fuzzy closed sets is always α-generalized fuzzy closed set.
And the complement of a α-g-closed fuzzy set is called α-g-open.

Proposition 2.10. [3] Every generalized fuzzy closed set is α-g-closed.

Let (LX , δ) be an L-fts, and A an L-set of (LX , δ). Then

A4 = ∪{B : B ∈ αGO(LX), B ≤ A}, A∼ = ∩{B : B ∈ αGC(LX), A ≤ B}
are called the α-generalized-interior and α-generalized-closure of A, respectively.
αGO(LX) and αGC(LX) will always denote the family of α-g-open sets and the
family of α-g-closed sets of an L-fts (LX , δ), respectively.

α-Generalized-convergence of L-fuzzy nets

Definition 3.1. Let (LX , δ) be an L-fts, xα be a fuzzy point and P ∈ αGC(LX).
P is called an L-fuzzy α-generalized-remote-neighborhood, or briefly, αGC-RN of
xα, if xα 6∈ P . The set of all αGC-RNs of xα will be denoted by ζxα .

Definition 3.2. Let A an L-set of an L-fts (LX , δ). Then a fuzzy point xα

is called a α-g-adherence point of A if A 6≤ P for each P ∈ ζxα . If xα is a α-g-
adherence point of A and xα 6∈ A, or xα ∈ A and for each fuzzy point xµ satisfying
xα ≤ xµ ∈ A we have A 6≤ xµ ∨ P , then xα is called a α-g-accumulation point of
A. The union of all α-g-accumulation points of A will be called the α-G-derived
set of A and denoted Ad(α−G).

Remark 3.3. In general topological space (or in mathematical analysis), a point
x is an adherence point of a subset A iff every neighborhood of x intersects A;
A point x is an accumulation point of a subset A iff every neighborhood of x
contains points of A other than x.

In general topological space, P is a closed remote-neighborhood of a point x
iff P ′ is an open neighborhood of x. Then every closed remote-neighborhood P of
x does not contain A equivalent to every open neighborhood P ′ of x intersected A.
So the concept of adherence point in L-fts is a generalization of the adherence point
in general topological space (or in analysis). Similarly, the concept of accumulation
point in L-fts is a generalization of the accumulation point in general topological
space (or in analysis).

Definition 3.4. Let (LX , δ) be an L-fts, e ∈ M∗(LX) and S = {S(n) : n ∈ D}
an L-fuzzy net in LX . Then
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(1) e is said to be a α-g-limit point of S (or S α-g-converges to e; in symbols,
S → e(α)), if for each P ∈ ζ(e), S(n) 6∈ P is eventually true (i.e. if there
exists n0 ∈ D such that for every n ∈ D, n ≥ n0, always possess S(n) 6∈ P ).

(2) e is said to be a α-g-cluster point of S (or S α-g-accumulates to e; in symbols,
S∞e(α)), if for each P ∈ ζ(e), S(n) 6∈ P is frequently true (i.e. if for every
n0 ∈ D, there always exist n ∈ D, n ≥ n0, such that S(n) 6∈ P ).

The union of all α-g-limit points and all α-g-cluster points of S will be denoted
by α-g-lim S and α-g-ad S, respectively. Obviously, α-g-lim S ≤ α-g-ad S. One
can readily check the following proposition.

Proposition 3.5. Let (LX , δ) be an L-fts, e ∈ M∗(LX) and S = {S(n) : n ∈ D}
an L-fuzzy net in LX . Then the following statements are valid:

(1) If S = {S(n) : n ∈ D} → e(α), T = {T (n) : n ∈ D} is an L-fuzzy net
with the same domain as S and for each n ∈ D, T (n) ≥ S(n) holds. Then
T = {T (n) : n ∈ D} → e(α).

(2) If S = {S(n) : n ∈ D}∞e(α), T = {T (n) : n ∈ D} is an L-fuzzy net
with the same domain as S and for each n ∈ D, T (n) ≥ S(n) holds. Then
T = {T (n) : n ∈ D}∞e(α).

(3) If S={S(n) : n ∈ D} → e(α) and d ≤ e. Then S = {S(n) : n ∈ D} → d(α).

(4) If S = {S(n) : n ∈ D}∞e(α) and d ≤ e. Then S = {S(n) : n ∈ D}∞d(α).

Theorem 3.6. Let (LX , δ) be an L-fts, e ∈ M∗(LX) and S = {S(n) : n ∈ D} an
L-fuzzy net in LX . Then:

(1) S → e(α) iff e ∈ α-g-lim S.

(2) S∞e(α) iff e ∈ α-g-ad S.

Proof. (1) ⇒ Suppose that S → e(α), then by the Definition 3.4, e is said to be
a α-g-limit point of S. And α-g-lim S is the union of all α-g-limit points of S,
then we have e ∈ α-g-lim S.

⇐ Suppose that e ∈ α-g-lim S and P ∈ ζ(e). Then e 6∈ P , and so α-g-lim
S 6≤ P . By the definition of α-g-lim S, there must exist a α-g-limit point d of S
such that d 6∈ P , i.e., P ∈ ζ(d). Hence, S is eventually not in P , i.e., S → e(α).

(2) ⇒ Suppose that S∞e(α), then by Definition 3.4, e is said to be a α-g-
cluster point of S. And α-g-ad S is the union of all α-g-cluster points of S, then
we have e ∈ α-g-ad S.

⇐ Suppose that e ∈ α-g-ad S and P ∈ ζ(e). Then e 6∈ P , and so α-g-ad
S 6≤ P . By the definition of α-g-ad S, there must exist a α-g-cluster point d of S
such that d 6∈ P , i.e., P ∈ ζ(d). Hence, S 6∈ P is frequently true, i.e., S∞e(α).
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Theorem 3.7. Let (LX , δ) be an L-fts, e ∈ M∗(LX) and S = {S(n) : n ∈ D} an
L-fuzzy net in LX . Then α-g-lim S and α-g-ad S are α-g-closed.

Proof. Let e ∈ (α-g-lim S)∼. Then α-g-lim S 6≤ P for each P ∈ ζ(e). Hence
there exists d ∈ M∗(LX) such that d ∈ α-g-lim S and d 6∈ P . Then P ∈ ζ(d). By
Theorem 3.6 (1), S → d(α), i.e., S(n) 6∈ P is eventually true. Thus, e ∈ α-g-lim S.
This implies that α-g-lim S is α-g-closed. Similarly, α-g-ad S is α-g-closed.

Theorem 3.8. Let (LX , δ) be an L-fts, e ∈ M∗(LX) and A ∈ LX .

(1) If there exists in A an L-fuzzy net S = {S(n) : n ∈ D} such that S∞e(α),
then e is a α-g-adherence point of A.

(2) If e is a α-g-adherence point of A, then there exists in A an L-fuzzy net
S = {S(n) : n ∈ D} such that S → e(α).

Proof. (1) Let S∞e(α) and S(n) ∈ A for each n ∈ D. Then for each P ∈ ζ(e).
A 6≤ P because of the fact that S(n) 6∈ P is frequently true. Hence, e is a
α-g-adherence point of A.

(2) If e is a α-g-adherence point of A, then for each P ∈ ζ(e) there exists a
point S(P ) such that S(P ) ≤ A and S(P ) 6≤ P . Define S = {S(P ), P ∈ ζ(e)},
then S is an L-fuzzy net in A because of the fact that ζ(e) is a directed set in
which the order is defined by inclusion. Clearly, S → e(α).

Definition 3.9. Let S = {S(n) : n ∈ D} and T = {T (m) : m ∈ E} be two nets
in LX . Call T the subnet of S, if there exists a mapping N : E → D such that

(1) T = SN ;

(2) For every n0 ∈ D, there exists m0 ∈ E such that N(m) ≥ n0 for m ≥ m0.

Theorem 3.10. Let (LX , δ) be an L-fts, e ∈ M∗(LX) and S = {S(n) : n ∈ D}
an L-fuzzy net in LX . Then S has a subnet T such that T → e(α) iff S∞e(α).

Proof. Suppose that T = {T (m) : m ∈ E} is a subnet of S, T → e(α), P ∈ ζ(e)
and n0 ∈ D. By the definition of subnet, there exists a mapping N : E → D
and m0 ∈ E such that N(m) ≥ n0(N(m) ∈ D) when m ≥ m0(m ∈ E). Since T
α-g-converges to e, there is m1 ∈ E. When m ≥ m1(m ∈ E), T (m) 6∈ P . Because
E is a directed set, there exists m2 ∈ E such that m2 ≥ m0 and m2 ≥ m1.
Hence, T (m2) 6∈ P and N(m2) ≥ n0. Let n = N(m2). Then S(n) = S(N(m2)) =
T (m2) 6∈ P and n ≥ n0. This means that S(n) 6∈ P is frequently true. Thus
S∞e(α).

Conversely, suppose that S∞e(α). Then for each P ∈ ζ(e) and each n ∈ D,
there exists N(P, n) ∈ D such that N(P, n) ≥ n and S(N(P, n)) 6∈ P . Let E =
{(N(P, n), P ) : P ∈ ζ(e), n ∈ D}, and define (N(P1, n1), P1) ≤ (N(P2, n2), P2) iff
n1 ≤ n2 and P1 ≤ P2. Thus E is a directed set because:
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(a) For each (N(P, n), P ), since n ∈ D and D is a directed set, we have n ≤ n.
Also, since P ∈ ζ(e) and ζ(e) is a directed set, we have P ≤ P . Hence we have
n ≤ n and P ≤ P which equivalent that (N(P, n), P ) ≤ (N(P, n), P ). Thus the
relation ≤ is reflexive on E.

(b) Let (N(P1, n1), P1), (N(P2, n2), P2) and (N(P3, n3), P3) belong to E with
(N(P1, n1), P1) ≤ (N(P2, n2), P2) and (N(P2, n2), P2) ≤ (N(P3, n3), P3). Thus
we have n1 ≤ n2, P1 ≤ P2 and n2 ≤ n3 and P2 ≤ P3. Since D and ζ(e) are
directed sets, we get n1 ≤ n3 and P1 ≤ P3 which equivalent that (N(P1, n1), P1) ≤
(N(P3, n3), P3). Thus the relation ≤ is transitive on E.

(c) Let (N(P1, n1), P1) and (N(P2, n2), P2) belong to E. Since n1, n2 ∈ D and
D is a directed set, there is n ∈ D such that n1 ≤ n and n2 ≤ n. Also, since
P1, P2 ∈ ζ(e), we have P = P1 ∨ P2 ∈ ζ(e) and P1 ≤ P , P2 ≤ P . Hence there
exists (N(P, n), P ) ∈ E with (N(P1, n1), P1) ≤ (N(P, n), P ) and (N(P2, n2), P2) ≤
(N(P, n), P ).

Hence (E,≤) is a direct set. Let T (N(P, n), P ) = S(N(P, n)). Then T is a
subnet of S and T → e(α).

Theorem 3.11. Let (LX , δ) be an L-fts, e ∈ M∗(LX) and S = {S(n) : n ∈ D}
an L-fuzzy net in LX . If T is a subnet of S, then:

(1) If S → e(α), then T → e(α).

(2) If T∞e(α), then S∞e(α).

(3) α-g-lim S ≤ α-g-lim T .

(4) α-g-ad T ≤ α-g-ad S.

Proof. (1) Suppose T = {T (m) : m ∈ E} is a subnet of S, S → e(α) and
P ∈ ζ(e), then S(n) 6∈ P is eventually true. From the definition of subnet, there
exists a mapping N : E → D and for every m ∈ E, there exists n ∈ D such
that T (m) = S(N(m)) = S(n). That is to say, every element of the net T is
actually the element of the net S. So T (m) 6∈ P is eventually true. Thus we have
T → e(α).

(2) Suppose that T = {T (m) : m ∈ E} is a subnet of S, T∞e(α), P ∈ ζ(e)
and n0 ∈ D. By the definition of subnet, there exists a mapping N : E → D
and m0 ∈ E such that N(m) ≥ n0(N(m) ∈ D) when m ≥ m0(m ∈ E). Since T
α-g-accumulates to e, for m0 ∈ E there is m1 ∈ E. When m1 ≥ m0(m1 ∈ E),
T (m1) 6∈ P . Let n = N(m1). Then S(n) = S(N(m1)) = T (m1) 6∈ P and n ≥ n0.
This means that S(n) 6∈ P is frequently true. Thus S∞e(α).

(3) By Theorem 3.6, S → e(α) means e ∈ α-g-lim S and T → e(α) means
e ∈ α-g-lim T . Thus by (1), we have α-g-lim S ≤ α-g-lim T .

(4) By Theorem 3.6, S∞e(α) means e ∈ α-g-ad S and T∞e(α) means
e ∈ α-g-ad T . Thus by (2), we have α-g-ad T ≤ α-g-ad S.
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4. Applications

Definition 4.1. An OH f : (LX
1 , δ) → (LY

2 , τ) is said to be α-g-irresolute if
f−1(B) ∈ αGO(LX

1 ) for each B ∈ αGO(LY
2 ).

Theorem 4.2. For an OH f : (LX
1 , δ) → (LY

2 , τ) the following are equivalent:

(1) f is α-g-irresolute.

(2) f−1(B) ∈ αGC(LX
1 ) for each B ∈ αGC(LY

2 ).

(3) (f−1(B))∼ ≤ f−1(B∼) for each B ∈ LY
2 .

Proof. (1)⇒(2): f is α-g-irresolute if f−1(A) ∈ αGO(LX
1 ) for each A ∈ αGO(LY

2 ).
For each B ∈ αGC(LY

2 ), B′ ∈ αGO(LY
2 ). So we have (f−1(B))′ = f−1(B′) ∈

αGO(LX
1 ). This shows f−1(B) ∈ αGC(LX

1 ).

(2)⇒(1): For each A ∈ αGO(LY
2 ), A′ ∈ αGC(LY

2 ). Then by (2) we have
(f−1(A))′ = f−1(A′) ∈ αGC(LX

1 ). This shows f−1(A) ∈ αGO(LX
1 ). Hence by

Definition 4.1, f is α-g-irresolute.

(2)⇒(3): For each B ∈ LY
2 , B∼ ∈ αGC(LY

2 ). Then by (2) we have f−1(B∼) ∈
αGC(LX

1 ). And B ≤ B∼ implies f−1(B) ≤ f−1(B∼). From the definition of
α-generalized-closure we have (f−1(B))∼ ≤ f−1(B∼).

(3)⇒(1): Let B∈αGC(LY
2 ), then B=B∼. By (3) we have f−1(B)≤(f−1(B))∼

≤ f−1(B∼) = f−1(B), i.e., f−1(B) = (f−1(B))∼. Hence f−1(B) ∈ αGC(LX
2 ) and

consequently, f is α-g-irresolute.

Definition 4.3. An OH f :(LX
1 , δ) → (LY

2 , τ) is said to be α-g-irresolute at a
point e ∈ M∗(LX

1 ) if (f−1(P ))∼ ∈ ζ1(e) for each P ∈ ζ2(f(e)), where ζ1(e) and
ζ2(f(e)) denote the set of all αGC-RNs of e and f(e), respectively.

Theorem 4.4. An OH f : (LX
1 , δ) → (LY

2 , τ) is α-g-irresolute iff f is α-g-
irresolute for each point e ∈ M∗(LX

1 ).

Proof. Suppose that f is α-g-irresolute and e ∈ M∗(LX
1 ). Then f−1(P ) is α-g-

closed for each P ∈ζ2(f(e)). Clearly, e 6∈f−1(P ). Hence f−1(P )=(f−1(P ))∼∈ζ1(e)
and so f is α-g-irresolute at e.

Conversely, suppose that f is α-g-irresolute for each e ∈ M∗(LX
1 ) and P ∈

αGC(LY
2 ). We may assume that f−1(P ) 6= 1X and suppose that e 6∈ f−1(P ).

Then f(e) 6∈ P and so P ∈ ζ2(f(e)). Hence, (f−1(P ))∼ ∈ ζ1(e), i.e., e 6∈ f−1(P )
implies that e 6∈ (f−1(P ))∼ or (f−1(P ))∼ ≤ f−1(P ). Thus, f−1(P ) is α-g-closed
in (LX

1 , δ), i.e., f is α-g-irresolute.

Now we discuss the applications of α-g-convergence of L-fuzzy nets.

Theorem 4.5. Let f :(LX
1 , δ) → (LY

2 , τ) be α-g-irresolute at e ∈ M∗(LX
1 ) and

S an L-fuzzy net in LX
1 . If S → e(α) we have f(S) α-g-converges to f(e) where

f(S) = {f(S(n)), n ∈ D} is an L-fuzzy net in LY
2 .
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Proof. Suppose that f is α-g-irresolute at e ∈ M∗(LX
1 ) and S → e(α). Let

P ∈ ζ2(f(e)). Then S is eventually not in (f−1(P ))∼ ∈ ζ1(e), and hence f(S) is
eventually not in P , i.e., f(S) → f(e)(α).

Theorem 4.6. Let f :(LX
1 , δ) → (LY

2 , τ) be α-g-irresolute. Then for each L-fuzzy
net S in LX

1 we have f(α-g-lim S) ≤ α-g-lim f(S).

Proof. Suppose that e ∈ M∗(LX
1 ), S is an L-fuzzy net in LX

1 and f(e) ∈ f(α-
g-lim S). Then e ∈ α-g-lim S. By Theorem 3.6 we have S → e(α). Since f is
α-g-irresolute, we have f(S) → f(e)(α) based on Theorems 4.4 and 4.5. And by
Theorem 3.6 we have f(e) ∈ α-g-lim f(S). Thus, f(α-g-lim S) ≤ α-g-lim f(S).

Theorem 4.7. Let f : (LX
1 , δ) → (LY

2 , τ) be α-g-irresolute. Then for each L-fuzzy
net T in LY

2 we have α-g-lim f−1(T ) ≤ f−1(α-g-lim T ).

Proof. Let T = {T (n) : n ∈ D} be an L-fuzzy net in LY
2 . Then f−1(T ) =

{f−1(T (n)) : n ∈ D} an L-fuzzy net in LX
1 . Since f is α-g-irresolute, according

to Theorem 4.6 we have f(α-g-lim f−1(T )) ≤ α-g-lim f(f−1(T )) ≤ α-g-lim T .
Hence, α-g-lim f−1(T ) ≤ f−1(α-g-lim T ).

Definition 4.8. (Aygün [1]) Let (LX , δ) be an L-fts and g ∈ LX , r ∈ L.

(1) A collection µ = {fi}i∈J of L-subsets is called an r-level cover of g iff
(∨i∈Jfi)(x) 6≤ r for all x ∈ X with g(x) ≥ r

′
. If each fi is open then µ

is called an r-level open cover of g. If g is the whole space 1X , then µ is
called an r-level cover of 1X iff (∨i∈Jfi)(x) 6≤ r for all x ∈ X.

(2) An r-level cover µ = {fi}i∈J of g is said to have a finite r-level subcover if
there exists a finite subset F of J such that (∨i∈F fi)(x) 6≤ r for all x ∈ X
with g(x) ≥ r

′
.

Definition 4.9. (Kudri [4]) Let (LX , δ) be an L-fts and g ∈ LX . The L-fuzzy
subset g is said to be compact iff for every prime p ∈ L and every collection {fi}i∈J

of open L-subsets with (∨i∈Jfi)(x) 6≤ p for all x ∈ X with g(x) ≥ p
′
, there exists

a finite subset F of J such that (∨i∈F fi)(x) 6≤ p for all x ∈ X with g(x) ≥ p
′
, i.e.

every p-level open cover of g has a finite p-level subcover, where p ∈ pr(L). If g
is the whole space, then the L-tfs (LX , δ) is called compact.

Definition 4.10. Let (LX , δ) be an L-fts and g ∈ LX . The L-fuzzy subset g
is called α-g-compact iff every p-level cover of g consisting of α-g-open L-subsets
has a finite p-level subcover, where p ∈ pr(L). If g is the whole space, then we
say that the L-fts (X, δ) is α-g-compact.

Theorem 4.11. Let (LX , δ) be an L-fts and g ∈ LX . The L-fuzzy subset g is said
to be α-g-compact if and only if for every α ∈ M(L) and every collection (fi)i∈J

of α-g-closed L-fuzzy sets with (∧i∈Jfi)(x) 6≥ α for all x ∈ X with g(x) ≥ α, there
exists a finite subset F of J with (∧i∈F fi)(x) 6≥ α for all x ∈ X with g(x) ≥ α,
i.e., L-fuzzy points xα ∈ M(LX) such that xα ≤ g.
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Proof. This follows immediately from Definition 4.10 and the duality of p and α.

Definition 4.12. Let (LX , δ) be an L-fts , xα ∈ M∗(LX) and S = (Sm)m∈D

be a net. xα is called a α-g-cluster of S iff for each α-g-closed L-subset f with
f(x) 6≥ α and for all n ∈ D, there is m ∈ D such that m ≥ n and Sm 6≤ f , i.e.,
h(Sm) 6≤ f(SuppSm).

Theorem 4.13. Let (LX , δ) be an L-fts and g ∈ LX . The L-fuzzy subset g is said
to be α-g-compact if and only if for every constant α−net (Sm)m∈D contained in
g(Sm ≤ g for every m ∈ D) has a α-g-cluster point with height α, xα ∈ M∗(LX) ,
contained in g(xα ≤ g for each α ∈ M(L)).

Proof. Necessity: Let α ∈ M(L) and S = (Sm)m∈D be a constant α-net in g
without any α-g-cluster point with height α in g. Then for each x ∈ X with
g(x) ≥ α, xα is not a α-g-cluster point of S, i.e., there are nx ∈ D and a α-g-
closed L-subset fx with fx(x) 6≥ α and Sm ≤ fx for each m ≥ nx. Let x1, ..., xk be
elements of X with g(xi) ≥ α for each i ∈ {1, ..., k}. Then there are nx1, ..., nxk∈D
and α-g-closed L-subset fxi with fxi(x

i) 6≥ α and Sm ≤ fxi for each m ≥ nxi and
for each i ∈ {1, ..., k}. Since D is a directed set, there is no ∈ D such that no ≥ nxi

for each i ∈ {1, ..., k} and Sm ≤ fxi for i ∈ {1, ..., k} and each m ≥ no. Now,
consider the family µ = {fx}x∈X with g(x) ≥ α. Then (∧fx∈µfx)(y) 6≥ α for all
y ∈ X with g(y) ≥ α because fy(y) 6≥ α. We also have that for any finite subfamily
ν = {fx1, ..., fxk} of µ, there is y ∈ X with g(y) ≥ α and (∧k

i=1fxi)(y) ≥ α since
Sm ≤ ∧k

i=1fxi for each m ≥ no because Sm ≤ fxi for each i ∈ {1, ..., k} and for
each m ≥ no. Hence, by Theorem 4.11, g is not α-g-compact.

Sufficiency: Suppose that g is not α-g-compact. Then, by Theorem 4.11,
there exist α ∈ M(L) and a collection µ = {fi}i∈J of α-g-closed L-subsets with
(∧i∈Jfi)(x) 6≥ α for all x ∈ X with g(x) ≥ α, but for any finite subfamily ν
of µ there is x ∈ X with g(x) ≥ α and (∧f∈νf)(x) ≥ α. Consider the family
of all finite subsets of µ, 2(µ), with the order ν1 ≤ ν2 iff ν1 ⊆ ν2. Then 2(µ) is
a directed set. So, writing xα as Sν for every ν ∈ 2(µ), (Sν)ν∈2(µ) is a constant
α-net in g because the height of Sν for all ν ∈ 2(µ) is α and Sν ≤ g for all
ν ∈ 2(µ), i.e., g(x) ≥ α. (Sν)ν∈2(µ) also satisfies the condition that for each α-g-
closed L-subset fi ∈ ν we have xα = Sν ≤ fi. Let y ∈ X with g(y) ≥ α. Then
(∧i∈Jfi)(y) 6≥ α , i.e., there exists j ∈ J with fj(y) 6≥ α. Let ν0 = {fj}. So, for
any ν ≥ ν0, Sν ≤ ∧fi∈νfi ≤ ∧fi∈ν0fi = fj. Thus, we get a α-g-closed L-subset fj

with fj(y) 6≥ α and ν0 ∈ 2(µ) such that for any ν ≥ ν0 , Sν ≤ fj. That means that
yα ∈ M∗(LX) is not a α-g-cluster point of (Sν)ν∈2(µ) for all y ∈ X with g(y) ≥ α.
Hence, the constant α-net (Sν)ν∈2(µ) has no α-g-cluster point in g with height α.

Corollary 4.14. An L-fts is α-g-compact iff every constant α-net in (LX , δ) has
a α-g-cluster point with height α, where α ∈ M(L).
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5. Conclusion and future research

The theory of fuzzy lattices is one of the most important branches in fuzzy systems.
The theory of α-g-closed sets, α-g-convergence of L-fuzzy nets and α-g-irresolute
functions and α-g-compact which presented in this paper by using molecules and
remoted neighborhoods are very significant tools to studying the theory of L-
fuzzy topological spaces. There is still a lot of results for future investigations,
for example the consideration of this theory on topological molecular lattices [14]
will lead to some interesting research from the view point of fuzzy mathematics.
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