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Abstract. We construct a fuzzy hyperoperation from a p-fuzzy hypergraph and then
use it to construct a p-fuzzy hypergroup and a p-fuzzy join space. Also, we study ge-
neralizations of this fuzzy hyperoperation.
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1. Introduction and preliminaries

The connections between graphs and hypergroups had been looked into by several
researchers (see, for instance, [4], [6]). Corsini [5] and Ali [1] studied the connec-
tions between hypergraphs and hypergroups. In this paper, we construct a fuzzy
hyperoperation from a p-fuzzy hypergraph and then use it to construct a p-fuzzy
hypergroup and a p-fuzzy join space. Also, we study generalizations of this fuzzy
hyperoperation. This paper can be seen as a fuzzy version of [5].

We recall some notations of fuzzy hyperstructure theory. A fuzzy subset of a
nonempty set H is a function M : H — [0, 1]; The collection of all fuzzy subsets
of H is denoted by F(H). The p-cut of a fuzzy subset M of H is defined by

M, = {xc I | M(z) > p}.
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Commission (Grant No. KJ101108) and of Chongqing Science and Technology Commission
(Grant No. CSTC,2010BB0314), also supported by Youth Foundation of Chongqging Three
Gorges University (Grant No. 10QN-28) and of Qujing Normal College (Grant No. 2008QN-
034).
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Given a fuzzy hyperoperation « : H x H — F(H), for all a € H, B € F(H),
the fuzzy subset a x B of H is defined by

(a*x B)(x) = \/ (axb)(x).

B(b)>0

Given A, B € F(H), we give the following definitions

ACB = A(x)<B(x), Vxe€ H.
A=DB A(x) = B(z), VYx € H.
(AUB)(z) = A(z)V B(z), VYxe€ H.
(ANB)(z) = A(z)ANB(z), VYxe€ H.

Proposition 0.1 ([7]) VA, B,C € F(H), we have the following properties

) AUA=A,ANA=A4;
) AUB=BUA,ANB=BnNA;
) (AUB)UC=AU(BUC),(ANnB)NC=AN(BNC);
4) AN(AUB)=AAU(ANB) = A;
) (AUB)NC=(AnCYU(BNO),(ANB)UC =(AUC)N(BUCQC);
) AUD=AAND=0,AUH=H,ANH = A.

A fuzzy hypergroupoid (H;*) is a nonempty set H endowed with a fuzzy hy-
peroperation (i.e., a function * from H x H to F(H)). A p-fuzzy quasi-hypergroup
is a fuzzy hypergroupoid such that

(xxH),=H = (H=x*z),, YrecH.

A p-fuzzy hypergroup is a p-fuzzy quasi-hypergroup such that for all z,y,z € H,
we have

(x*xy)*z=a*(y*2).

The readers can consult [2], [3], [7] to learn more about hyperstructures and
fuzzy sets.

2. Fuzzy Hyperoperation x

Definition 2.1 H is a nonempty set, {A;}; is a family of fuzzy subsets of H, if
there exists a p € (0, 1] such that

U(Ai)p =H,

%

then (H;{A;};) is called a p-fuzzy hypergraph.
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Definition 2.2 Let I' = (H;{A;};) be a p-fuzzy hypergraph, set

Ai(z)>p

The fuzzy hypergroupoid Hr = (H;*) where the fuzzy hyperoperation x is
defined by
rxy=E,(x)UE,(y), VYr,yeH

is called a p-fuzzy hypergraph hypergroupoid or a p-f.h.g. hypergroupoid.

Proposition 2.3 The p-f.h.g. hypergroupoid Hr has the following properties for
any x,y € H :

(1) zxy=zxxUyx*xy;
(2) ze (z*xx)y

(3) ye(z*z), & x € (y*y)y

(4) {z,y} C (z*y)y;

(5) zxy=yxu;

(6) (z*H),=H;

(7) (H;{z*x}ren) is a p-fuzzy hypergraph;
(8)

8) zxxr*xx = U Z % 25

(zx)(2)>0

(9) (z*xx)x(xxx)=x*x2*1

Proof.
(1) zxy = Ep(x) U E,(y) = (Ep(x) U Ep(2)) U (Ep(y) U Ey(y)) = wxxUy+y.
(2) It is a special case of (4).
(3) Since U(AZ»),, = H, then for any z € H there exists some A; € F(H)

i
such that A;(x) > p.
We only prove the implication ”=-". Since

(@x2)(y) = (Bla)UE@)(y) = (BN =| U 4| ®

Ai(z)>p

= \/ Ai(y) = p,

Ai(z)>p

then there exists A; € F/(H) such that A;(x) > p and A;(y) > p. So,

Wry)@) =\ Aj(x)>p.

Aj(y)>p
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Thus z € (y *y),.

(4) (zxy)(x) = (Ep(z) U Ey(y))(z) = (Ep(2))(z) V (Ep(y)) () = (Ep(2))(2)

\/ Ai(x) >p. So x € (z*y),.
Ai(z)zp

Similarly, we can prove y € (z * y),,.
(B)xxy=E,(x) UE,(y) = E,(y) UE,(z) =y *x.

(6) For any y € H,

(zx H)(y) = (U w*t> (y) = (U(Ep(fv) UEp(t)) ()

WV

<

m

i
=
=

N—
S
IV
&
=
S

(7) From z € (x * x), we know

U(m*x)p:H.

zeH
And then (H;{x x x},ey) is a p-fuzzy hypergraph.

8)rxxx*x = U Zxx = U (zx2)U(zxx)= U 2%z,

(z*x)(2)>0 (z*x)(2)>0 (z*x)(2)>0

(9) (xxx)* (z*xx) = U a*xb= U (axaUbxb)

(z*z)(a)>0,(xxx)(b)>0 (z*x)(a)>0,(zxx)(b)>0
= U a*a=2I%X*X. .
(252)(a)>0

Remark 2.4 From (5), (6) of the above Proposition we know that Hr is a com-
mutative p-fuzzy quasi-hypergroup.

Theorem 2.5 A p-fuzzy hypergroupoid (H; *) satisfying (1), (2) and (3) of Propo-
sition 2.3 1s a p-fuzzy hypergroup if and only if

axaxalUcxc=axaxaUcxcx*xc, Va,c€ H.
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Proof. First, let’s prove the implication ”<=". It is enough to verify the associa-
tivity. We have:
(axb)xc=(axaUbxb)xc=(axa)*cU(bx*b)xc,
ax(bxc)=(bxc)xa=(bxb)xaU(cxc)xa, Ya,b,c€ H.
Moreover,

(axa)xc = U uxc= U (usxuUcx*c)

(axa)(u)>0 (axa)(u)>0

= cxcU U uxu | =cxcUax*xax*a.
(axa)(u)>0

Also, we have
(bxb)*xc=bxbxbUcx*c.

Therefore,
(axb)xc=axaxaUbxbxbUcxc=bxbxbU(axaxaUcxc)and
ax(bxc)=axalUbxbxbUcxcxc=bxbxbU(axaUcx*cx*c).

By the hypothesis, we have
axaxaUcxc=a*xaxaUcxcxc=a*xaUcxc*c.

And so, (axb)xc=ax* (bx*c).

Let’s now prove the implication ”=". From the associativity it follows
(axa)*xc=ax(axc), VYa,c€ H.

From above we have
(axa)*c=axaxaUcxc, ax(axc) = axaUaxaxaUckxcke = axaxalUckcxc.

So,axaxaUckxc=axaxalUc*cxc. L]

Corollary 2.6 If a p-fuzzy hypergroupoid (H; %) satisfies (1), (2) and (3) of Propo-
sition 2.3 and the condition

rxr*xr=x*xx, VreH,

then it is a p-fuzzy hypergroup.

Example 2.7 Let I' = ({a,b};{A1, A2}), where A; = 05 + %, Ay = -5 + %
a a
2

Since U(Ai)% = (A1)os U (A2)o5 = {a,b} U{a,b} = {a,b}, then T is a 0.5-fuzzy

=1
hypergraph. Moreover,
0.5 L 0.5
a b’
So, from above Corollary we know that ({a,b};*) is a 0.5-fuzzy hypergroup.

axa=bxb=axb=bxa=a*xaxa=0bxbxb=
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. . . 2
Example 2.8 Let I' = ({a,b}; {A1, A2}), where A} = % + %, Ay = 07 + OT

SmceU Jos = (A1)os U (A2)os = {a,b} U {a} = {a,b}, then I' is a 0.5-fuzzy

hypergraph Moreover,

0.7 0.8
CL*CLIEOA5(CL):A1UAQIT+T.
0.5 0.8
bxb=FEy5(b A —_
* 05(0) = Ay = a+ b
0.7 0.8 0.7 0.8
axaxa=—+—|*xa=a*xaUaxb=— + —.
a b a b
bxbxb= 05—1-% *b:a*bub*bzo;?+%.
a b a b

We have b* b* b # bx*b.
But zxxxzxUyxy=xxrxxUyxyxy, Yo,y € {a,b}.
So, from Theorem 2.5, we know that ({a,b}; x) is a 0.5-fuzzy hypergroup.

Definition 2.9 An associative p-f.h.g. quasi-hypergroup is called a p-f.h.g. hyper-
group.

Definition 2.10 Let (H;*) be a commutative p-fuzzy hypergroup, (H;x, /) is
called a p-fuzzy join space if and only if

(zfynzjw)y # 0= (xxwnyx*z), #0
where (z/y)(t) = (¢ * y)(2).

Theorem 2.11 Let (H;x) be a p-fuzzy hypergroup satisfying (1), (2) and (3) of
Proposition 2.3. Then (H;x, /) is a p-fuzzy join space.

Proof. We prove the following implication is valid:

(@/yNnz/w), #0 = (xxwnNy=xz), # 0 where (z/y)(t) = (t * y) ().
We have

ue (x/yNzjw), < [z € (uxy), and z € (u* w),|.
Moreover,

re(uxy),ere(uxuUyxy), = (uxu),U(y*y), and

z€(uxw)y=z€ (uxulwxw), = (u*xu),U(w*w),.

Four cases are possible:

(1)if z € (uxu)y, 2z € (uxu),, thenu € (r*xz),N(2%*2), =(r*xxrNz*z), and
therefore u € (z*w Ny * 2),.
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(2)ifx € (uxu),, z € (w*w),, then w € (z%2), and therefore w € (rxwNy*2),.
B)ifz € (y*xy)p, 2z € (ukxu),, then y € (z*x), and therefore y € (x*xwNy* 2),.

(4) if z € (y*y)p, z € (w*w),, then w € (z%2), and therefore w € (rxwNy*z),. n

3. Generalizations of *

We can generalize the fuzzy hyperoperation * in following ways.
Definition 3.1 Let I' = (H; {A;};) be a p-fuzzy hypergraph, for all g € (0, p|, set

Eyx)= ] 4

Ai(z)>q
and the fuzzy hyperoperation *, is defined by

x*qy:EQ<$)UEQ(y)7 vxayEH'

Proposition 3.2 The fuzzy hyperoperation *, has the following properties for any
x,y € H:

(1
2
3

) THgy =T H,xUY R,y

(2) @€ (zxq2)p;

B) ye(@xgu)g & x € (Yxqy)g;

(4) {z,y} S (z*9)p;

(5) Ty =1yx*,;

(6) (zx, H)p,=H;

(7) (H;{x *q x}zen) is a p-fuzzy hypergraph;
(8)

8) T kqT xqx = U 2 *q 25

(zxqz)(2)>0
(9) (%,x) % (T %, x) = T g T %4 T
Proof. A straightforward verification. n

Definition 3.3 Let I' = (H;{A4;};) be a p-fuzzy hypergraph. For all ¢ € (0, p], set

Ai(z)>q
For all s,t € (0, p], the fuzzy hyperoperation . is defined by

vx y = E(r)UE(y), VYo,yeH.
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Proposition 3.4 The fuzzy hyperoperation ., has the following properties for any

x,y € H:

(1) zxjy=a*;xUy*y;

(2) x € (xxa)y;

(3) ye (@l x)oye = x € (YL y)sve;

4) {z,y} C (v +Ly)y

(5) zxly=yxm;

(6) (vl H),=H;

(7) (H;{x ' x}rcn) is a p-fuzzy hypergraph;
Proof. A straightforward verification. "
References

[1] Avri, M.1., Hypergraphs, Hypergroupoid and Hypergroups, Italian Journal of

Pure and Applied Mathematics, no. 8 (2000), 45-48.
CORSsINI, P., Prolegomena of Hypergroup Theory, Aviani Editore, 1993.

CORSINI, P., LEOREANU, V., Applications of Hyperstructure Theory, Ad-
vances in Mathematics, vol. 5, Kluwer Academic Publishers, 2003.

CORSINI, P., Graphs and join spaces, J. of Combinatorics, Information and
System Science, 16, no. 4 (1991), 313-318.

CorsiINI, P., Hypergraphs and hypergroups, Algebra Universalis, 35 (1996),
548-555.

NIEMINEN, J., Join spaces graphs, J. of Geometry, 33 (1988), 99-103.

Xi1E, J.J., Liu, C.P., Methods of Fuzzy Mathematics and their Applications
(Second Edition), Wuhan: Press of Huazhong University of Science and
Technology, 2000 (in Chinese).

Accepted: 14.04.2009



