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Abstract. The purpose of this paper is study the relationship between the categories
of fuzzy multialgebras and crisp algebras. In this regards first we briefly study the
categories of multialgebras and fuzzy multialgebras and then by using the fundamental
relation of multialgebras we construct a functor from category of fuzzy multialgebras to
the category of fuzzy algebras and hence. Hence it can be derived a fuzzy algebra from
every fuzzy multialgebras through the fundamental relation.
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1. Introduction

Several aspects of homomorphisms, subalgebras and subdirect decompositions of
multialgebras also called hyperalgebra were developed for special cases in [13], [14]
by Picket and in [9] by Hansoul. In [17], D. Schweigert studied the congruences
of multialgebras and the exponentiations of universal hyperalgebras. Ameri and
Zahedi introduced the notion of hyperalgebraic systems in [2]. Ameri et.al. in [3]
introduced congruence of multialgebras. The notion of direct product, identities
and fundamental relation of multialgebras in [10], [11] and [12] introduced and
studied by Pelea.

In this paper, we follow [2] and [3] to study the relationship between the cate-
gory of fuzzy multialgebras and category of fuzzy algebras. The paper is organized
in four sections. In Section 2, we gather the definitions and basic properties of
multialgebras and fuzzy algebras that will be used in the next sections. In Section
3, the category of multialgebras are briefly discussed. In Section 4, first the ca-
tegory of fuzzy multialgebras are investigated and then, we use the fundamental
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relation to assigning to every fuzzy multialgebra a fuzzy algebra. Finally, we con-
struct a functor, which is called the fundamental functor from category of fuzzy
multialgebras to the category of fuzzy algebras.

2. Preliminaries

In this section, we present some definitions and simple properties of multialgebras
which will be used in the next section. In the sequel, H is a fixed nonvoid set,
P*(H) is the family of all nonvoid subsets of H, and for a positive integer n we
denote for H" the set of n-tuples over H (for more see [6] and [7]).

For a positive integer n, an n-ary hyperoperation [ on H is a function
B : H" — P*(H). We say that n is the arity of 5. A subset S of H is closed under
the n-ary hyperoperation (3 if (xq,...,z,) € S™ implies that 5(z1,...,2,) C S.
A nullary hyperoperation on H is just an element of P*(H); i.e., a nonvoid subset
of H.

A hyperalgebraic system or a multialgebra (H, (3;,| i € I)) is the set H with
together a collection (f;, |7 € I) of hyperoperations on H.

A subset S of a multialgebra H = (H, (5;,| ¢ € I)) is a submultialgebra of H
if S is closed under each hyperoperation 3;, for all i € I, that is G;(aq, ..., a,) C S,
whenever (aq, ...,a,) € S™. The type of H is the map from I into the set N* of
nonnegative integers assigning to each ¢ € I the arity of (3;. Two multialgebras of
the same type are similar.

_ For n >0, we extend an n-ary hyperoperation 3 on H to an n-ary operation
(B on P*(H) by setting for all Ay,..., A, € P*(H)

B(A1, . An) = J{B(a1, .. an)la; € Ai(i = 1,...,n)}

It is easy to see that H(P*(H),(3;,| i € I)) is an algebra of the same type of
H. Whenever possible we write a instead of the the singleton {a}; e.g. for a
binary hyperoperation o and a, b, ¢ € H we write ao (boc) for {a} o ({b} o{c}) =
U{aoulueboc}.

Example 2.1.

(i) A hypergroupoid is a multialgebra of type (2), that is a set H together with
a (binary) hyperoperation o. A hypergroupoid (H, o), which is associative,
that iszo (yoz) = (zoy) oz forall x,y,z € H is called a semihypergroup.

(ii) A hypergroup is a semihypergroup such that for all x € H we have x o H =
H = H oz (called the reproduction axiom).
An element e in a hypergroup H = (H, o) is called an identity of H if, for
alz € Hyz € (eox)N(zoe).

(iii) A polygroup (or multigroup) is a semihypergroup H = (H,o0) with e € H
such that for all x,y € H.
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(iv) eocx=x=xo0e.

(v) there exists a unique element, z=! € H such that

ce@or)n(tonze oy thye ()@ oz).

zExoy zEexoy

In fact, a polygroup is a multialgebra of type (2,1,0).

Definition 2.2. Let H = (H,(8;,| ¢ € I)) and H = (H,(B,,| i € I)) be two

similar multialgebras. A map h from H into H is called a

(i) A homomorphism if for every i € I and all (ay, ...,a,,) € H™ we have that

h(ﬁi((alv s anz)) - Bz’(h(a’l)v s h(am>>7

(ii) a good homomorphism if for every i € I and all (ay,...,a,,) € H™ we have

that h(Bi((a1, ... an)) = B;(h(ar), ..., h(an,)).

Definition 2.3. A universal algebra or algebra whose hyperoperations are single-
ton valued (i.e. |G(a1,...,a,)| = 1 for all aq, ...,a, € H) viewed as maps from H"
into H and called operation.

Definition 2.4. Let X be a nonempty set. A fuzzy subset p of X is a function
w: X —[0,1].
Let ¢ and v be two fuzzy subset of X, we say that u is contained in v, if

pu(z) <v(x),Ve e X.

If 11; be a collection of fuzzy subsets of X, then we define the fuzzy subset ﬂ i by:
iel

(ﬂ Mz‘) () = 1}5‘@@@)}’ Vo e X.

el

Definition 2.5. Let u be a fuzzy subset of X and ¢ € [0,1]. The set A; =
{z € X | A(x) >t} is called a level subset of X.

3. The category of multialgebras
Definition 3.1. Let H be a multialgebra. Define inductively a relation ¢* on H
as follows:

Set ¢ = {(x,x) | x € H}. If n > 0 and ¢, has been defined set

€nt1 = e,U{fBi(as, ..., an, )X Bi(b1,...,by,) : 1 € T and (a;,b;) € e, for all j =1,...,n;}
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and set € = U €,. Finally, set €* be the transitive closure of € (here, as usual the
n=0

transitive closure of € is the set of all (a,b) € H? such that there exists k& > 0 and
a=ag,a,...,a = b with (a;,a;41) € efor all j =0,...,k —1). A direct induction
shows that €, is an equivalence relation on H for all n > 0 and hence €* is an
equivalence relation on H. Denote by H/e* the set of blocks (also called equivalence
classes) of €*. Let i € I and (a;j,b;) € € for all j = 1,...,n;. Then there exist
m; > 0 such that (a;,b;) € €, for all j =1,...,n;. Let m = max(my,...,my,). By
the definition of €* clearly (Bi(a1,...,an,), Bi(b1, ..., bn;)) € €mi1 € €*. This shows
that for arbitrary blocks By, ..., B, of €* the set (3;(Bj,..., By,) is included in a
block B of ¢*. It follows that H/e* = (H/e*, (6; : ¢ € I)) is a universal algebra.
It can be verified that ¢* is the least equivalence relation such that H/e* is an
universal algebra.

Remark 3.2. Consider a hyperalgebra H. The smallest equivalence relation such
that the factor algebra H/e* is an algebra is called the fundamental relation of H
(for more see [11]). In [11], Pelea introduced and studied the fundamental relation
of a multialgebra based on term functions. In this paper we present a different
approach of [11] to introduce the fundamental relation of a hyperalgebra.

Theorem 3.3. The relation €* is the fundamental relation on A.

Definition 3.4. Let H; = (H;,(B;; : @ € I)),(j € J) be a nonvoid family of
similar multialgebras. Set H = U H; and denote by X = H H; the set of maps

jeJ jeJ
[+ J — H such that f(j) € H; for all j € J. Fori € I and ¢1,....,9,, € X

define g = Bi(g1, -, gn,) by setting g(j) = B5i(g1(4), -, gn,(4j)) for all j € J
Clearly ¢ is a nonvoid subset of X and so ] is a hyperoperation on X. Therefore,

HHj =X = (X, (8 :1 € I)) is a multialgebra.

jed
In this section, we briefly introduce the category of multialgebras.
Definition 3.5. The category MA of multialgebras, is defined as follows:
(i) The objects of M.A are the multialgebras;

(ii) For objects A, B of MA, of the same type, the set Hom(A, B) of morphism
from A to B, is the set all homomorphism from A to B;

(iii) The composition gf of morphisms f: A — B and ¢g: B — C' is defined by
setting (gf)(x) = g(f(z)) for all z € A.

(iv) For any object A, the morphism 14 : A — A (z +— x), is the identity
morphism.
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Note that in the part (ii) of above if we replace Hom(A, B) with Hom,(A, B),
the set of all good homomorphisms, we will obtain a new category, which it is
denoted by MA,. In fact, MA, is a subcategory of M.4, which is not full.

We denote by A the category of (universal) algebras .

Lemma 3.6. Let M = (M, (5;:i € 1)) and N = (N, (5} : 1 € I)) be two similar
multialgebras and f be a good homomorphism from M into N. Let €* and €* be
the fundamental relations of Ml and N respectively. Then

(1) f([zler) € [f(@)]e; for all x € M;

(ii) the map f* : M/e* — N/€™* by setting f*([x]e) = [f(2)]es for all x € M
is a homomorphism of the algebra M/e* into the algebra N/€™ (where [x]
and [f(x)]e« are the blocks of M /e* and N/€™ containing x and f(z)).

Proof. (i) We proof by induction on n > 0 that f(e,) C €. Let n = 0.
Then, the blocks of ¢y are the singletons of M and their image consists of certain
singletons of N. Suppose n > 0 and f(e,) C €,, we show that f(e,+1) C €4
(where €], | denotes the corresponding relation on V). Let (a,b) € €,41\ €. Then,
there exist i € I and (a;,b;) € €,(j = 1,...,n;) such that a = §;(ay, ..., a,,) and
b= ﬁi(bb 7bm) Clearly, f(CL) = ﬁ;(f(al)v "'7f<ani))7 f(b) = ﬁz,(f(bl)v ) f(bnz))
and so (f(a), f(b)) € €,,,. This proves that f(e,41) C €,,,. By the definition of
transitive closure, we obtain that f(e*) C ¢*, which proves the theorem.

(ii) Straightforward.

Theorem 3.7. The mapping F : MA — A defined by F(M) = M/e* and
F(f) = f* is a functor.

Proof. It is an immediate consequence of Lemma 3.6.

Theorem 3.8. Let H;(j € J) be a family of similar multialgebras H; with funda-
mental relations €;x. Then the fundamental relation € on H H; consists of (f,g)
jeJ
with f,g € HHj satisfying (f(7),9(j)) € €% for all j € J.
jeJ

Proof. By induction on n > 0, one proves the result for ¢,.

Remark 3.9. The theorem guarantees the existence of the fundamental rela-
tion for special multialgebras such as, semihypergoups, hypergroups, hyperrings,
hypermodules, hypervector spaces.

Corollary 3.10. Let f : M — N be a morphism in MA and let py and oy
denote the canonical projections of M and N into M/e* and N/e™, respectively.
Then the following diagram is commutative:

M ! N
WM\L \LQDN
M/e* - N/e*
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4. Category of fuzzy multialgebras

Definition 4.1. Let H=(H, (f; : i € I)) be a multialgebra and p be a fuzzy
subset of H. We say that u is a fuzzy multialgebra in symbol p <gpr4 H if

(i) for every i € I, such that the arity n; of ; is positive, for all a4, ..., a,, € H
and every z € fi(aq,...,a,,) we have u(z) > p(ar) A ... A plan,);

(ii) if there exist a nullary ; then: the image in p has a greatest element m
and p(z) = m for every z € §; with n; = 0. Denote by FMA(H), the set of
fuzzy multialgebras of H.

For a (universal) algebra in the above definition, the condition in (i) reduces to

ﬂ(ﬁi(ab 3] am)) > :u(al) AP M(ani)7

and the condition (ii) became u(3) = m.
Denote by FA(H), the set of all fuzzy algebras of H.

Definition 4.2. The category of fuzzy multialgebras of a given type 7 denoted
by FMA.,, is defined as follows:

(i) The objects of FMA are the fuzzy multialgebras;

(ii) For the objects pt <ppra M and p' <ppra N a morphism is a homomorphism
[, from M to N, such that u(z) > ¢t = p/(f(z)) > t, for all z € M and
telL;

(iii) the composition of morphisms is the composition of homomorphisms and
the identity morphism is the identity selfmap.

Clearly, fuzzy algebras (considered as singleton valued multialgebras) form a sub-
category of FMA,, we denote this subcategory by F.A.

Definition 4.3. Let H=(H, (; : i € I)) be an algebra and p be a fuzzy subalgebra
of H. Define the following hyperoperations on H by
Bf:Hx..xH— P*(H)

B (xy, xn,) = {t | u(t) = w(Bi(x1, ..., xn,))}, for every i € T
then H =< H, (5] :i € I) > is a multialgebra and pu is a fuzzy multialgebra.

Proof. We must prove that for every i € I and all z € 8/ (ay, ..., a,,)

1(z) 2 plar) Ao A plan,).

But if z € G (a1, ..., an,) then u(z) = p(Bi(ar,...,an,)) > plar) A ... A (ay,,) (since
 is a fuzzy subalgebra). .

Theorem 4.4. Let H be a multialgebra and p be a fuzzy subset of H. Then,  is
a fuzzy submultialgebra if and only if for every t in [0,1], the level subset p; be a
submultialgebra of H.
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Proof. (=) Let u be a fuzzy multialgebra of H. Let ¢ € [0,1], i« € I and
A1, ...y Gn, € fg. To prove that [;(aq,...,an,) C puy, let z € Bi(ay, ..., an,) be arbi-
trary . Then p(ap)A...Au(ay,,) < u(z), and hence we have p(ay) > t, ..., u(a,,) >t
thus p(z) > p(ar) A ... A plan,) >t proving z € piy.

(<) Suppose that p, for every 0 < ¢ < 1, is a submultialgebra of H. Let i € I and
a1y ...y Gp, € H. Set t = p(ay) A ... A plan,). Now, clearly, u(a;) > t, hence, a; € pu
for all ¢ = 1,...,n;. As p; is a submultialgebra of H, clearly §;(aq,...,an,) C
proving pu(z) >t = p(ay) A ... A u(ay,) for all z € Bi(ay, ..., ay,). .

Lemma 4.5. Let H=(H, (5; : i € I)) be a multialgebra and pu be a fuzzy submul-
tialgebra of H. If 0 <ty <ty <1, then py, = py, if and only if there is no x in H
such that t; < p(z) < to.

Proof. Straightforward. u

Let p be a fuzzy multialgebra on H and o* be the fundamental relation on
H. Define p* on H/a*, such that u* = w(p), where w : H — H/a* is the natural
homomorphism.

Lemma 4.6. Let yp <ppra H and let € be the fundamental relation on H. Define
w* o Hje* —[0,1] by setting pu*(B) = V{u(b) : b € B}, then u* is a fuzzy algebra
on H/a*.

Proof. Let i € I and By, ..., B,, be blocks of €. Then (;(B,...,B,,) C B for
some block B of ¢*. Now,

(B A At (Ba) = NV aley)

=1 t]‘EBi
= \/{ut:) Ao Ap(ts,)  t € By, .ty € By}
< \/{uz): 2 € Biltr, ...tn,) t1 € B, ooyt € By} < p*(B). m

Lemma 4.7. Let f be a homomorphism of pu <papa H into (' <ppa H and let
€* and €* be the fundamental relations of H and H'. Define f*: H/e* — H'/€e*
by setting f*(B) = B' where B’ is the block of €* containing f(B). Then f* is a
homomorphism from the fuzzy algebra p* <pa H/e* to p'* <pa H'/€*.

Proof. It follows from Lemma 3.2 and the definitions. n
The next result follows immediately from Lemmas 4.6 and 4.7.

Theorem 4.8. The map F: FMA— FA defined by F(pu) = p* and F(f) = f*
s a functor.
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