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Abstract. A homomorphism of a multiplicative hyperring (A, +,0) is a function
f+ A — A satisfying the conditions f(x +y) = f(z) + f(y) and f(zoy) C f(z)o f(y)
for all x,y € A. Denote by Hom(A,+,0) and Hom(A,+) the set of all homomor-
phisms of the multiplicative hyperring (A, +,0) and the set of all homomorphisms of
the group (A,+). Then Hom(A,+,0) C Hom(A,+). It is known that if (R, +,-) is a
ring and I is an ideal of R, then (R,+,0) is a strongly distributive hyperring where
xoy =ay+ I for all z,y € R, and we shall write (R, +,I) for (R,+,0). The purpose
of this paper is to prove the following results for positive integers m,n : Hom(Z, +, mZ)
is infinite. Hom(Z,+,mZ) = Hom(Z,+) if and only if m < 2. If m > 2, then
Hom(Z,+)~ Hom(Z, +, mZ) is infinite. If (m,n) > 1, then |Hom(Z,, +, mZ,)| > (n%%)
Hom(Zy,, +,mZ,) = Hom(Z,,+) if and only if (m,n) < 2. If (m,n) > 2, then
|Hom(Zy,, +) ~ Hom(Z,,, +, mZ,)| > (L

m,n)°
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1. Introduction

The cardinality of a set X is denoted by | X|. Let (Z, +, -) and (Z,,, +, -) be the ring
of integers and the ring of integers modulo n, respectively, under usual addition

and multiplication. The residue class of z € Z modulo n will be denoted by =.
Then

Zp={7 |2 €Z}=1{0,1,...,n—1} and |Z,| =n.
For a € 7Z, define g, : Z — 7Z and hg : Z,, — Z, by

ga(x) = ax and hgz(T) = az for all z € Z.
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For groups G, G, let Hom(G,G") be the set of all homomorphisms from G
into G’ and let Hom(G) stand for Hom (G, G). Then

Hom(Z,+) ={¢. | a € Z} and Hom(Z,,,+) = {ha | a € Z}.

Since g, # gy if a # b and hg # hy if @ # b, it follows that [Hom(Z, +)| = Xy and
|Hom(Z,,, +)| = n.

We know that for I C Z, I is an ideal of the ring (Z, +, -) if and only if I = mZ
for some m € Z. Since x — T is an epimorphism from the ring (Z, +,-) onto the
ring (Zn, +,-), it follows that for I C Z,, I is an ideal of the ring (Z,, +, -) if and
only if I = mZ, for some m € Z where mZ, = {mz | x € Z}(= {mz | © € Z}).
It is easy to see that

MLy, = (m,n)Z, = {0, (m,n), ..., (2= — 1)(m,n) } and |mZ,| = =

(m,n) (m,n)

where (m,n) denotes the g.c.d. of m and n.

A hyperoperation on a nonempty set H is a function o : H x H — P(H)~ {0}
where P(H) is the power set of H. The value of (z,y) under the hyperoperation
o is denoted by z oy. The system (H, o) is called a hypergroupoid. For A, B C H
and z € H, let

AoB= Uaob,on:Ao{x} and zo A= {x} o A.
acA
beB

The hypergroupoid (H, o) is called a semihypergroup if

rxo(yoz)=(rxoy)oz forall z,y,z € H.

For a hypergroupoid (H,o), a function f : H — H is called a homomorphism of
(H,o) if
flxoy) C f(x)o f(y) forall x,y € H ([1], p.12).

A multiplicative hyperring is a system (A, +, o) such that
1. (A, +) is an abelian group,
2. (A, o) is a semihypergroup,
3. forall z,y,z€ Ajxo(y+2) Caxoy+axozand (y+z2)ox Cyoxr+zou,
4. forallz,y € A, zo(—y)=(—x)oy=—(xoy).

If in the condition 3, the equalities are valid, then the multiplicative hyperring
(A, +,0) is called strongly distributive. Several results on multiplicative hyperrings
were provided by Rota [5] and [6] and Oslon and Ward [3]. In [7], quasi-hyperideals
in multiplicative hyperrings were defined and studied. If (A, +) is an abelian group
and o is the hyperoperation on A defined by

x oy = Zx + Zy (the subgroup of (A, +) generated by x and y)
for all z,y € A,
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then (A, +,0) is a multiplicative hyperring ([1], p.177) which is not generally
strongly distributive. Note that if f € Hom(A, +), then for all z,y € A,

flroy)=fZo+Zy)= |J flhz+ly) = |J (kf(x)+1f(y))

klezZ kleZ

=ZLf(x) + Zf(y) = f(x) o f(y).

We are interested in multiplicative hyperrings defined from rings as follows:
Let (R,+,-) be a ring, I an ideal of R and o the hyperoperation defined on R by

xoy=axy+1 forall z,y € R.

Then (R, +,0) is a strongly distributive multiplicative hyperring ([1], p.177). For
convenience, the multiplicative hyperring (R, +, o) will be denoted by (R, +,I).

By a homomorphism of a multiplicative hyperring (A, +, o) we mean a func-
tion f: A — A such that f is a homomorphism from the group (A, +) into itself
and a homomorphism from the semihypergroup (A, o) into itself, that is,

flx+y)=f(z)+ f(y) and f(zroy) C f(z)o f(y) forallz,y € A.

Denote by Hom(A, 4+, 0) the set of all homomorphisms of (A, +,0). Notice that
Hom(A, +,0) C Hom(A, +).

It can be seen from our previous observation that if (A, +,0) is the multi-
plicative hyperring defined from an abelian group (A, +) by z oy = Zz + Zy for
all x,y € A, then Hom(A, +,0) = Hom(A, +).

In the remainder of this paper, let m and n be positive integers. Notice that
(—m)Z = mZ and (—m)Z, = mZ,. In [2], the authors characterized the ele-
ments of Hom(Z, 4+, mZ) and Hom(Z,, +, mZ,) when m is a prime. In this case,
|Hom(Z, +, mZ)| and |Hom(Z,,, +, mZ,)| were also determined. Some results on
homomorphisms of certain multiplicative hyperrings were given in [4]. The pur-
pose of this paper is to provide the following facts.

1. Hom(Z,+,mZ) is infinite. Hom(Z,+,mZ) = Hom(Z,+) if and only if
m < 2. If m > 2, then Hom(Z, +) \ Hom(Z, +, mZ) is infinite.
2. If (m,n)>1, then |Hom(Z,,, +, mZ,)|> 2”). Hom(Z,, +, mZ,)=Hom(Z,, +)

(m,n
if and only if (m,n) < 2. If (m,n) > 2, then |Hom(Z,,, +)~Hom(Z,,, +, mZ,)|
- (mrjn)'

2. Main Results

To obtain the main results, the following series of lemmas is needed.

Lemma 2.1. For a € Z, g, € Hom(Z,+,mZ) if and only if m|(a® — a).



316 M. KAEWNEAM, Y. KEMPRASIT

Proof. Assume that g, € Hom(Z, +,mZ). Then g,(101) C g,(1) 0 g4(1), so
at+amZ = a(1+mZ) = a(1-14+mZ) = g.(101) C g.(1) 0 go(1) = a 0 a = a*+mZ.
This implies that a = a® + mt for some t € Z. Thus m|(a® — a).
Conversely, assume that m |(a®> — a). Then a* — a = mt for some t € Z, so
a = a?> —mt. Thus for all 2,y € Z,
gal 0 ) = galzy +mZ) = alwy +mZ) = azy + amZ
= (a® — mt)zy + amZ C a*ry + mZ + amZ
= a*vy + mZ = (ax)(ay) + mZ = g(2)ga(y) + MZ = ga(z) 0 ga(y).
Hence g, € Hom(Z, +, mZ), as desired. .
Lemma 2.2. {g, | a € mZU (mZ + 1)} C Hom(Z, +, mZ).

Proof. If a € mZU(mZ+1), then m|a or m|(a—1), so m|(a® —a). By Lemma
2.1, the lemma is proved. .

Lemma 2.3. If m > 2, then { g, | a € mZ +2} C Hom(Z,+) ~ Hom(Z, +, mZ).

Proof. Assume m > 2 and let a € mZ + 2. Then a = mk + 2 for some k € Z.
But
a® —a = m?k* + 3mk + 2,
som{ (a®> —a). By Lemma 2.1, g, ¢ Hom(Z, +,mZ). Hence the desired result
follows. .
Lemma 2.4. For a € Z, hy € Hom (Z,,, +,mZy,,) if and only if (m,n)|(a* — a).
Proof. Assume that h; € Hom(Z,,+,mZ,). Then
a+amZy, =a(l-1+mZ,) =a(lol)=hg(1ol) C ha(1) o hy(1)
=aoa=a’+mZ,=a’+ (m,n)Zy,

so a — a® = (m,n)s for some s € Z. Hence a — a®> — (m,n)s = nt for some t € Z.

Thus a — a® = (m,n)s + nt. But (m,n)|((m,n)s +nt), so (m,n)|(a®> — a).

For the converse, assume that (m,n)|(a® —a). Then a* —a = (m,n)s for

some s € Z, 50 a = a* — (m,n)s. If z,y € Z, then
ha(T 0 ) = ha(TY + my)
= a(zy + mZy)

= axy + amy,

= (a®> — (m,n)s)xy + amZ,

= a’xy — (m,n)sxy + amZ,
C a’xy + (m,n)Z, + amZ,
= m + m, + am”y,

= a?zy + mZ,

=az-ay + mi,

= ho(2) - halg) + T,

= ha(®) o ha(y)-
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Hence h; € Hom(Z,,, +, mZy,). n
Lemma 2.5. {h; |a € (m,n)ZU ((m,n)Z + 1)} C Hom(Z,, +, mZy,).

Proof. If a € (m,n)Z U ((m,n)Z + 1), then (m,n)|a or (m,n)|(a — 1), thus
(m,n) | (a* — a). Hence by Lemma 2.3, the result follows. .

Lemma 2.6. If (m,n) > 2, then
{ha|ae€ (mn)Z+2} C Hom(Z,,+) ~ Hom(Z,,, +, mZy,).
Proof. If (m,n) > 2 and a € (m,n)Z + 2, then a = (m,n)k + 2, so
a’? —a= (m,n)’k*+ 3(m,n)k + 2

which is not divided by (m,n), so by Lemma 2.4, h; ¢ Hom(Z,, +, mZ,), that is,
hs € Hom(Z,,,+) ~ Hom(Z,,, +, mZy,). n

Theorem 2.7. The following statements hold.

(i) Hom(Z,+, mZ) is infinite.

(i) Hom(Z, 4+, mZ) = Hom(Z, +) if and only if m < 2.

(iii) If m > 2, then Hom(Z, +) ~ Hom(Z, 4+, mZ) is infinite.

(iv) If m is a prime power, then Hom(Z,+,mZ) ={ g, | a € mZ U (mZ + 1)}.

Proof. (i) Since g, # gp if a # b in Z, (i) follows from Lemma 2.2.

(ii) If m > 2, then by Lemma 2.3, Hom(Z, +) \ Hom(Z,+,mZ) # 0, so
Hom(Z, 4+, mZ) # Hom(Z,+). This shows that if Hom(Z, +, mZ) = Hom(Z, +),
then m < 2.

Assume that m < 2. Since 1ZU (1Z+1) = Z and 2Z U (2Z+ 1) = Z, we have
mZ VU (mZ + 1) = Z. It follows that {g, | a € mZ U (mZ + 1)} = Hom(Z, +).
Hence by Lemma 2.2, Hom(Z, +, mZ) = Hom(Z, +).

(iii) follows directly from Lemma 2.3.

(iv) Assume that m is a prime power. Let a€Z be such that g,€Hom(Z, +, mZ).
By Lemma 2.1, m|a® — a. Since a* —a = a(a — 1) and a and a — 1 are relatively
prime, we have that m|a or m|a — 1. Therefore a € mZ or a — 1 € mZ. Hence
a € mZJ(mZ+1). This shows that Hom(Z, +,mZ) C { g, | a € mZU(mZ+1)}.
This implies that Hom(Z, +,mZ) = { g, | « € mZ U (mZ + 1)} by Lemma 2.2. =

Theorem 2.8. The following statements hold.

(i) If (m,n) > 1, then |Hom(Z,, +, mZ,)| > (2—”

m,n)°

(ii) Hom(Z,, +,mZ,) = Hom(Z,, +) if and only if (m,n) <
| >

2.
(iii) If (m,n) > 2, then |Hom(Z,,+) ~ Hom(Z,,, +, mZy,) 3

(m
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(iv) If (m,n) is a prime power, then
Hom(Z,,+,mZ,) = { ha | a € (m,n)Z U ((m,n)Z + 1)}

and thus |Hom(Z,, +, mZ,)| = -2

(m;n)”

Proof. (i) Assume that (m,n) > 1. Then |(m,n)Z,| = Ty < n. This implies

that (m,n)Z, N ((m,n)Z, + 1) = (. Since hy # hy for all distinct @,b € Z,, it
follows that

|Hom(Z,,, +,mZy,)| > |[{ ha | a € (m,n)Z U ((m,n)Z + 1)}|
=|{hs|a€Z and a € (m,n)Z,U ((m,n)Z, + 1)}
= |(m,n)Zy,| + |(m,n)Z, + 1|
n n 2n

~(myn)  (myn)  (m,n)

(ii) If (m,n) > 2, then by Lemma 2.6, Hom(Z,, +) ~ Hom(Z,,, +, mZ,) # 0,
so Hom(Z,, +, mZ,) # Hom(Z,,+). Hence if Hom(Z,, +, mZ,) =
Hom(Z,,+), then (m,n) < 2.

Assume that (m,n) < 2. Then (m,n)Z U ((m,n)Z + 1) = Z. This implies
that {hz|a € (m,n)ZU ((m,n)Z + 1)} = Hom(Z,, +). Therefore by Lemma 2.5,
we have Hom(Z,,, +, mZ,) = Hom(Z, +).

(iii) Assume that (m,n) > 2. Then

|Hom(Z,,, +) ~ Hom(Z,,, +, mZ,)|
> [{hala € (m,n)Z +2}| from Lemma 2.6
= [{hala € Z and a € (m,n)Z, + 2}|

= |(m,n)Zy, + 2| = |(m,n)Zy| = (m,n—n)

(iv) Let (m,n) be a prime power and let a € Z be such that
ha € Hom(Z,,, +,mZ,). By Lemma 2.4, (m,n)|a* —a. But a®* —a = a(a — 1)
and (a,a—1) =1,s0 (m,n)|aor (m,n)|a—1. Thusa € (m,n)ZU((m,n)Z+1).
This shows that Hom(Z,,, +,mZ,) C {hs | a € (m,n)Z U ((m,n)Z + 1) }. Hence
by Lemma 2.5, we have Hom(Z,,, +, mZ,)={ hs | a € (m,n)ZU ((m,n)Z +1)}. =

Example 2.9. By Theorem 2.7(iv),
Hom(Z,+,4Z) ={ ga | a € 4Z U (4Z + 1)}
and hence
Hom(Z,+) ~ Hom(Z, +,4Z) = { g, | a € (4Z + 2) U (4Z + 3)}.

2 x 20

By Theorem 2.8(iv), [Hom(Zuo, +,42u0)| = 75

= 10 and
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HOm(Zgo, +,4Z20) = {h@ | a €47 U (4Z + 1)}
:{ha | a €7, a€4Z20U(4ZQO+1)}
= {h()a hZL, hg7hﬁ7 hﬁ7 hL h’57h§7 hﬁ? hﬁ}

Thus
Hom(ZQOa +) N HOHl(ZQ(), +7 4220) - {hia hf’n héa h?7 hﬁa hﬁ? hﬁ7 hﬁv hﬁa hﬁ}

It follows from Theorem 2.8(i) and (iii) that

|Hom(Zs, +, 6Z13)| >

and
18
(6,18)

From Lemma 2.5 and Lemma 2.6, we have respectively that

|H0m<Zlg, +) AN HOm(Zl& =+, 6Z18)| >

Hom(Z1g, +,6Z153) 2 { ha | a € 6Z U (6Z + 1)}
={hs|a€Zanda€ 6Z;U(6Zs+1)}
= { ho, hg, hyg, hi, by, hig b
Hom(Zs, +) ~ Hom(Zg, +,6Z1s) 2 { ha | a € 6Z + 2}
={hg|a€Zanda € 6Z5+ 2}
= { ha, hg, hiz }-

Let us consider h; where a € (6Z + 3) U (6Z +4) U (6Z +5). If k € Z, then
6| (6k + 3)% — (6k + 3),6 | (6k + 4)> — (6k +4) and 6 1 (6k + 5)* — (6k + 5),
so by Lemma 2.4,
{ha|a€ (6Z+3)U(6Z+4)} C Hom(Zs,+,6Zs)
and
{ha|a€6Z+5} CHom(Zs,+) ~ Hom(Zs, +, 6Z1s).

Consequently,

Hom(Z1s, +,6Z1s) = { ha | a € 6Z U (6Z + 1) U (6Z + 3) U (6Z +4)}

= {ho, b, h1g, b1, hz, hrig, ha, hy, his, ha, hig, hag),
|Hom(Zs, +,6Z15)| = 12,
Hom(Zg, +) ~ Hom(Z1s, +,6Z15) = { ha | a € (6Z +2) U (6Z +5)}

= {h§7 hga hﬁ? hga hﬁ? hﬁ}7
|Hom(Z1s, +) ~ Hom(Zsg, +,6Z15)| = 6.
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