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Abstract. In this paper, we introduce the concepts of L-filter and T L-filter as two
different generalizations of the notion of fuzzy filter in I L-algebras. We investigate some
properties with respect to these concepts. We study the relationship between L-filters
and T L-filters. We give some characterizations for filters of IL-algebras by using L-
filters and T L-filters. We present additional conditions so that the notions of L-filter
and T L-filter coincide in an I L-algebra.
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1. Introduction

BL-algebras were proposed by Hajek [6] in 1998 as algebraic structures formed
by left-continuous triangular norms on the unit interval [0, 1] and the residuation
operations of these triangular norms. MV -algebras, Godel algebras are some of
the important classes of BL-algebras. Filter theory plays an important role in
studying these algebraic structures and their associated logics [15]. The various
filters in these algebraic structures correspond to a different class of provable
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formulas in logics related to these algebraic structures. Filters have various
applications in logic and topology. After Hajek [6] introduced the concept of
filters in BL-algebra, many authors have studied different types of filters in BL-
algebras. For example, Haveshki et al. [7] introduced various filter models in
BL-algebras such as implicative filter, positive implicative filter, fantastic filter
and examined their relationship with other filters in BL-algebras.

Fuzzy logic has been introduced by Zadeh [17]. In fuzzy logic, the real unit
interval is used for modelling the set of truth values and minimum is taken for a
conjunction connective. But in modern fuzzy logic, more generally, a bounded
lattice takes place instead of the real unit interval and t-norms are extensively
used as logical conjunction [1]. After fuzzy logic has been presented, the concept
of classical mathematics has been reconsidered and fuzzy logic has been applied
to the classical algebraic structures. Many authors have studied on fuzzifying
different types of filters on several various algebras in recent years [3, 9, 10]. Also,
Liu and Li [13] have introduced the notion of fuzzy filter and fuzzy prime filter in
BL-algebras and obtained some of their properties. Then, Khorami and Saeid
[11] have introduced the concept of T'L-filter as a generalization of the concept of
fuzzy filter of BL-algebras and investigated some basic properties of T'L-filters.
They have also presented a method for calculating T'L-filters produced by L-
subsets. It should be noted that when L = [0,1] and 7" = A, the concepts of
T L-filter and fuzzy filter coincide in BL-algebras.

I L-algebras, which is a generalization of BL-algebras, were introduced by
Troelstra [16] in 1992 as the algebraic equivalent of intuitionistic linear logic.
Islam et al. [8] presented a different definition for the concept of an I L-algebra
than Troelstra’s, and introduced the concepts of filter and fuzzy filter in IL-
algebras. They studied related properties of these filters. They also presented
three concepts of fuzzy prime filters and obtained some results correlating them
with each other.

The motivation of this paper is mainly to generalize the notion of fuzzy
filter in [ L-algebras in a useful way. In this study, we introduce the concepts
of L-filters ve T L-filters in I L-algebras, which are two different generalizations
of the concept of fuzzy filter of IL-algebras, introduced by Islam et al. [8].
We investigate their related properties. We show that every L-filter is a T'L-
filter in an I L-algebra. We also prove some other theorems that determine the
relationship between these filters.

2. Preliminaries

In this section, we give some known notions and results which will be used
throughout this article.

Definition 2.1 ([2]). Let (L,<) be a partially ordered set. If any pair of el-
ements x,y has an infimum and supremum, denoted by N and V, respectively,
then (L, <) is said to be a lattice. A lattice L is said to be complete if NS and
VS exist for any S C L. Obuviously, a complete lattice has the least element and
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the greatest element denoted by 0 and 1, respectively. A lattice L is said to be a
chain if v <y ory <z for any x,y € L.

Definition 2.2 ([14]). Let X be a non-empty set and L be a complete lattice.
A function from X to L is called an L-subset of X (i.e. £: X — L). The set of
all L-subsets of X is called the L-power set of X and is denoted by LX. Also,
when L is [0,1], L-subsets of X are called fuzzy subsets of X. The set of all
fuzzy subsets of X is called the fuzzy power set of X and denoted by [0,1]%.

Definition 2.3 ([8]). Let J be a non-empty set. An IL-algebra is an algebraic
system J = (J,A\,V, L, =, *,e) which satisfies the following conditions:

i) (J,A,V,1) is a lattice with the least element L.
ii) (J,*,e) is a commutative monoid with the identity element e.

iii) For any x,y,z € J, v xy < z if and only if x < y — z (residuation
property).

Definition 2.4 ([8]). Let J be an IL-algebra. A non-empty subset F' of J is
said to be a filter of J if the following conditions are satisfied:

i) ec F.
it) If v,y € F, thenxzxy € F andx ANy € F.
iii) Ifr € F and x <y, theny € F.

Theorem 2.1 ([8]). In every IL-algebra J, the following results hold for all
T,Y,z,w E J:

i) (z—=y)*(y—2) <(x—2).
i) If x <z andy < w, then x xy < z x w.
Definition 2.5 ([5]). Let X be a non-empty set and A a fized subset of X. For
any x m X, we put
(2) 1, z€A
x) = :
XA 0, z¢ A

Then, x 4 is a function from X into {0,1}. It is called the characteristic function
of A.

Definition 2.6 ([8]). Let J be an IL-algebra, L be a complete lattice and & be
an L-subset of J. Then, for each t € L, the set & = {x € J | {(x) > t} is called
a level subset of €.
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Definition 2.7 ([8]). Let J be an IL-algebra and & be a fuzzy subset of J. & is
said to be a fuzzy filter of J if & is either an empty set or a filter of J, for all
t €[0,1].

Definition 2.8 ([12]). Let L be a complete lattice. A triangular norm (in short
t-norm) is a binary operation T on L (i.e. T : L x L — L) satisfying the
following conditions:

i) T is associative, i.e. for all x,y,z € L,

T(T(x,y),z) = T(z,T(y, ).
ii) T is symmetric, i.e. for all x,y € L,
T(z,y) =T(y, ).
iii) T is monotone, i.e. for all x,y,z,€ L, if © < z, then

T(z,y) <T(2y).

iv) There is a neutral element 1 € L such that T(1,x) = x for all x € L.
Conditions (iit) and (iv) imply that for any t-norm T on L, we have
(1) T(z,y) <z, T(z,y) <y.

Definition 2.9 ([4]). Let T1 and Ty be two t-norms on a complete lattice L. Ty
is called smaller than Ty or Ty is called greater than Ty if Th (z,y) < Ts (x,y)
for all x,y € L. In this case, we write T1 < T5.

Remark 2.1 ([4]). The smallest and the greatest t-norm on a complete lattice
L are given by the following, respectively:

xAy, ife=1lory=1

?

Tp (x7y) = {

0, otherwise

T (z,y) = Ay.

Throughout, this paper, unless otherwise stated, L denotes a complete lat-
tice, T' denotes a t-norm on L and J denotes an I L-algebra.

3. L-Filters

In this section, we introduce the notion of L-filter of an IL-algebra J and in-
vestigate some properties of L-filters. We illustrate the results with examples
to better understand the concept.
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Definition 3.1. Let J be an IL-algebra, L be a complete lattice and & € L”.
Then, & is said to be an L-filter of J, if for each t € L, the level subset & is an
empty set or a filter of J.

Example 3.1. Let J = {L,a,b,c,e, T} be the lattice given by the following
diagram.

c
4

Define the binary operations * and — on J by the following tables.

*x | L a b e ¢ T
|4+ L 1L 1 1 1L
a|l a T a a T
b|L T b b b T
e | L a b e ¢ T
c|L a b ¢ ¢ T
T|L T T T T T
- L a b e ¢ T
LT T T T T T
a | L a L1 L1 L T
b |L L b L1 L T
e L a b e ¢ T
C 1l a b e e T
T|L 1L L1 L 1 7T

Then, (J,A,V,*,—,e) is an I L-algebra.

Besides, let L = {0,t1,t2,t3,1} be the complete lattice with the following
diagram.
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1
t ty  t3
0
Consider the L-subset of J, namely &, defined by {(T) = &(e) = &(a) =
£(b) =1, &(c) =t1 and £(L) = 0. Then, the level subsets of ¢ for each element
of L are obtained as £ = J, &, = {c,e,a,b, T}, &, =&, =& ={e,a,b, T}. By

using Definition 2.4 and routine verification, we conclude that all level subsets
of ¢ are filters of J. Therefore, Definition 3.1 shows that ¢ is an L-filter of J.

Example 3.2. Let J = {1, z,y,2,e, T} be the lattice given by the following
diagram.

T

/N
N

1

Define the binary operations * and — on J by the following tables.

* |1 x y z e T
e e A
x |1l 1 x x x X
y L x vy vy v vy
z | L x y e =z T
e | L x yv =z e T
T L T T T T T
-1l x v z e T
LT T T T T T
x |x T T T T T
y |L x T x x T
z |L x y e z e
e |L x yv 2z e T
T]1L x y x x T

Then, (J, A, V,*,—, e) is an I L-algebra.
Besides, let L = {0,t1,1} be the complete lattice with the following diagram.
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Consider the L-subset of J, namely £, defined by &(T) = £(e) = 1, &(y) =
&(z) =&(x) = t1 and £(L) = 0. Then, the level subset of £ for ¢; is obtained as
&, ={x,y,2z,e, T}. Since x € §&, but xxx = L ¢ &, then &, is not a filter of
J. Consequently, we get that £ is not an L-filter of J by using Definition 3.1.

Proposition 3.1. Let J be an IL-algebra and F be a non-empty subset of J.
Then, F is a filter of J if and only if xr is an L-filter of J.

Proof. Suppose that F'is a filter of J and xp : J — {0, 1} is the characteristic
function of F' defined by

(2) 1, z€eF
x) = .
X 0, ¢ F
Then, the level subsets of xr are (xg)o = J and (xr)1 = F. Thus, for each
t € {0,1}, the level subset (xr): is a filter of J. Therefore, xr is an L-filter of
J by Definition 3.1.

Conversely, let xr be an L-filter of J. Then, the level subset of yp for t =1
is

(xrph ={zeJ:xp(x) 21} ={recJ:xrlx) =1} =F

Since F' is a non-empty subset of J, using Definition 3.1, we conclude that F is
a filter of J. ]

Proposition 3.2. Let & be an L-filter of J and x,y be two arbitrary elements
of J. If v <y, then &(x) < £(y).

Proof. Suppose that z,y € J and < y. Then, z Ay =z and {(z A y) = {(z).
Let &£(x) = t, for t € L. Then, clearly, we have that x A y,x € &. Since { is an
L-filter of J, by Definition 3.1, we conclude that the level subset & for t € L is a
filter of J. Since z Ay < y, we have that y € & by Definition 2.4 (iii). Therefore,

§(x) =t <&(y). H

The following example shows that the converse of Proposition 3.2 does not

hold.

Example 3.3. Let J = {Ll,a,b,c,e, T} be the complete lattice given with the
following Hasse diagram.
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L

Define the binary operations * and — on J as follows.

*x | L a b ¢ e T
]+ L 1L 1 L =L
a|l a L1 a a a
b|lL L b b b b
c|L a b T ¢ T
e | L a b ¢ e T
T|L a b T T T
—|L a b ¢ e T
LT T T T T T
a |b T b b b T
b |la a b T T T
c 1l a b e b T
e 1l a b ¢ e T
T|]L a b b b T

Then, (J,A,V,*,—, e) is an I L-algebra.
Besides, let L = {0, 1,1} be the complete lattice with the following diagram.

1

t1

0

Consider the L-subset of J, namely &, defined by £(T) = £(e) = £(2) = 1,
E(y) = &(x) = &(L) = 0. It is clear that £ is an L-filter of J. We have that
&(x) <&(e), but x £ e.

Lemma 3.1. Suppose that € € LY. If € is an L-filter of J, then for each x € J,
£(x) < &(e),
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where e is the identity element of J.

Proof. Let £ be an L-filter of J. Then, for any ¢t € L, the level subset & is
a filter of J. Assume that for an arbitrary element x € J, {(x) = to, where
to € L. Then, clearly, we get that € &,. Since &, is a filter of J, then e € &, .
Therefore, £(e) > to = &(x). O

Theorem 3.1. Let & be an L-filter of J and x,y € J. If £(x — y) = &(e), then
() < &(y)-

Proof. Suppose that £ is an L-filter of J. Then, the level subset & for each
t € L is a filter of J by Definition 3.1. Let {(x — y) = £(e) and {(z) =, t € L.
Then, clearly, we have that x € &. On the other hand, since & is a filter of J,
we have that e € &. Hence we obtain that ¢t < {(e) = &£(x — y). Then, we have
that z — y € &. Using Definition 2.4 (ii), we get that z x (z — y) € &. Since
we know that = * (x — y) < y by Theorem 2.1 (iii) and & is a filter of J, we get
that y € &. So &(x) =t < &(y). O

By the following example, we show that the converse of the above theorem
does not hold.

Example 3.4. Consider the L-filter £ defined in Example 3.3. Note that {(z) <
§(e) but £(z — e) = £(y) =0 # {(e).
4. TL-Filters

Definition 4.1. Let ¢ € LY and T be a t-norm on L. Then, £ is called a TL-
filter of J if and only if, for any z,y € J, the following conditions are satisfied.

~
~
S
—
AN
—
8
~—
I
—
<
~—
~—
IN
AN
—
8
>
<
~—

Theorem 4.1. In an IL-algebra J, every L-filter is a T L-filter.

Proof. The conditions (i) and (iv) of Definition 4.1 are clear from Proposition
3.2 and Lemma 3.1, respectively. Now, let £ be an L-filter of J. Suppose
that T'(£(z),£(y)) = ¢t for t € L. Using inequalities (1), we conclude that
T(E(x),&(y)) < &(x) NE(y). Hence t < &(x) and t < £(y). Then, clearly, we
have that z,y € &. Since ¢ is an L-filter of J, by Definition 3.1, we know that
the level subset &, for any ¢ € L, is a filter of J. Thus, by Definition 2.4 (ii),
we have that x Ay € § and z xy € &. Thus, {(x Ay) >t and {(z xy) > t.

Therefore, {(z Ay) >t =T(&(x),&(y)) and E(x xy) >t =T(&(x),&(y)).- O
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The following example shows that the converse of Theorem 4.1 is not true
in general.

Example 4.1. Let J be the I L-algebra given in Example 3.3 and L={0, t1, to, t3, 1}
be the complete lattice given with the following diagram.

N\
|
4

0

t3

Now, define the function £ : J — L by {(e) = &(c) = &(T) =t1, £(b) = £(a) = t2
and £(L) = 0. Since a,b € &, but aAb= 1 ¢ &,, the level subset &, is not a
filter of J. So, we get that £ is not an L-filter of J.

Consider the smallest t-norm Tp on L in Remark 2.1 as follows.

y, z=1
TD (JZ‘, y) =3\Z, Y= 1
0, otherwise

Then, we can easily verify that £ is a T L-filter of J.

Theorem 4.2. Let ' be a non-empty subset of J. Then, F is a filter of J if
and only if xr is a T L-filter of J.

Proof. Suppose that F' is a filter of J. By Proposition 3.1, we have that y g is
an L-filter of J. Since every L-filter is a T L-filter in an I L-algebra by Theorem
4.1, xr is a T'L-filter of J.

Conversely, let xg be a T L-filter of J. Since F C J is a non-empty set,
then there exists z € F. So, xp(z) = 1. Since xp is a T'L-filter of J, then
by Definition 4.1 (iv), xp(x) < xp(e). Thus, 1 < xg(e) which means that
xr(e) =1 and whence e € F.

Now, suppose that x,y are two arbitrary elements of F'. Then, xp(z) =

xr(y) =1 and
T(xr(x),xr(y) =T(1,1) = 1.

Since xr is a T'L-filter of J, then by Definition 4.1, we have that 1 = T'(xr(z),
xr(y)) < xp(z *y). Hence xp(z *y) = 1 and therefore x x y € F. Similarly,
we can prove that x Ay € F for any x,y € F. Finally, suppose that z < y and
x € F. Then, yp(z) = 1. Because of that xp is a T'L-filter of J, we get that
XF(z) < xr(y) which means that 1 = xp(y) and y € F. Therefore, F is a filter
of J. ]
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Proposition 4.1. If £ is a T L-filter of J, then for any x,y € J, we have that
T(&(x), &(z = y)) <&(y).

Proof. By Theorem 2.1 (iii), we know that = * (x — y) < y. Since £ is a
T L-filter of J, we have that £(z * (x — y)) < &(y). Therefore, we obtain that

T(¢(x),E(x = y)) <&z * (x = y)) <&(y).
O]
In an I L-algebra, some results concerning L-filters are not true for T'L-filters.

The following example shows that Theorem 3.1 does not hold if ¢ is a T L-filter
of J.

Example 4.2. Let J = {Ll,a,b,c,d,e, T} be the complete lattice given with
the following Hasse diagram.

_|

QN

N
NN
A4

(o}

l_

Define the binary operations * and — on J as follows.

*x | L a b ¢ d e T
L L L L 14 1 1
al|l a d ¢ d a T
b|L d b ¢ d b T
c|L ¢ ¢ d ¢ ¢ T
d|L d d ¢ d d T
e| L a b ¢ d e T
T|L T T T T T T
—|L a b ¢ d e T
LT T T T T T T
a |L e b ¢ b e T
b |LlL a e ¢ a e T
C 1l ¢ ¢ e ¢ ¢ T
d |L e e ¢ e e T
e |L a b ¢ d e T
TI|L 1L 1L 1 1 1L T




L-FILTERS AND TL-FILTERS IN IL-ALGEBRAS 291

Then, (J,A,V, L — ) is an I L-algebra.
Besides, let L = {0,t1,t2,t3,t4,1} be the complete lattice given in the fol-
lowing diagram.

Now, consider the function £ : J — L defined by &(1) = &(T) = £(a) = 1,
£(b) = tg, &(c) = t3, £(d) = &(L) = 0 and the smallest t-norm Tp on L in
Remark 2.1 as follows.

Yy, T = 1
TW(LL‘, y) =\ Y= 1
0, otherwise.

By routine verification, ¢ is a T'L-filter of J. Note that
§(b—d)=¢(a) =1

but £(b) = t2 £ &(d) = 0.

Proposition 4.2. Let £ be a T L-filter of J. Then, for all x,y,z € J, we have
the following statements.

i) If x Ny < z, then T(£(x),§(y)) < &(2).
i) If wxy < z, then T(§(x),£(y)) < £(2).
Proof. The proof easily comes from by Definition 4.1 (i) and (ii). O

Proposition 4.3. Let £ be a T L-filter of J. Then, for all x,y,z € J, we have
the following inequality:

T(E(x = y),&(y = 2)) <&z = 2).

Proof. We know from Theorem 2.1 (i) that (x — y)*(y — 2z) < (z — z). Using
Definition 4.1 (i), we obtain that {((x — y) * (y — 2)) < &(z — z). Therefore,
by using Definition 4.1 (iii), we get that T'({(x — y),&(y — 2)) < &(z — z). O

Theorem 4.3. Let £ be a TL-filter of J. If J is a chain and T = Tyy, then &
is an L-filter of J.
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Proof. Suppose that £ is a T'L-filter of J. To show that £ is an L-filter of J,
we should prove that for any ¢ € L, the level subset & is an empty set or a filter
of J. Let & is a non-empty set. Then, there exists x € & and so &(z) > t.
Since ¢ is a T'L-filter, we have that {(x) < &£(e). So we obtain that {(e) > ¢
and whence e € &. Let x € & and & < y. Then, by Definition 4.1 (i), we get
that (y) > &(x). Therefore, {(y) >t and y € &. Since T'(&(x),£(y)) < &(x Ay)
by Definition 4.1 (ii) and 7" = T, we have that {(z) A &(y)) < {(z Ay). On
the other hand, since J is a chain, we have z > y or y > x. So &(x) > &(y) or
£(y) > £(x). Hence £(x) A E(y) = £(x) or £(x) A&(y) = £(y). Tn both cases, we
get that {(z Ay) >t. So x Ay € &. By a similar argument and Definition 4.1
(iii), we get that x xy € &. Consequently, & is a filter of J. It proves that £ is
an L-filter of J. O

5. Conclusions

We have defined the notions of L-filter and T L-filter in I L-algebras and have
studied their properties. We have investigated the relationship between L-filters
and T L-filters. We have characterized filters by using L-filters and T L-filters.
For future work, characterizations and calculations of these filters may be in-
vestigated. Also, other kinds of filters such as implicative T L-filters, positive
implicative T L-filters can be studied in I L-algebras.
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