ITALIAN JOURNAL OF PURE AND APPLIED MATHEMATICS — N. 27-2010 (305—312) 305

HOMOMORPHISMS AND EPIMORPHISMS OF SOME
HYPERGROUPS

W. Phanthawimol
Y. Kemprasit

Department of Mathematics
Faculty of Science
Chulalongkorn University
Bangkok, 10350

Thailand

e-mails: golfma35@yahoo.com

yupaporn.k@chula.ac.th

Abstract. By a homomorphism of a hypergroup (H, o) we mean a function f: H — H
satisfying f(x oy) C f(z) o f(y) for all z,y € H. A homomorphism f of a hypergroup
(H,o) is called an epimorphism if f(H) = H. For a hypergroup (H,o), denote by
Hom(H, o) and Epi(H, o) the set of all homomorphisms and the set of all epimorphisms
of (H,o), respectively. For a positive integer n, let (Z,o,) be the hypergroup where
rop,y =x+y+nZfor all z,y € Z. In this paper, we characterize the elements of
Hom(Z, o,) and Epi(Z,o,,). In addition, we show that |Hom(Z, o,,)|=|Epi(Z, o,,)|=2%°.
Keywords and phrases: homomorphism, epimorphism, hypergroup.
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1. Introduction

A hyperoperation on a nonempty set H is a function o : H x H — P*(H) where
P(H) is the power set of H and P*(H) = P(H)~{0}. The value of (x,y) € Hx H
under o is denoted by x oy. The system (H,o) is called a hypergroupoid. For
A, BC H and z € H, let

AoB = Uaob,on:Ao{x} and ro A= {x}oA.

a€A
beB

The hypergroupoid (H, o) is called a semihypergroup if
zxo(yoz)=(rxoy)oz forall x,y,z € H.
A hypergroup is a semihypergroup (H, o) satisfying
Hox=x0H=H forallz e H.

Then hypergroups are a generalization of groups.
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By a homomorphism of a hypergroup (H,o) we mean f: H — H such that

f(xoy) C f(x)o f(y) for all 7,y € H.

If the equality is valid, f is called a good homomorphism of (H,o). A [good]
homomorphism of a hypergroup (H, o) is called an [good| epimorphism of (H, o)
if f(H) = H. For a hypergroup (H, o), let Hom(H, o) and Epi(H, o) be the set of
all homomorphisms and the set of all epimorphisms of (H, o), respectively.

If G is a group, N is a normal subgroup of G and oy is the hyperoperation
on G defined by

rxoyy=xzyN forall x,y € G,

then (G,on) is a hypergroup ([2], p.11). Observe that if N={e}, then (G, on)=G
where e is the identity of G. Let Z be the set of integers and n a positive integer.
Then (Z,0,) is a hypergroup where

rxo,y=x+y+nZ forall z,yecZ.

In [3], the authors characterized the good homomorphisms and good epimorphisms
of the hypergroup (Z, o). Such homomorphisms were also counted in [3]

The cardinality of a set X is denoted by | X|.

For a € Z, let g, : Z — Z be defined by g,(z) = ax for all x € Z. Then

Hom(Z,+) ={g. | a € Z} and Epi(Z,+) = {g1,9-1}
Hence [Hom(Z, +)| = Ng and |Epi(Z, +)| = 2.
Our objective is to
(1) characterize the elements of Hom(Z, o,,) and Epi(Z, o,),
(2) show that [Hom(Z,0,)| = |Epi(%Z,o,)| = 2%.

The following fact of infinite cardinal numbers will be used. If p is an infinite
cardinal number, then p? = 27 ([6], p.161).

We note here that some results of homomorphisms and good homomorphisms
of certain hypergroups can be seen in [1]. Homomorphisms of some multiplicative
hyperrings were also studied in [4] and [5].

Let Z* stand for the set of positive integers.

2. Homomorphisms of the Hypergroup (Z,o,)

The following lemma is needed to characterize the elements of Hom(Z, o,,).

Lemma 2.1. Let G be a group, N a normal subgroup of G and oy the hyperop-
eration on G. Then the following statements hold for f € Hom(G, oy).

(i) fF(N)SN.
(ii) For allx € G, f(xN) C f(z)N.
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(ii) For all z,y € G, f(zyN) C f(zy)N = f(x)f ( )
(iv) Forallz € G, f(x7'N) C f(x=")N = f(x)™!
(v) Forallz € G and k € Z, f(2FN) C f(zF)N f()

Proof. First, we recall that for all z,y € G, xN NyN # 0 implies N = yN.

(i) We have that

f(N) = f(eeN) = f(eone) C f(e) ow f(e) = fle)f(e)N.

Then f(e) € f(N) C f(e)f(e)N. Since G is cancellative, we have e € f(e)N
which implies that N = f(e)N, so f(N) C f(e)f(e)N = N.

(ii) By (i), f(e) € N. If z € G, then

f(@N) = f(zeN) = f(zone) C f(x) oy fle) = f(z)f(e)N = f(x)N.
(iii) Let z,y € G. Then by (ii),
flzyN) € f(zy)N.
We also have that
fleyN) = f(zony) C f(x) on fy) = f(2)f(y)N.

This implies that f(zy)N = f(z)f(y)N. Hence (iii) holds.

(iv) If x € G, then

F(N) = flzz™'N) = f(z oy ™) C f(z)f(z7")N.

But f(N) € N by (i), so f(N) € NN f(z)f(z~")N. Then N = f(z)f(a"")N
which implies that f(z7')N = f(z)"'N. By (ii), f(z7'N) C f(z7')N. Hence
(iv) holds.

(v) Let € G. Then by (ii), for all k € Z, f(z*N) C f(«*)N. It remains to
show that f(z*)N = f(z)*N for all k € Z. This is true for k = 0 and 1. Assume
that k € Z* and f(z*)N = f(x)*N. Then

f(xk“)N f(za™)N
(") N from (iii)
)N)

N)  from the assumption

)f

z)(f

z)(f
)k

X

fla

f( (

= f@)(f(x)"

f(@)" N

This shows that f(y')N = f(y)'N for all y € G and | € Z*. If k € Z*, then
PN = f(( N

+

= f(a™")*N

= (f(x™Y)N)...(f(x"")N)  (k brackets)
= (f(x)7'N)...(f(x)"'N)  from (iv)
(f(ﬂ?) )

fla)™

Hence (v) is proved. .
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Theorem 2.2. For f :7Z — Z, the following statements are equivalent.

(i) f € Hom(Z,o,).
(i) f(x +nZ) Cxf(l)+nZ for all x € Z.
(iii) There exists an integer a such that f(x +nZ) C xa +nZ for all x € 7Z.

Proof. (i)=-(ii) follows directly from Lemma 2.1(v).

(ii)=-(iii) is evident.

(ili)=(i). Let =,y € Z. Then f(z) € f(z) +nZ and f(y) € f(y) + nZ. Since
f(x) € flx +nZ) C za+nZ and f(y) € f(y+nZ) C ya + nZ, it follows that
f(x) + nZ = za +nZ and f(y) + nZ = ya + nZ. Consequently,

flxopy)=flx+y+nZ) C(x+y)a+nZ =zxa+nZ+ ya+ nZ
= f(x) +nZ+ f(y) +nZ = f(x) + f(y) + nZ = f(x) on f(y).

Hence f € Hom(Z,0,,), as desired. .

Remark 2.3. For f:Z — Z and a € Z, if f and a satisfies (iii) of Theorem 2.2,
then a = f(1) (mod n) since f(1) € f(1+ nZ) C a + nZ.

Recall that for any nonempty sets X and Y,
{1 X =Y} =y
and in particular, if X is an infinite set, then
145X = X} =[] =2
Lemma 2.4. Let G be a group and N a normal subgroup of G. For f € Hom(G),
f(N) C N if and only if f € Hom(G,oy).
Proof. First, assume that f(N) C N. Then for all z,y € G,
f(@ony) = flzyN) = f(2)f(y)f(N) € f(2)f(y)N = f(x) on f(y)-
Thus f € Hom(G, oy).

For the converse, assume that f € Hom(G, oy). Since f € Hom(G), f(e) =e.
Then

f(N) = f(eeN) = f(eone) C f(e) on f(e) = f(e)f(e)N = N. .
Theorem 2.5. Hom(Z, +) € Hom(Z, o,,).

Proof. Recall that

Hom(Z,+) = {g. | a € Z}
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where g,(x) = ax for all x € Z. Since g,(nZ) = anZ C nZ for all a € Z, by
Lemma 2.4, g, € Hom(Z, o,,) for all a € Z and the desired result follows. n

From Theorem 2.5, we have |Hom(Z,o,)| > RXy. In fact, Hom(Z,o,) is an
uncountable set, as shown by the next theorem.

Lemma 2.6. If G is a group, then Hom(G,o¢) ={f | f: G — G}.
Proof. If f : G — G, then for all z,y € G,
flxogy) = flayG) = f(G) C G = f(x)f(y)G = f(z) oc f(y),
so f € Hom(G, o¢). Hence the result follows. n
Theorem 2.7. |Hom(Z, o,)| = 2%.
Proof. By Lemma 2.6, Hom(Z,0,) ={f | f: Z — Z}. Then
|Hom(Z,01)| = {f | f: Z — Z}| = R° = 2".
Next, assume that n > 1. Let K = {g | g : nZ — nZ}. Then |K| = Xy° = 2%,
Recall that for each x € Z, there are unique ¢, € Z and r, € {0,1,...,n — 1}
such that x = nq, + r,. For each g € K, define g : Z — 7Z by
g(x) =r, + g(ng,) for all z € Z.

Then for every g € K, g, = g and for x € Z,

g(x+nZ) =g(ry + nge + nZ) = g(ry + nZ) =ry + gnZ) C r, +nZ
=7, + gy + 1l =z + nl

By Theorem 2.2, we have g € Hom(Z, o,,) for all g € K. It follows that

2% = |K|=|{g| g€ K}
< |HOH1(Z, on)‘
SWfIfiZ—ZY =N =2%

which implies that |[Hom(Z, o,,)| = 2%.
Hence the theorem is proved. .

3. Epimorphisms of the Hypergroup (Z,o,)

First, we provide the following general fact. It is used to characterize the elements
of Epi(Z, o,,).
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Lemma 3.1. Let G be a group and N a normal subgroup of G. If the index
[G : NJ] of N in G is finite and f € Epi(G,oy), then f(xN) = f(x)N for all
x e .

Proof. Let [G : N] = n. Then there are xy,...,2, € G such that G = U%’N-

i=1
Then 1N, ..., z,N are mutually disjoint. By Lemma 2.1(ii), f(x;N) C f(z;)N
for all i € {1,...,n}. Hence

n

G=f (U mv) = U faiN) | fa)N,

i=1
which implies that

n n

G =Jf@:N) = f(a:)N.

i=1 i=1
Since [G : N| = n, it follows that f(z1)N,..., f(z,)N are mutually disjoint. But
f(z;N) C f(x;)N for all i € {1,...,n}, thus we have

f(z;N) = f(x;)N for alli € {1,...,n}.

Next, let z € G. Then o N = x;N for some j € {1,...,n}. By Lemma 2.1(ii),
f(zN) C f(x)N. Hence

f(xj)N = f(x;N) = f(zN) € f(z)N
which implies that f(z)N = f(z;)N. Consequently,
faN) = f(z;N) = f(x;)N = f(x)N .
Theorem 3.2. For f:Z — Z, f € Epi(Z,o,) if and only if
(i) f(z+nZ)=zf(1)+nZ for all x € Z and

(ii) f(1) and n are relatively prime.

Proof. First, assume that f € Epi(Z, o,,). By Lemma 3.1, f(x+nZ) = f(x)+nZ
for all x € Z. But by Lemma 2.1(v), f(z) + nZ = xf(1) + nZ for all z € Z, thus
(i) holds. The fact that f(Z) =7Z and (i) yield

Z:f(U (z +nZ)) = U (xf(1) +nZ).

TE€EZ €L

Then 1 € yf(1) 4+ nZ for some y € Z. Thus 1 = yf(1) + tn for some t € Z which
implies that f(1) and n are relatively prime. Therefore (ii) holds.

For the converse, assume that (i) and (ii) hold. Then from (i) and Theorem
2.2, f € Hom(Z,0,). From (ii), sf(1) 4+ tn = 1 for some s,t € Z. But since



HOMOMORPHISMS AND EPIMORPHISMS OF SOME HYPERGROUPS 311

for everyx € Z, x + nZ = z(sf(1) + tn) + nZ
=uxsf(l) +nZ
= f(zs+nZ) from (i)
c f(Z),

it follows that f(Z) = Z. Hence f € Epi(Z,o,). n
To show that |Epi(Z,o,)| = 2%, the following lemma is also needed.

Lemma 3.3. If X is an infinite set, then |{f : X — X | f(X) = X}| = 21X

Proof. Since X is an infinite set, there are subsets X; and X, such that X =
X1 UX, X1 N Xy =0 and | X;| = |X3| = |X]|. Let b and ¢ be two distinct fixed
points in X. Then |X;| = |X ~ {b}|. Let ¢ : X — X ~ {b} be a bijection.
For each nonempty subset Y of Xy, define g, : X — X by a bracket notation as

follows:
(s Y 1
= \p@s) b oc) sexy

teXo\Y

Then gy (X) = X for every nonempty subset Y of Xy. If Y} and Y5 are distinct
nonempty subsets of X, then g{,ll(b) =Y, #£Y, = g;;(b), SO gy, # 9y,- Hence

M = XK = [{f | f: X = X} > [{f: X = X[ f(X)=X}
> gy [0 #Y C Xo}|
=H{Y [0 #Y C X}
— 9lX2| — 9olX]

which implies that [{f : X — X | f(X) = X}| = 2| as desired. .
Theorem 3.4. |[Epi(Z,o,)| = 2%.

Proof. By Lemma 2.6, we have that Epi(Z,0,) ={f:Z — Z | f(Z) = Z}. Then
by Lemma 3.3, |Epi(Z, 0,)| = 2%.

Assume that n > 1. Let L = {g : nZ — nZ | g(nZ) = nZ}. Also, by Lemma
3.3, |L| = 2%. For each x € Z, let q,, 7, € Z be such that r, € {0,1,...,n—1} and
xr = nq; + r,. Note that ¢, and r, are unique. For each g € L, define g : Z — Z
by

g(r) =71+ g(ng,) for all x € Z.

Then for g € L,g),, = g and we can see from the proof of Theorem 2.7 with
g(nZ) = nZ that

g(x+nZ)=x+nZ forall x € Z.
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It follows from Theorem 2.2 that g € Hom(Z, o,,) for all g € L. We also have that

Q(Z)ZQ(U (z +nZ)) = U glx +nZ) = U (x +nZ) =Z.

TEZ TEZL TEZ
Hence g € Epi(Z, o,) for all g € L. Consequently,
2% =|L|=|{g | g € L}|

< ]Epi(Z, on)|
<WfIfZ—ZY =N =2%,

so the desired result follows. "
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