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1. Introduction

Bailey [1] established a simple but very useful identity:
If

(11) ﬁn = Zunfr Untr Oy
r=0

(12) Tn = Zur—n Ur4n 6r
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where ., J,, u, and v, are any functions of r only such that series 7, exists, then
subject to the convergence of the series.

n=0 n=0

Making use of (1.3), Slater [3] gave a long list of Rogers-Ramanujan type
identities. Later on, a number of mathematicians, notably, Verma [7], Verma and
Jain [9], Singh [5], Denis [2], Singh [6] and others made use of Bailey’s identity (1.3)
and established a number of transformation formulae and also Rogers-Ramanujan
type identities of different moduli. In this paper, making use of certain known
summation formulae due to Verma and Jain [9] and identity (1.3), an attempt
has been made to establish certain very interesting transformation formulae for
g-hypergeometric series.

In the last section of this paper, making use of the following identity due to
Verma [8], viz.,

>

n=0

n(n—1)/2

)"q [, Bl Bosi 2* g~ a7 "4 dl; Aj(wq)’
¢ qln 74" 4l ; a3 i [va®*; alw 2 4 dl; [ov, 85 d;

—z
J=0

(1.4)

n

4 (W)
=>» A.B,

[q: 4]

and summation formulae due to Verma and Jain [9], an attempt has been made
to establish certain new transformation and summation formulae for basic hyper-
geometric series.

2. Definitions and notations

A basic (¢-) hypergeometric series is generally defined to be a series of the type
(o0}
> a,z", where a,y1/a, is a rational function of ¢", ¢ being a fixed complex-
n=0

p;rameter, called the base of the series, usually with modules less than one. An
explicit representation of such series is given by

A1, A2, -, Qr 5452 | - in(n—1)/2 [ay, a, - ay; ql, 2"
2.1 D, o
( ) |:b1,b2,~~~7bs 7 q :| ;q [q,bl,b2,"',bs;Q]n
and

[a17a27 to 7ar;Q]n = [al;Q]n [a2; Q]n T [ar; Q]n

with the ¢-shifted factorial defined by

1, ifn=0
(22) lasdl = { (1 -a)(1—ag)(1 —ag®)- - (1—ag™"), if n=1,2,---
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For convergence of the series (2.1) we need |¢| < 1 and |z| < oo, when i > 0,
or max{|q|, |z|} < 1, when i = 0, provided no zeros appear in the denominator.
Following summations are needed in our analysis,

a,b ;g ;C/ab] _l¢/a,c/biq)w

. e c/abi gl (Slater [2; App.IV(IV.2)])

(2.3) @, {

04) 00 [ a,c(l; 1q ;c/ab } _ [[ccqq/’ac,qc/qa/bl?;qq]]: {ab(l +§l)):z(a+ b) }

(Verma [7; (1.4)])

—-n 2,2 n+1 _ . . N 2.2, .2 2.2, .2
(2.5) 4@3[61 , 2P w, —ag i aQ}ZI[Qaq]n[ZL’Q7Q]m[QQ7Q]m

Tyq, —xyq, T3q [22¢; 4l [229%¢%; Pl (6% ¢%)

where m is greatest integer < n/2.

W2ty 2? a%q gt P } 2 [—q;q)n [bg; gl
1

baq, baq?, vt¢? —22q; qln [b22q; q)0

(2.6) 4y { 1

[Verma and Jain [9; (2.32)])
o | 4" ba*q"t?, x, —xq 1q ;q
s ZL'Q\/B, —IL'Q\/E, l'2q2

_ 2"[g; qln [b26*; gl [02%6%; ¢ [b0%; P [26°; @)2m
[2q; 0 022625 ) [6% ¢ [220%; @2 (02?5 qlom

(2.7)

[Verma and Jain [9; (3.2)])

where m is greatest integer < n/2.

(2.8) 5Py [ a, aq, ag?, a3, g~ B } _ a”[q3;q3]n [ag; ]
(aq)*?, —(aq)*?, a*?¢*, —a*¢® @3¢% ¢l [l

[Verma and Jain [9; (4.2)])

x, wrq, wirq, 3¢" T ¢ " g g
5Py 3/2 3/2 .3/2,2 3/2,,2
(29) (xq)’"?, —(2q)*%, 2°%¢*, —a/%q
_ 2"[2%¢"d)n (43 qln [2°%; @] (207 dJsm
[23¢%; qln [2q; 0 (6% @3 (2242 @)3m

[Verma and Jain [9; (4.4)])
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where m is greatest integer < n/3 and w = €>™/3,

Y

(21()) 5Dy |: a1/3’ wa1/37 w2a1/37 aqn+17 " g 7q:| _ (\/ayl_m [qa Q]n [a’qg; q3]m
Q\/a, _Q\/E7 \/a_a _\/a_q [GQ7Q]7L [qgaqg]m
[Verma and Jain [9; (4.5)])

where m is greatest integer < n/3 and w = /3,

[al/?’ wa'/3, wW2al3, q\/a, ag"tt, ¢ g ;C]}

Va, —Va, /ag, —/ag, ¢*va
_ @ dlalVa: dlnlad®; ¢°)nla* Va: ¢l (Va)
)

lag; aln [¢° V@3 qln[0%; Pl [V Pl
[Verma and Jain [9; (4.8)])

(2.11)

where m is greatest integer < n/3.

3. Main Results

In this section, we shall establish the transformation formulae by making use
of (1.3).

1 1 qlr
Taking u, = a v, = [Cz;;/qj in (1.1) and (1.2), we get:
If
lag;dln = (=1)"¢"*lg"; dlr [ag™ " 4l 0 .
(3.1) Bn = — 7 Z = infty
¢; dln q™/* = q
and
2n+
aq q 7“ r+n
(32) Z o q" /2+2nr’
=0
then

(33) ) = B b,
n=0 n=0

provided the series involving are convergent. We shall now use (3.1), (3.2) and
(3.3) in order to establish the required transformations.

(i) Replacing a by z%y? in (3.1) and (3.2), and then taking
_ e —rg g P
9, zyq, —ryq, x°q; gl
in (3.1) and making use of (2.5), we have:
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(34) B, = [2%y°¢; dln 2" [2°¢%; P [V° 025 4P )om
b0 20l (27970 6% (4% 4Pm

where m is the greatest integer < n/2.

Again taking 8, = 2"¢"*/? in (3.2), we get after some simplification:

(3.5) = P20 e [0 ¢ ()" 47
(21 dlo 4™ (2262 ] [q/ 2 d)n

Now, putting these values of a,, B,, 7, and §, in (3.3) we get:

[22y?2¢; q]oo z, —xq, vyq*?, —xyq'’? q;q
| 2%q, 2%y?2q, q/2

25 q)oc
e, v’ ¢ 27
(3.6) =P [ £%q
LDV g [V v
(1 —=2g) ¢’ | |

(ii) Next, replacing a by b*z* and ¢ by ¢* in (3.1) and (3.2) and then taking
[.CC27 xQQa q2]7‘ q2T2+T<_)T : (3 1) d k f (2 6) h
a, = in (3.1) and making use of (2.6) we have:
[ba?q, bz*q?, w4q%; ¢ [¢%; @) g

(3.7) g, = W @l 2 [~ dlu (b dlu
! [42%; ¢?|n [—2%q; qln [b22¢; ), g’

Again,setting , = 2"¢" in (3.2) we have:

(3 8) ,_y _ [b2$42q2; qz]oo [b2l’4q2; q2]2n (_)n qn
' "2 e 27 20202 20 [P 2 Pln

Putting these values of «,, B,, 7, and J, in (3.3) we get the following

transformation:

2, 2%q, —br’q, —bx*¢* ;¢ ; ¢* }

[b2m4zq2;q2]oo &
4¥3 :I:4q2, 62$42q2, q2/z

2 4% oo
(3.9) S8 2 ,
—bZE Q7bq 7anz:|’ ‘I22|<1.

= 2@1 { —$2q

br?q in (3.1) and (3.2) and then taking

(iii) Again, putting a =
r24r/2

[z, —zq:q), (=) q

o, = [;p2q2,xq\/l_), s Jad. in (3.1) and making use of (2.7) we get:
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(3.10) g, - 2" [b2q”; qln [02°¢%; ¢l [b4°; 4%Jom [24%; Jom
" 2(2q: qln (0% P (2265 P (D22 qlom

where m is the greatest integer < n/2.

Again, taking 6, = 2"¢""/% in (3.2) we get:
b22.oob22. n_nn/2

(3.11) %:[xqz,q]Q[fEQq?yq]z (=)™

25 dloo 4™ (0224225 gl [9/ 2; )

Now, putting these values in (3.3) we get the following transformation:

L22°¢% dloe o [ @ —20, 2av/bg, —wavbg 1q:q
2l 10| b2a?q? 2P, q/2
ba*q’, ba?, xq* g7 5 2?2
(3.12) =3P, { 2q, 1245
rz(1 — bxg?) { bxq*, bx’q?, bg® ;q? ; 2222
— 3

2.2
(1 —:UQ) x2q3, bl’qQ :| ) |I < | < 1.

(iv) Next, replacing a by a® and ¢ by ¢® in (3.1) and (3.2) and then taking

[a, aq, a¢?; %], ¢* 572 () .
[q37 (GQ)3/27 _(GQ)g/Za a3/2q3a —a3/293;93]r o
(2.8) we have:

o =

(3.1) and making use of

lag; qn a”

Again, taking 6, = z"¢*"/% in (3.2) we get after some simplifications,

[a3q3; q3]2n [a3q3z; q3]oo (_)n q3n/2

125 ¢*loo [@*¢P2; ¢*ln (63 ) 25 @3

(3.14) Vn =

Substituting these values of a,,, G, 7, and 9, in (3.3) we get the following
summation,

a, aq, ag®  ¢* 5 ¢° | _ 5@ )w (0724 gl
¢’z ¢ 2 (626325 ¢®loc [02; qloe

(3.15) 5@,

(v) Next, replaying a by z%¢* in (3.1) and (3.2) and then taking
B [z, waq,w?xq; qlog” (=) . .
a, = 7 (2072, —(2q P/, 532, — 2 g, in (3.1) and making use of
(2.9) we get:
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_ 2"[2%qY 4l [2°6% ¢ [20%; @)m
(3'16) P = n2/2 . 3. 43 24. ?
q"/? [2¢; qln [0 @%lm [220*; d)3m
where m is the greatest integer < n/3 and w = /3,
Again taking 0, = 2"¢""/? in (3.2) we get:

n/2

220" 4o [P0 qlan (—)™ g
(3.17) 5 @ [#P2ah dln la/z dln

Now, putting these values of a,, (,, 7, and 0, in (3.3) we have:
[2°24"; ) 0, [ x, wrq, Wwiag, PP, — PP g q }
(23 qloo (2q)*?, —(2q)*?, 24", q/=
{ 2205, 2205 B30 P s 8P 1
= 3(1)2 2
xq, xq

(3.18) Lre(l- 7’q") o [ 20270 2%, 2% % 2P
(1—xzq) *°| 2% 2¢*, 2%

SC222<1 _ 33'2(]4)(1 _ 332q5) |: x2q6,x2q7,x2q8,x3q6;q3; $3,Z
4¥3 5 4

(1 —2zq)(1 —z¢?)

[al/s7 wa1/3, w2a1/3; q]TqTQJrT/Z(_)r

[Qa Q\/a7 _\/a’ \/(I_, _\/@; q]r

(vi) Taking a, =
of (2.10) we get:
(@)""?[ag®; ¢’
0?1 ¢lm

where m is the greatest integer < n/3 and w =e

(3.19) B, = :
27ri/3‘

Again taking 8, = 2"¢"*/? in (3.2), we get:

 azq; 4l [ag; qlan (=)™ ¢
(3.20) crded® g /o

Now, putting these values of a,, (,, 7, and 4, in (3.3) we get:

d 0’1/37 wa’l/37 w2a1/37 _Q\/a 145 4
0 azq, q/2, —va
2,3,3.

123 dloo0® 225 ¢%) oo
— [azq' q] [az3'q3] {1—|—al/2z+a22}.

(3.21)

185

in (3.1) and making use
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[a1/3,wa1/3,w2a1/3,q\/5; q]T<_)rqr2+r/2 '

[Q7 C]\/a, _\/57 \/(Z_, —\/a_q, q2\/a; Q]r

making use of (2.11), we get:

(vii) Lastly, taking a, = n (3.1) and

[Va; qln [a¢%; ¢l [6°V@; ¢l (V@) ™™
g% [ 4l (0% Pl [V Pl

(3.22) B =

where m is the greatest integer < n/3 and w = €>7/3,

Again, taking 6, = 2"¢"/2 in (3.2), we get:

[a2¢; qloo [a; qlon (=)™ ¢/
125 qloe ¢ [azq, ¢/ q)n

(3.23) Y =

Now, putting these values in (3.3), we get:

[02; ) al’?, wal’?, w?a'3, q\/a, —q\/a, gv/a jq;q
[Z; Q]oo azq, Q/Za \/_7 _\/57 q2\/a
. {q\/ﬁ, ag®, q6\/5;q3;az3]
7 B Va, ¢*Va
(3.24) +2a1/2(1 —a) . { awa, ag®, ¢S/a; ¢*; a2 }
(1—¢*Va) q"Va, va
. 22(1 —y/a)(1 — g\/a) @ *va, ¢¢va, ag®; ¢*; az?
1-Va)(1—¢a)® 2| ¢Va, va ’

laz?| < 1.

4. Certain transformations and summations
In this section, we shall make use of (1.4) and summation formulae (2.3)(2.11)
to establish certain transformation and summation formulae for g-series.

If we take B, = 1, z = y¢/af in (1.4) and make use of (2.3) to sum of inner
2P series, we get

i v, 0, Biqln (1 —v¢*) (—vq/aB) "V IS (g7, 74 q); Aj(wg)?
ot [ 4,79, w/ﬁ] (1—7) = ¢, @, B;4l;

(4.1)

[va, va/B; ) (wyg/aB)"
[va/er, va/B3; 4] ZOA [9: q)n
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Again taking B, = 1, z = v/af in (1.4) and making use of (2.4) in order to
sum the inner o®; series, we get:

— 1,0, 85 ¢ (1 = 7¢™") (=7g/aB)" ¢* 172
Z [ , Y4/ g/ Bln(1 =)

n=

0B+ — g+ 8) | 5~ a7 10"l Aj(wa))
(4 e P RN
e wv/aﬁ
a ZO Clwde

We shall make use of (4.1) and (4.2) in order to establish our main results.

(i) Replacing ¢ by ¢* and then taking v = b?2%¢?, a = ba?q, 8 = bx’¢®, w = 1
|22, 2% %),
and A; = ———-—in

eIl (4.1), we get:

i [b22iq?, ba2q, 22¢%; ¢?, (1 — b2t gt (—)n ¢"n=1/2 gn
[¢%, ba?q?, b2a2q?; ¢%,, (1 — D2xiq?)

—2n b2 4 2n+2

(4.3) x 40y { q

x2,w2q;q2;q2
baq, bx’q?, x*q?

N G :c a:q @ q
Ry Y e

Now, summing the inner ,®3-series on the left hand side and ,®; on the right
hand side of (4.3) with the help of (2.6) and (2.3), respectively, we get:

bq, —ba*q® 5q; —a? ba2q; qloo
(4.4) ,®, q_ foIf q 'C]Q rq } _ [2q—q]
q 4 [—ZL‘ Q7Q]oo

—————— andw=11in
(1) [22¢%; q];
4.1), we get:

i [b$2q2, Z'Q\/E, —ZL'(]\/I_), Q]n(]- — br2 q2n+2) qn(n—l)/2 q"
2
o g, ©q*>Vb, —2¢*>Vb"; ql,, (1 — ba’g?)

(4.5) « 1B { q " ba*q" w1 1q 5 q ]

2qV/b, —xqV/b, v%¢*

2243, —q; ) { T,—1q;q; —q ] .

B Vb, —2¢*Vb: 2o - $2q2
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Now, summing the inner ,®Ps3-series on the left hand side and ,®; series on
the right hand side of (4.5), with the help of (2.7) and (2.3) respectively, we get
the following summation formula:

B, ba?q3, ba?, xq® ¢ ; x2q3}
xq, ©2¢* ;g
5

x ba’q?, bg?, brgt q? ; 2®
(46) q 2{ ¢, ba?, begt g q

+(1 —xq)° ¢, brg? i q*
b22¢®, —2q, 4% qloo

"~ [22¢, 2¢*Vb, —2q®V/b; dles

(iii) Replacing ¢ by ¢* and then taking v = a®¢®, o = (aq)*?, p = —(aq)*/?,
[CL, aq, an; q3]j

A= (2, a2, gl and w = 11in (4.1), we get:
i )3/2 ( )3/2’ q ] (1 a3q6n+5) q3n q3n(n 1)/2
prt 5, (aq)*2q, —(aq)*¢% ¢%ln (1 — aP?)

—-3n ,3,3n+3 2.,.3.,.3
(4.7) o o [q @23 a,aq,aq” 5% 5q ]
i (0g)¥2, — ()2, 0¥, —a¥2g?

_ [0°¢°, —¢% ¢l o | @ a0 ad;q’ 5 —q
[(aq)*2¢%, —(aq)*% ¢ | 0*¢’, —a®2¢? '
Now, summing the inner 5®4-series on the right hand side of (4.7) with the
help of (2.8), we get:

3
a , ;CL
1@0[ 1 .33 1 }

(4’8> 3 36. 3 2.3
_ [—¢*, *¢%; ¢°l o | @ g aq®q’; —q
[(aq)3/2q3, _(aq)3/2q3;q3]oo 372 a3/2q3’ —a3/2q3

(iv) Taking
[I, wxq, W2$Q§Q]j
[(2q)*2, —(2q)*%; 4]

v =2%¢" a =232 B=—2%2¢*, w=1and A; =

n (4.1), we get:
i [23¢*; gl g T D/2 o { g, 23", wrg, wing g g ]
~ (45 ) SR\ g R (20), —(2q)?

[2°¢°, —¢; q) o | ¥ wra, w?rq ;q; —q
(23263, —32¢3: qloe © 2 | (2q)%/%, —(2q)%/? ’

(4.9)

where w = e27/3,
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Now, summing the inner 5®4-series on the right hand side of (4.9) with the

help of (2.9), we get:
3%, xqt, x® ¢ PP }

3R 2 g
zq(1 — x%q") ) 23¢%, 2%q", xg® ¢ ; 23
(1—xq) xq?, 2*q* 1 q°
(4'10) 2 3 2 4 2 5 36 2.7 2.8 3 3 12

¢ (1 — 2%¢*) (1 — 2%¢°) 230, 22", 22 ¢ g
(1—2q)(1 — z¢?) 2 a2t 2% L
[%¢°, —¢; q)oo , { T, wrq, wrq iq; —q ]

(2q)*/?, —(xq)*/* ’

N [5(73/2(]37 _x3/2q3;Q]oo
where w = >/3 and |z| < 1, |¢| < 1.

(v) Lastly, taking
v=aq, a=,/aq, B=—/aq, w=1 and
A — [@1/3, wa1/37 w2a1/37 Q\/Ea q]]

[\/_7 _\/57 q2\/av Q]J

n (4.1), we get:

i ag; q g e {q‘” Jaq™t 0! wal?, wPall, g/ g ;q}
pa In 55| Jag, —/ag, va, —va, ¢/a
411)

{ a3, wal?, w2a?, q\/a s q s —q ]

_ [aqg, — 01
la\/aq, —q+/aq; gl Va, —va, ¢*va

Now, summing the inner ®s-series on the left hand side of (4.11) with the

help of (2.11), we get:

P, ag®, qv/a, ¢*a ;¢ aqG}
éva, ¢*va i q°

N T
(4.12) I-¢va) ¢'Va, ¢°va, Va g
| + 2 ag’(1 — Va)(l — ¢va) 5@ [QQ\/E, ¢va, ag® ;q3;aql2}
=i —ova ' | e e

[—q, ag*; ¢l

~ [4v/aq, —4./ag; qw

where w = */3_ |a] < 1 and |q| < 1.

Vi, —Va, ¢V

{ ' wa'? w?all? qv/a g —q }
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Proceeding in the same way one can also establish certain summation and
transformation formulae for g-series by making use of the summation (2.5)—(2.11)
and identity (4.2).
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